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Introduction

Introduction

@ Structural subsumption algorithms can be used to reason
with acyclic TBoxes.

@ In the 80's it was supposed that it could keep the good
computational performance as with respect to empty TBoxes.

@ In 1990, Nebel indeed proves that reasoning with acyclic TBoxes
in a language even simpler than L™ is co-NP-complete.

@ We are mainly following the 1990 paper Terminological
Reasoning is Inherently Intractable, by B. Nebel.

@ The hardness proof is obtained by means of a reduction of a
problem from automata theory.
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The language 7L

@ The name T L stands for terminological language.

o It is a fragment of 7L~ obtained by omitting existential
quantifications.

@ Below we define the language 7 L:

c,D — A atomic concept
Crmi D  conjunction

VR.C value restriction
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Reasoning in 7L
Reasoning in 7L

@ In T L concepts and axioms are trivially satisfiable, exactly like
in FL .

@ Concept subsumption w.r.t. the empty KB is clearly
polynomial, exactly like in FL .

@ Concept equivalence and subsumtion can be linearly reduced
to each other in the following way:

C=D iff CcED and DEC

ccDh iff CnD=C

@ We will consider the problem of subsumption with respect to
acyclic KBs.
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Reasoning in 7L
Acyclic TBoxes

An Acyclic TBox is a definitional TBox without cycles, that is:

@ a TBox is said to be definitional when there appear at most
one inclusion axiom of the form:

A=C

for each atomic concept A;

@ a TBox is said to be cyclic or a set of General Concept
Inclusions (GCls), when there is a sequence of inclusion axioms
GG EDsy,...,C,E D, and a set of concepts Ay, ..., A,_1, such
that, for every 1 < m < n, A,, appears both in D,, ; and in C,
and A; appears both in D, and in (.
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Reasoning in T4
Reasoning with non-empty TBoxes

o If we consider the empty TBox, concept
VhasParent .Human
is not subsumed by concept

VhasParent .Mammal.

@ If we consider the knowledge base K = (T), where:
7 ={ Human C Mammal }

we have that concept YhasParent .Human is subsumed by
concept VhasParent.Mammal in every model of K.
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Primitive and defined concepts

Let 7 be an acyclic TBox, then:

@ An atomic concept A is said to be defined if axiom
Ac C

appears in 7, for some C.
@ An atomic concept is said to be primitive if it is not defined.

@ If concept name A is defined by axiom A= C € T, hence
T(A)=C
is said to be the definition of A.
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Expanded concepts and terminologies

@ The definition function can be extended to complex concepts, in
order to obtain expanded concepts:

T(A) = T(A)
T(CnD) = T(C)m T(D)
T(VR.C) = YR.T(C)

o If the TBox is acyclic, then the expansion process is finite, that
is, there is a natural n such that:

Tn = Tn+l

@ In this case we call n the depth of 7 and Tn =T, the
completely expanded terminology.
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Expanded terminologies

Example
Consider the knowledge base K = (T), where:

T = { Human = Mammal rm Biped,
Man = Human rmMale,

Son = Human rMale rVhasParents.Human }

Then:

T = { Human = Mammal m Biped,
Man = Mammal rm Biped mMale,
Son = Mammal r1 Biped mMale m

VhasParents. (Mammal m Biped) }
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Expanded terminologies

Reducing acyclic to empty TBoxes

@ Is is easy to show by induction on the depth of 7T, that, for
every concept C and every model Z of 7 it holds:

C* = (T(O)".
@ Moreover, the following statements are equivalent:

» concept C is subsumed by concept D w.r.t. terminology 7T,

» concept T(C) is subsumed by concept T(D) w.r.t. the empty
terminology.

@ Hence, we can define algorithm TSUBS?[D, C,T] from
algorithm SUBS?[D, C]:

TSUBS?[D,C,T] = SUBS?[T(D), T(C)]
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The expansion is not polynomial

Let n € N and consider the following terminology 7,,:

T.(G) = G

Tn(Cl) = VRCO 1 VPCO
Tn(C2) == \V/Rcl 1 VPCl
T,,(C,,) = VR.C,,,l 1 VP.C,,,l

Hence, even though the size of 7, grows linearly in n, the size of
T.(C,) grows exponentially in n.
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TSN Unfolding
Unfolded terminologies

@ We define the unfolding function U which returns sets of
concepts from concepts:

uAa) = {A
U(CnD) = U)o UD)
UYR.C) =  {YR.D|De U(C)}

@ The completely unfolded form U of a terminology T is
defined by:

Ur=UoT
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co-NP-hardness Unfolding

Example
Consider the knowledge base K = (T), where:

T = { Human = Mammal rm Biped,
Man = Human rmMale,

Son = Human rMale rVhasParents.Human }

Then:

Ur = { {Human}={Mammal,Biped},
{Man}={Mammal,Biped,Male},
{Son}={Mammal,Biped,Male,VhasParents.Mammal,

VhasParents.Biped} }
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Unfolding
Properties of the unfolded form

@ Is is easy to show that, for every concept C and every model Z
of 7 it holds:

C* = (Ur(O)".

@ Every concept D € Ur(C) is a linear description, that is a
concept of the form:

VRi.VRy...VR,.A
where A is primitive in 7.
@ Moreover, the following statements are equivalent:

» concept C is equivalent to concept D w.r.t. terminology 7,
» Ur(C) = Ur(D).
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(CONIERIEICIIEES  Nondeterministic finite state automata

Nondeterministic finite state automata

A nondeterministic finite state automaton (NDFA) is a tuple:
A=(%,9,6 q,F)
where:
@ X is a set of symbols or alphabet,
e Q is a set of states,
@ 0: ¥ x Q —> 29 s a transition function,
@ qo € Q is the initial state,

e F < Qs a set of accepting states.
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co-NP-hardness Nondeterministic finite state automata

Properties of NDFAs

o A state ¢’ € Q is reachable from a state g by word w = s; ... s,

iff there exists a sequence of states qi, ..., q,+1 With:
4 =dq1,
" q/ = qn+1:

» gi+1 €0(qj,s;), for 1 < i< n.

@ The set L(.A) of words w such that some final state is reachable
from qq is called the language accepted by A.

e Two automata A; and A, are equivalent iff £(A;) = L(A,).
@ A state g € Q is redundant either if it can not be reached from

the initial state or if it can not reach any final state.
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co-NP-hardness Nondeterministic finite state automata

Acyclic nonredundant NDFAs

@ An automaton is called nonredundant if ti does not contain
any redundant state.

@ A NDFA is called acyclic if no state is reachable from itself.

o Let L(A) be the language of a nonredundant NDFA A. Then
the following are equivalent:

» A is acyclic,
» L(A) is finite.
o If £L(A;) and L(A,) are finite, then determining equivalence
between A; and A, is co-NP-complete.

@ In what follows we will consider acyclic nonredundant NDFAs
(ANDFAs).
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co-NP-hardness Reduction

Reduction of ANDFAs

Let A; = (%, Q1, 61, qo,, F1) and Ay = (X, Qs, 02, Go,, F2) be two
acyclic nonredundant NDFAs with Q; n Q, = (J. Then we can
construct a terminology 74 in the following way:

ONRZZ,
o Nc =900, UF,

@ T4(F) = F is the only primitive concept,

F, if qce .Fl U fz
° Talq) = L . .

[H{Vs.q': g €0i(q,s),i = 1,2} otherwise
Since A; and A, are nonredundant, then the concepts are
well-defined. Since A; and A, are acyclic, then so in T4 and it is
possible to define Ur,.
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co-NP-hardness [REE[Ta]}

Example
Let ¥ = {s,r,t} and g € Q be such that:

6(q,s) = {q1, ¢},
5(q,r) = {92, 93, qa},
9(q,t) = {gs, g6},

Then

Tu(q) =Vs.quVs.quV¥r.gpmVr.gs mVr.qs m Vt.gs 11 Vt.qe

Where the states g1, go, g3, g4, g5 and gg,, if are not final states, can
be further expanded according to the function 4, but in the same
way as for T.
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co-NP-hardness Reduction

Completeness of the reduction
Let w=ws;...5,€X*and i = 1,2, then:

w e L(A)) iff  Vsi...Vs,.Fe Ur, (q)

(=) Assume that w is a word accepted by A;. Then there is a
sequence of states ¢, ..., g,.1 such that
* 41 = qo;,
» g € F,
* gj+1 €60(gj, ), for L<j<n.
By the way in which T 4 is constructed and the definition of
Ur, . it is possible to prove by induction on the length of w, that

VSl .. .VSn.F S UTA,—(QO,-)-
(<) Conversely, if Vs; ... Vs,.F € Ur, (qo,), then by the way T4 is

constructed, we have that a state g € F; is reachable from qo. by
win A;. Thatis, w € L(A;).
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co-NP-hardness [REE[Ta]}

Conclusions

@ Hence

E(Al) = E(Az) I'FF C]o1 ETA q02.

@ Therefore, concept equivalence and subsumption in 7L are
co-NP-hard problems.

@ The fact that these problem are also in co-NP is easy to prove:
think on an algorithm guessing a linear description of concept C
and checks whether it belongs to the completely unfolded form
of concept D.
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