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The aim of this doctoral thesis is a systematic development of expressive
fuzzy Description Logics taking as a starting point current researches on
first order fuzzy logics and modal fuzzy logics.

This point of view was firstly proposed by [1] and then developed in [2]
where some research lines to this end are proposed.
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1. Logical Background

From a logical point of view, we are interested in studying the first
order fuzzy logic associated to the consequence relation of the
standard semantics (the one with truth values in [0,1]) of the
three basic t-norms, Ł, Π and G and finite-valued logics like Łn

and Gn, because these are more suited of being used in real ap-
plications. For the same reason we are also interested in their
expansions by an appropriate set of truth constants (S) or by an
involutive negation ∼.
For each of the logics above mentioned we want to know whether
they enjoy the so-called witnessed model property and quasi-
witnessed model property, because, through these properties,
it is possible to prove decidability for their ALC-like fragments.

w/qw-L-P ⇐⇒ L-P ⇐⇒ [0, 1]L-P

Where P ∈ {Sat, 1-Sat, pos-Sat} and L is one among the stan-
dard first order logics above mentioned.

Tautw 1-Satw pos-Satw Tautqw 1-Satqw pos-Satqw

[0, 1]Ł Y [3,2] Y [3,2] Y [3,2] Y [3,2] Y [3,2] Y [3,2]

[0, 1]Π N [2] N [2] N [2] Y [1,4] ? Y [1,4]

[0, 1]G N [2] N [2] N [2] N [2] N [2] N [2]

Łn Y Y Y Y Y Y

Gn Y Y Y Y Y Y

[0, 1]Ł(S) ? ? ? ? ? ?

[0, 1]Π(S) N [2] N [2] N [2] ? ? ?

[0, 1]Π,∼ ? ? ? ? ? ?
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2. A new framework for FDLs
FDLs defined in the 90s are mainly based on Zadeh semantics
(for example [2]) and sometimes in Lukasiewicz first order logic.
The introduction of other t-norms deserves new symblols. In [1]
we propose for an ALC-like language the following set of con-
cepts constructors:

� strong union U
� strong intersection AL
A residuated implication prefixed I
∼ involutive complement C

We will keep the symbols u, t, and ¬ to denote the constructors
associated to weak intersection, weak union and residuated com-
plement, as well as > and ⊥ for the domain and empty concept
respectively.
In the same paper [1], for each fuzzy logic, we propose a new
hierarchy of ALC-like Description Languages that fits better in-
side the framework of a t-norm-based treatment of many-valued
Description Logic.
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Figure 2: Hierarchy of languages
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3. Decidability

First order standard tautologies are very complex: for instance,
they are not recursively enumerable in the case of infinite-valued
Lukasiewicz Logic and not arithmetical in the case of infinite-
valued Product Logic. Nevertheless, theALC-like fragments have
been shown to be decidable.

Taut 1-Sat pos-Sat

Ł-ALC [3,4] [3,4] [3,4]

Π-IALE [2] [2]* [2]

G-IALE ? ? ?

Łn-ALC [3]** [3]** [3]**

Gn-IALE [3]** [3]** [3]**

Ł(S)-ALC ? ? ?

Π(S)-IALE ? ? ?

Π-IALCE [1]*** [1]*** [1]***

* Only for its axiomatic extension complete with respect to quasi-witnessed models.
** In [3] there is not an explicit proof of decidability of finite-valued ALC-like FDLs, but the proof
provided there can be used for finite-valued logics.

*** Only for its axiomatic extension complete with respect to witnessed models.
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4. Future work

In the future we will focus our work on the following subjects:

1. Logical Background

• Providing results about witnessed and quasi-witnessed
model properties for expansions of first order fuzzy logics with
truth value constants.
• Studying the relationship between Fuzzy Description Logic

and Fuzzy Modal Logic (see [2]).

2. Decidability and Algorithms

• Providing missing algorithms for expansions of logics with
truth value constants.
• Providing algorithms for languages more expressive than
ALC.
• Studying the computational complexity of the provided algo-

rithms.
• A comparative study of the different proposed algorithms, like

in [1] or [3].

3. Applications
A final goal will be providing working tools able to represent
fuzzy ontologies and reason with vague concepts.
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