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Outline

@ We prove that the and problems
for Description Logic ALE over the standard product
algebra [0, 1] are decidable.

@ We prove it by providing a recursive of such
problems to the semantic consequence in propositional
Product Logic.

@ The result then follows from the fact that
in propositional Product Logic is a decidable
problem.

@ Notice that we are not considering satisfiability with respect
to a knowledge base.
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Standard I1 algebra

Standard I1 algebra is the algebra [0, 1]n = ([0, 1],-,=,1,0),
where:
@ the domain is the real unit interval [0, 1],
@ operation - is the usual product between reals.
@ operation = is its residuum which is defined as min{1.”}
@ constants 0 and 1 have their usual values.

@ moreover it is definable a residuated negation —, whose
truth value function is:

L[ itx=0
7Y 0. otherwise
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Preliminaries

The Language M-ALE

@ The rules of concept formation are:
C,D~A|T|L|CBD|C—D|VR.C|3R.D
@ A ll-interpretation Z = (AZ, 1) consists of:

» a crisp set A’ (called the domain of 7),
» an interpretation function -Z, such that:

@ AT . AT~ [0,1]and R : AT x AT —[0,1],

1f(a = 0
TI(a) = 1
o (CED)(a) = C’(a)-D'(a)
(C— D)yt(a) = C*(a)= D*(a)
(VR.C)I(a) = inf{R%(a,b) = C%(b): bec AT}
(3R.C)X(a) = sup{R*(a,b)-Ct(b):be AT}

P Ea ¥ 8
SR EE. Y CSIC "
E DA®

=] = = = =
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Quasi-witnessed models [Laskowski and
Malekpour, 2007]

An MN-interpretation Z is quasi-witnessed when it satisfies that for
every concept C, every role name R and every a € A’:

(witd) there is some b € AT such that

(3R.C)%(a) = R%(a,b)- CX(b)
(qwity) @ either there is some b € AT such that

(YR.C)*(a) = R*(a,b) = C*(b)
@ or (VR.C)*(a) =0
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Quasi-witnessed models and standard
semantics

Tautologies and positively satisfiable formulas in [0, 1]qV are the
same of those in quasi-witnessed standard models. [Cerami,
Esteva and Bou, 2010]

p € [0,1]nV-Taut <= ¢ € [0,1]|nV-Taut?™

¢ € [0,1]nV-pos-Sat <= ¢ € [0, 1]nV-pos-Sat?™
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Standard N and quasi-witnessed models
Previous related results

@ First order standard tautologies are not arithmetical for
Product Logic. [Montagna, 2001]

@ Satisfiability (validity, subsumption) problem in the ALC
description language over Lukasiewicz Logic is decidable.
[Hajek, 2005]

@ Satisfiability (validity, subsumption) in witnessed models for
the ALCE description language over Product Logic is
decidable. [Bobillo and Straccia, 2009]
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Reduction to propositional satisfiability
Reduction to propositional satisfiability

@ We provide a of validity and satisfiability for
MNn-ALE to the semantic consequence in propositional
Product Logic which is known to be a decidable problem.

@ It is done in three steps:

@ first we produce a set of formulas , Which provides
positive constraints to build the model that (possibly)
satisfies Cy(d),

@ second we produce a set of formulas , which provides
negative constraints to build the model that (possibly)
satisfies Cp(d),

@ third, we provide a translation of formulas in T¢, and
Y¢, into a propositional language.
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Decidability Reduction to propositional satisfiability

Example: the set T¢,

We will give an informal account of this reduction. Given an
assertion, say

Co(d) = (-VR.AE -3R.-A)(d)

for each quantified subformula occurring in it we produce a new
constant and a couple of formulas are added to 7 :

YR.A() d; (YR.A(D) = (R(d,di) — A(d))) LU -YR.A(d)
VR.A(d) — (R(d, db) — A(db))
JR-A(d) d» 3R.-A(d) = (R(d, db) E-A(dr))

(R(d.di) D -A(dr)) — ElR'_'At@m 2. “CSIC y‘“
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Decidability

which say us that we are building the following interpretation 7:

di:A? ap: AT
) .F o‘\1 d; AT® 2 [}
d1 A ~ ~ AN
~N
RI(d,d2) RZ(d,di)
RN AN RZ(d,db)
S < R%(d,d})
~ \
~
~ \
RN
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Reduction to propositional satisfiability
Example: the set Y,

Moreover, for the universally quantified subformula, we add to
the set Y, the following formula:

-VR.A(d) I (R(d, di) — A(d,))
which constrains interpretation Z not to verify both
(YR.A(d) =0
and

RI(d? d1) — AI(d1) =1

in order to overcome a problem in an earlier version of this work.
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The translation pr(-)

The mapping pr associates to every assertion occurring in a
formula in T¢, and Y¢, a propositional variable, according to the
following clauses:

@ pr(C(a))=Pc, if Cis an atomic or a quantified concept,
@ pr(R(a,b))=Prn) if Ris arole name,
Q pr(L(a))= 1,
G’ pr(T(a))="T
pr((C
((C

D)(a))=pr(C(a)) © pr(D(a))
6 pr )

[ pr :
— D)(a))=pr(C(a)) — pr(D(a)).

If Tis a set of assertions, then pr(T)is {pr(a) o« T}.

[Eii m} CE::IC'

[m]
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So, the elements of the set pr(T¢,) are:
(VR.A(d) = (R(d, dy) — A(d)))) U —VR.A(d)
(Per.ay = (Pra,g)) — Paay))) vV —Pyr.aw@)

VR.A(d) — (R(d,do) = A(d:))  Poraw) — (Pridd) — Pa))
JR.-A(d) = (R(d, o) 1 =A(®2))  FPar-aw) = (Pro.a) © Pa))
(R(d, dy) D -A(d1)) — 3R—-A(d)  (Prig,a) @ Paw,)) — Paraw)

and the element of the set pr(Y¢,) is:

-VR.A(d)E (R(d,di) = A(di)) —Poraw) © (Pr.a) — Paw,))
[m‘*’:‘a =) wcsic "*

=] = = = =
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Decidability Reduction to propositional satisfiability

Propositional evaluations
We say that a propositional evaluation e is quasi-witnessing for
an assertion C if:

@ e(p) — 1,forevery p € Tc and

@ c(v) /1, forevery ¢y € Ye

and prove that, there is an individual d such that, for each
re[0,1]:

there exists there exists
a quasi-witnessed a quasi-witnessing
interpretation — propositional evaluation
7 such that e such that
CHd)=r e(pr(C(d))) = r
Egﬁgm = csic Y
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Reduction to propositional satisfiability
Proof: from FDL interpretations to
propositional evaluation

Given a quasi-witnessed interpretation 7 such that C* = r,
define the propositional evaluation &, such that, for every
concept and role assertion D(a) and R(a, b), occuring in a
formulain T¢c U Y,
ez(pr(D(a))) = D*(a)
and
ez(pr(R(a,b))) = R*(a, b)

Hence, it is a simple task to check that e7 is a quasi-witnessing
propositional evaluation and e;(C(d)) = r.
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Decidability Reduction to propositional satisfiability

Proof: from propositional evaluation to FDL

interpretations
We give an sketch by means of the example assertion C, above:

Given the sets 7, and a quasi-witnessing propositional
evaluation e such that e(pr(Cy(d))) = r, we define how to build
a quasi-witnessed interpretation

@ The elements of the domain are the constant occurring
in Te, U Ye,, plus a countable infinite set of new elements
{d! : ne w\0} for each constant d, occurring in Tg, U Yo,
and different from the root d:

° ° o di e ° °
o2 d d} o
== g %CSIC e
. [ v
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Decidability

@ For each atomic concept A and each constant d, d,
occurring in Tg, U Yg,, define:

APe(dn)=e(pr(A(dn)))
and for each new element d/, € A’¢, define:

ATe(dD)=(e(pr(A(d,))))

° ° e Ale(d;) ATe(d) e L e °
(ATe(dy))2  (ATe(dh))’ (A%e(d2))  (ATe(ap))?
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Reduction to propositional satisfiability
@ For each role name A and each constant d, occurring in
Te, U Yg,, define:
Rze(dv dn)=
and for each new element d;, € A”’¢, define:

(e(pr(R(d, dy))))’, if R(d, dh) — A(dh)))
occurrs in Tg,

Ze iy
A7e(d. dn) = | and e(pr(vR.A(d))) = 0
R*(d,d}]) =0, otherwise
. ° ° o Afe(d)) Ale(dr) e ) )
(ATe(dy)) (ATe(d))! (AZe(dp))?

Egigm = csic Y

Cerami, Esteva, Bou (IlIA-CSIC) Decidability of M- ALE KR 2010 18/1



Reduction to propositional satisfiability
Reduction

Proposition

Let Cy be a concept, and let T¢, and Y, be the two finite sets
associated by the algorithm. For every r € [0, 1], the following
Statements are equivalent:
@ C, is satisfiable with truth value r in a quasi-witnessed
[-interpretation,
Q@ there is some propositional evaluation e over the set Prop
such that e(pr(C(dv))) = r, e[pr(Tc,)] = 1, and e[y)] # 1 for
every ¢ € pr(Ye,)-

vy
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Decidability Reduction to propositional satisfiability

Which is equivalent to say that:

C € Qsaty iff \/pr(Yg,) is not a consequence, in the
propositional product logic, of the set

{pr(C(db))} U pr(Tc,)
itf  {pr(C(dv))}Upr(Te,) ¥ \ pr(Ye,)

C e Qval iff pr(C(dy))V 'V pr(Ye,)is aconsequence, in the
propositional product logic, of the set pr(T¢,)

it pr(Tc,) = pr(C(ao)) vV pr(Ye,)

Hence, we have a reduction of these problems to the semantic
consequence problem, with a finite number of hypothesis, in the
propositional product logic. Hajek, 2006 proves that such

problem is in PSPACE. [@i== csc ¥

Cerami, Esteva, Bou (IlIA-CSIC) Decidability of M- ALE KR 2010 20/1



