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The three main continuous t-norms

Minimum (Gödel) Product  Lukasiewicz
x ∗ y min(x , y) x · y max(0, x + y − 1)

x ⇒ y
{

1, if x ≤ y
y , otherwise

{
1, if x ≤ y
y/x , otherwise min(1, 1− x + y)

x ⇒ 0
{

1, if x = 0
0, otherwise

{
1, if x = 0
0, otherwise 1− x

Semantics

(∼ C )I(v) := 1− C I(v)

(C u D)I(v) := C I(v) ∗ DI(v)

(C t D)I(v) := 1− ((1− C I(v)) ∗ (1− DI(v)))

(C → D)I(v) := C I(v)⇒ DI(v)

(∀R .C )I(v) := infw∈∆I{RI(v ,w)⇒ C I(w)}
(∃R .C )I(v) := supw∈∆I{RI(v ,w) ∗ C I(w)}

Behavior of tableau-like algorithms for lower bound reasoning tasks

The sets of truth values for a given classical axiom or reasoning task can be
taken from a range included between a positive value r > 0 and 1. That is, the
graded axioms have the following form:

〈C v D ≥ r〉,

〈C (a) ≥ r〉.

The classical tableau algorithm adds a new element just when it finds out an
existentially quantified subconcept ∃R .C , but not for value restrictions ∀R .C :

• • • • •

−→ −→

•

w

∃R .C (v)

UU

•

w

∃R .C (v)

UU C (u) II

•

w

∀R .C (v)

OO

•

C (w)

∀R .C (v)

OO

Behavior of tableau-like algorithms for exact-value reasoning tasks

Assertion axioms and concept satisfiability can be asked to take single values
only, different than 1, then having the following form:

〈C (a) = r〉.

The main difference is that tableau-like algorithms for exact-value reasoning
tasks add a new element not only when an existentially quantified subconcept
∃R .C is found, but also when a value restriction ∀R .C has to be computed.

• •

−→

•∃R .C (v),∀R .D(v) •

C (w),D(w)

∃R .C (v),∀R .D(v)

XX
C (u),D(u)

FF

Classical structural subsumption algorithm SUBS?[C ,D] from
[Brachman and Levesque, 1984]

1: Flatten both C and D by removing all nested u operators.

2: Collect all arguments to an ∀R . for a given role R .

3: Assuming that C := C1u . . .uCn and D := D1u . . .uDm, then return true
iff for each Ci :

(a) if Ci is an atom or a ∃R .>, then one of Dj is Ci .

(b) if Ci is ∀R .E then one of the Dj is ∀R .F , where SUBS?[E , F ].

Non-idempotent conjunction

Under non-idempotent conjunction, concepts ∀R .(C u D) and ∀R .C u ∀R .D
are not equivalent:

•

•

C (w)=0.8,D(w)=0.8

v

R(v ,w)=0.8

OO

Hence, step 2 of algorithm SUBS?[C ,D] can not be applied.

Structural algorithm  Ln-SUBS(1,D,C ) for 1-subsumption in  Ln-FL−

1: if there is an occurrence of an atomic or existential conjunct A of D that is not in C where concept A appears in C strictly less n − 1 times then
2: return 0
3: else
4: EC ,D := ∅
5: for all value restriction ∀R .F which is a conjunct of D do
6: for all value restriction ∀R .E which is a conjunct of C do
7: EC ,D(∀R .F ,∀R .E ) :=  Ln-SUBS(1, F ,E )
8: end for
9: end for

10: if there is a maximal bipartite matching for EC ,D then
11: return 1
12: else
13: return 0
14: end if
15: end if
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