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Abstract We study the Riesz decomposition property
types of the lexicographic product of two po-groups. Then
we apply them to the study of pseudo effect algebras which
can be decomposed into a comparable system of non-void
slices indexed by some subgroup of real numbers. Finally,
we present their representation by the lexicographic product.
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1 Introduction

Quantum structures or quantum logics appeared in the early
Thirties when the foundations of a new physics, called now
quantum physics, have been founded. It was recognized that
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the classical rules of statistics of quantum mechanical mea-
surements do not satisfy the axioms of the Kolmogorov prob-
ability theory Kolmogorov (1933), and therefore, it was nec-
essary to find a more general structures than Boolean alge-
bras. The first quantum structures were Boolean algebras,
orthomodular lattices and posets, orthoalgebras, D-posets
and effect algebras. Effect algebras were introduced in Foulis
and Bennett (1994) as a counter part to D-posets introduced
in Kopka and Chovanec (1994). D-posets have a primary
notion difference of two comparable events while effect alge-
bras have a primary notion addition of two mutually exclud-
ing events. A prototypical example of effect algebras is the
system E(H) of all Hermitian operators of a Hilbert space
H which are between the zero operator and the identity. In
many important examples, an effect algebra is a unit interval
in some Abelian partially ordered group. This is true also
for £(H) because it is an interval in the po-group B(H) of
all Hermitian operators of H. In Ravindran (1996) it was
shown that every effect algebra with the Riesz Decompo-
sition Property (RDP in short) is an interval in an Abelian
po-group with strong unit and with interpolation. A special
subfamily of interval effect algebras are M V-algebras, Cig-
noli et al. (2000).

In Dvurecenskij and Vetterlein (2001a,b), the addition +
was not more longer assumed to be commutative and, there-
fore, pseudo effect algebras were introduced as a noncommu-
tative generalization of effect algebras. Also for these struc-
tures it can happen that they are an interval in a unital po-
group not necessarily Abelian. This is allowed by a stronger
type of RDP, called RDP;, which in the commutative case is
equivalent to RDP.

Perfect effect algebras were introduced in Dvurecenskij
(2007). For them it is assumed that every element is either
an infinitesimal or it is a co-infinitesimal, i.e. a negation of
an infinitesimal. In Dvureenskij (2008), n-perfect GMV-
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algebras, which are pseudo effect algebras with the so-called
RDP, have been introduced. In addition, n-perfect pseudo
effect algebras were investigated in Dvurecenskij etal. (2013)
as pseudo effect algebras which can be decomposed into n+ 1
comparable slices. For strong n-perfect algebras it was shown
that they can be represented by a lexicographic product of a
cyclic po-group }lZ with some directed torsion-free po-group
with RDP;.

Therefore, the question when the lexicographic product
7X G has RDP; was studied in Dvureenskij and Kriidvek
(2013) in more detail, and here we present new results in this
direction.

In this paper, we will also study pseudo effect algebras,
E, which have a decomposition (E; : t € [0, 1]NH) of E to
comparable slices E,’s, where H is a subgroup of R such that
1 € H. We show that in a particular case H = Q, the group
of rational numbers, we are able to present a so-called strong
Q-perfect pseudo effect algebra as an interval in the lexi-
cographic product Q X G with some directed torsion-free
po-group G. The same will be done for a general subgroup
H. The paper will generalize the results from Dvurecenskij
et al. (2013), where a special case H = %Z was studied as
n-perfect pseudo effect algebras.

The paper is organized as follows. Section 2 is gather-
ing the basic notions and results on pseudo effect algebras
and po-groups. In Sect. 3, we extend the Riesz decomposi-
tion properties of the lexicographic product of two po-groups
studied originally in Dvurecenskij and Kriidvek (2013). Sec-
tion 4 is concentrated to the description of H-decompositions
of pseudo effect algebras. Section 5 is devoted to the study of
H-perfect pseudo effect algebras. Section 6 describes some
representations of strong Q-perfect pseudo effect algebras
by the lexicographic product of type Q@ x G. Section 7 deals
with the most general case - to strong H-perfect pseudo effect
algebras. In addition, some open problems are formulated.

2 Basic facts on pseudo effect algebras and po-groups

According to Dvurecenskij and Vetterlein (2001a,b), we say
that a partial algebraic structure (E; 4,0, 1), where + is a
partial binary operation and 0 and 1 are constants, is said to be
a pseudo effect algebra, if for all a, b, ¢ € E, the following
hold.

(PE1) a + b and (a + b) + c exist if and only if b + ¢ and
a + (b + ¢) exist, and in this case, (a + b) + ¢ =
a+ (b+c).

(PE2) There are exactly one d € E and exactly one e € E
suchthata+d =e+a = 1.

(PE3) If a + b exists, there are elements d, e € E such that
a+b=d+a=>b+e.

(PE4) If a + 1 or 1 + a exists, then a = 0.
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In every pseudo effect algebra we can derive a partial order,
<, defined as follows: a < b if and only if there exists an
element ¢ € E such thata 4+ ¢ = b. Then 0 and 1 is the least
and greatest element of E. In addition, a < b if and only if
b=a+c=d+aforsomec,d € E. We write c = a b and
d = b\a. Then

(b\a) +a =a+ (a/b) = b,

and we write a— = 1\a and a™ = a/1 for the left and right
negation, respectively, of any a € E.

We recall that if + is commutative, E is said to be an effect
algebra; for a comprehensive survey on effect algebras we
recommend e.g. Dvurecenskij and Pulmannova (2000).

A pseudo effect algebra E is said to be symmetricifa™ =
a” for each a € E. We note that it can happen that E is
symmetric but + is not commutative, see e.g. the proof of
Proposition 4.7 below.

A non-empty subset / of a pseudo effect algebra E is said
tobe anidealif (1)a,b € I,a+b € E,thena+b € I, and
2)ifa <bel,thena € I. Anideal I # E is maximal if
it is not a proper subset of any ideal J # E.

A mapping & from a pseudo effect algebra E into another
one F is said to be a homomorphism if (1) h(1) = 1, and
(2) if a + b is defined in E, so is defined h(a) + h(b) and
h(a + b) = h(a) + h(b).

Leta be an element of a pseudo effect algebra £ andn > 0
be an integer. We define

Oa:=0, la:=a, na:=m-—1a+a, n>2,

supposing (n — 1)a and (n — 1)a + a are defined in E. An
element a is infinitesimal if na exists in E for each n > 1.
We denote by Infinit(E) the set of all infinitesimal elements
of E.

A state on E is any mapping s : E — [0, 1] such that
(1) s(1) = 1, and (2) s(a + b) = s(a) + s(b) whenever
a + b is defined in E. Let S(E) be the set of states on E. It
can happen that S(E) is empty. A state s is extremal if from
s = As; + (1 — A)so for some 51,52 € S(E) and 0 < A < 1
one follows s; = s = 5.

Anideal I isnormalifx+1 :={x+i:iel}=14+x:=
{j+x:jel}forany x € E. For example, if s is a state on
E, then

Ker(s) :={x € E : s(x) =0}

is a normal ideal on E.

If A, B are two nonempty subsets of E, weset A + B :=
{a+b:ae A be B,a+ bisdefinedin E}. We say that
A+ Bisdefinedin E if a + b is defined in E foreacha € A
and each b € B. Similarly, we write A < Bifa < b for each
a € Aandeachb € B.

We recall that a po-group (=partially ordered group) is a
group (G; +, 0) endowed with a partial order < such that if
a<b,a,beG,thenx+a+y <x+b+yforallx,yeG.
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We denote by Gt = {g € G : g > 0} the positive cone of
G. If, in addition, G is a lattice under <, we call it an £-group
(=lattice ordered group). An element u € G™ is said to be a
strong unit (=order unit) if given g € G, there is an integer
n > 1 such that g < nu, and the couple (G, u) with a fixed
strong unit u is said to be a unital po-group.

Theset C(G) :={ce G:c+g=g+c, Vg e G}is
said to be the commutative center of G.

We say a po-group G is directed if, given g1, g2 € G,
there is ¢ € G such that g1, g» < g. This is equivalent to
the statement: given h1, hy € G, there is h € G such that
h < hjy, hy. A subgroup H of a po-group G is convex if
a,be Handc € G witha <c <bimplyc € H.

An important class of pseudo effect algebras can be
obtained as follows. If (G, u) is a unital (not necessary
Abelian) po-group with strong unit u, and

'G,u):={geG: 0=<g<u}, 2.1

then (I'(G, u); +,0, u) is a pseudo effect algebra if we
restrict the group addition + to I'(G, u). Every pseudo effect
algebra E that is isomorphic to some I' (G, u) is said to be
an interval pseudo effect algebra.

For basic properties of pseudo effect algebras see
Dvurecenskij and Vetterlein (2001a,b).

The following kinds of the Riesz decomposition properties
were introduced in Dvurecenskij and Vetterlein (2001a,b)
and are crucial for the study of pseudo effect algebras.

We say that a po-group G satisfies

(1) the Riesz interpolation property (RIP for short) if, for
ay,az, b1, by € G, ay,ax < by, by implies there exists
an element ¢ € G such that ay, ap < ¢ < by, by;

(2) RDPyif, fora, b,c € GT,a < b+c, thereexistby, ¢] €
G7T,suchthatb; < b,c; <canda = by +cy;

(3) RDP if, for all a1, az, by, b» € G such that a; + ay =
by + by, there are four elements cq1, c12, c21, ¢22 € G
such that a; = c11 + ¢12, ap = ¢21 + ¢22, b1 = ¢c11 +
ca1 and by = c13 + ¢22; this property will be formally
denoted by the following table:

aj|ci ci2
az | ca1 c22;
by by

(4) RDP; if, forall a1, aa, b1, by € Gt suchthata; +ap =
b1 + by, there are four elements ¢y, ¢12, 21, c2n € GT
suchthata; = cj1+c12, a0 = c21+¢22, by = c11+¢21
and by =cip+ ¢, and 0 <x <cpand 0 <y < ¢
imply x +y =y +x;

(5) RDP, if, forall ay, as, by, b» € G such thata; +ar =
by + by, there are four elements cq1, c12, c21, ¢22 € G
suchthata; = cj1+c12, ap = ¢c21 +¢22, b1 = c11+¢21
and by = c12 + ¢, and c12 A ¢p1 = 0;

(6) the Strong Riesz Interpolation Property (SRIP for short)
if, for ay, ar, by, by € GT with ap, ax < by, by, there is
c € Gsuchthatay,ay < c¢ < by, by.

If, fora, b € G, wehave forall0 < x <aand0 <y < b,
X +y =y + x, we denote this property by a com b.

For Abelian po-groups, RDP, RDP;, RDP( and RIP are
equivalent.

We recall that the po-groups of reals numbers R and ratio-
nal numbers Q satisfy SRIP, but the group of integers Z does
not. In addition, let H be any subgroup of R. Due to (Good-
earl 1986, Lem 4.21), H is either cyclic, i.e. it is isomorphic
to some %Z or is dense in R. Also in the latter case, SRIP
holds for H.

A po-group G satisfies RDP, iff G is an £-group,
(Dvurecenskij and Vetterlein 2001a, Prop 4.2(2)).

We say that a pseudo effect algebra E satisfies the above
types of the Riesz decomposition properties, if in the defini-
tion of RDP’s, we change G to E.

The basic result of pseudo effect algebras is the following
representation theorem (Dvurecenskij and Vetterlein 2001b,
Thm 7.2).

Theorem 2.1 For every pseudo effect algebra with RDPy,
there is a unique (up to isomorphism of unital po-groups)
unital po-group (G, u) with RDPy such that E = T'(G, u).

We note that a pseudo effect algebra E satisfies RDP, iff
E is a lattice and if it satisfies RDP; iff E is in fact a pseudo
MV-algebra (Dvurecenskij and Vetterlein 2001b, Thm 8.8).
For them we have that the variety of pseudo MV-algebras is
categorically equivalent to the category of unital £-groups,
see Dvurecenskij (2002).

A state on a unital po-group (G, u) is any mapping s :
G — R such that (i) s(g) > 0 for g € G, (ii) s(g1 +
g2) = s(g1) +5(82), 81,8 € G, and (i) s(1) = 1. If
a pseudo effect algebra E = I'(G, u) satisfies RDPy, then
every state on E can be extended to a unique state on (G, u),
and conversely, the restriction of every state on (G, u) to
[0, u] gives a state on E, see Dvurecenskij and Vetterlein
(2001b). In addition, an extremal state is extendible only to
an extremal state on (G, u) and vice-versa.

3 Lexicographic product and RDP’s

In this section, we continue with the study of RDP’s
properties of the lexicographic product which started in
Dvurecenskij and Kriiavek (2013) and we concentrate to the
lexicographic product of two po-groups.

Let G| and G be two po-groups and we define the direct
product group G| x G, with the group addition defined by
coordinates. We define the lexicographic order <on G| x G
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by (g1, 82) =< (h1, hy) iff either g1 < g3 or g1 = g2 and
hy < hy, for (g1, 82), (h1, h2) € G1 x G2, and G x Gy
will denote the lexicographic product of G| and G, endowed
with the above defined lexicographic order.

Theorem 3.1 Let G| be a linearly ordered po-group and
let G be a directed po-group with RDP. Then the po-group
G = G X Gy satisfies RDP.

Proof Let_gz be a directed po-group with RDP. The positive
cone (G1 x Gp)Tisoftheform{(0,a):a e G;‘}U{(n, a):
n € G\{0}, a € Gy}. Assume that

(my, a1) + (m2, az) = (n1, b1) + (n2, b)
holds in (G| % Ga)*.

(1) Let(0,a;)+(0,az) = (0,b1)4+(0, by). Thenay, az, by,
by € G;’ and RDP for this case follows from RDP for
Go.

(2) Letmj; +my > 0 and m, = 0. For the subcase n, > 0,
we use the same ideas as case (1) of (Dvurecenskij and
Kriidvek 2013, Prop 3.3, Thm 3.10), and we have the
following decomposition table

(my,a1) | (n1, b1) (n2, —by + ay)
0, a») 0,0 0, a») for np, > 0.
|(n1,b1)  (n2.b2)

For the subcase np = 0, we have ap, by > 0. As G,
is directed, there exists d € G, with d < aj, by. Then
there exist e11, e12, €21, €22 € G;‘ such that

—d +a eln  en
a ey e,
| —d + by by
which yields

ay |d+ ey ern
e en

and finally

(my,a1) | (n1,d +epr) (0, e12)
0, a») 0,e21) (0,ex) fornpy =0.
| (n.b1)  (0,by)

The case (m1, ay) + (0, ax) = (0, by) + (na, by) follows
from the first case of (2).

In a similar way we deal with the case (0,a;) +
(mp,ay) = (n1, b1) + (n2, by), where n; > 1. Then
my > 1, a; > 0, and we use the decomposition

0, ar) 0, ar) 0,0
(m2, az) | (n1, —ay +by) (n2,b2) .
| (u.b)  (n2,b2)
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(3) Letmy, mp, ny, np > 0. We use the tables

—d+ap| e e
a —d e €en
| —d+b1 by—d

where d < ay, ap, by, by, and then

(my,a1) | (ni,d +e1r) (—ny +my, e12)
(ma, az) (0, e21) (ma, e +d) formy > ny,
| (n1.b) (n2, b)

where d < ay, az, by, b, and finally

(my,ar)| (my,d+ern) (0, e12)
(mp, a2) | (—=m1 +ny, e21) (n2, e +d) forn; >my,
| (n1, b1) (n2, b2)

where d < ay, ap, by, by. The second case follows also from
the first one, if we take into account that (n1, b1)+ (n2, b)) =
(my,ay) + (m2, az). o

Theorem 3.2 Let G| be a linearly ordered po-group and
let G, be an A_b)elian directed po-group with RDP. Then the
po-group G1 X Gy satisfies RDPj.

Proof We use the same decompositions as in the proof of
Theorem 3.1. It is enough to verify RDP; for (3) of Theorem
3.1. Assume that (0, 0) < (x1,x2) < (0, e21) and (0,0) <
(y1,y2) < (—ny 4+ my,e12), then x; = 0 and evidently,
(x1, x2) + V1, y2) = (y1, y2) + (1, x2). |

The following result has been proved in (Dvurecenskij and
Kridvek 2013, Thm 3.7).

Theorem 3.3 A po-group Z X G satisfies RDPy if and only
if G is a directed po-group with RDP;.

In addition, there is a categorical equivalence of the cat-
egory of pseudo effect algebras with RDPy with the category
of unital po-groups (G, u) with RDPj.

Let n > 1 be an integer. We define %Z as the ¢-group of
rational numbers of the form {,’;l : i € Z} whichis an £-group
isomorphic to the group of integers Z. The number 1 is a
strong unit for %Z.

Proposition 3.4 Let n > 1 be an integer and G a po-group.
The following statements are equivalent:

(1) The po-group %Z X G satisfies RDPj.

(2) The po-group G is directed and with RDPy.

(3) The po-group G is directed and the pseudo effect algebra
I'(1ZX G, 1,0)) satisfies RDP;.

n
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Proof (1)< (2) Thepo-group E,, := %Z X Gis isomorphic
to the po-group Z X G. By (Dvurecenskij and Kriidvek 2013,
Thm 3.7), Z x G satisfies RDP iff G is a directed po-group
with RDP;. Consequently, the po-group %Z X G satisfies
RDP; iff G is a directed po-group with RDP;. (1) = (3) is
trivial.

Finally, let (3) hold. Assume g1, g» < hy, hp for some
g1, 82, h1, hy € G. Directness of G entails the existence of
8o € G such that go < g1, g2- Then 0 < g1 — g0, 82 — g0 <
hi — go, ha — go which yields (0, g1 — go), (0, g2 — go) <
O, h1 — go), (0, ho — go) € E, and RDP; of E, implies
the existence of ¢ € Gt such that (0, g1 — go), (0, g2 —
g0) < (0,8 =< (0,h1 — go), (0, ha — go). Hence, g1 —
80, 82—80 < & < h1—go, ho —go and finally, g1, g» < g+
go < hy1, hp which implies G satisfies RIP. By (Dvurecenskij
and Kriidvek 2013, Prop 3.1(1)), %Z < G satisfies RIP, and
by (Dvurecenskij and Kriidvek 2013, Thm 3.6), %Z? G
satisfies RDP;. O

Theorem 3.5 Let G be a po-group. Consider the following
statements:

(1) The po-group Q X G satisfies RDPy.

(2) The po-group G satisfies RDP;.

(2’) The po-group G is directed and satisfies RDP;.

(3) The pseudo effect algebra E := T'(Q X G, (1,0)) sat-
isfies RDPy.

Then (1) implies (2), and (1) and (3) are equivalent. If G is
directed, then (1) and (2°) are equivalent, too.

Proof (1) = (2). By (Dvurecenskij and Kriidvek 2013, Prop
3.2 (2)), G is a po-group with RDP;. (1) = (3). It is trivial.
(3) = (1). Since G satisfies also RIP, by (Dvureéenskij and
Kravek 2013, Prop 3.2(1)), Q X G satisfies RIP. Applying
(Dvurecenskij and Kriidvek 2013, Thm 3.6), Q X G satisfies
RDP;.

Now let G be directed. Due to the implication (1) = (2),
(1) implies (2°). Conversely, let G satisfy RDP, and let for
(1. 81). (2. 82). (@1 h1). (@2, hy) € (Q'X G)*, we have
(r1, 81) + (r2, 82) = (q1, h1) + (g2, h2). There is an integer
n > 2 such that r{ = %‘, ry = %, q1 = L and ¢ =
% Applying Proposition 3.4(1), %Z? G satisfies RDP;.
Hence, we can find thQ necessary RDP decomposition for
(L, g1) + (2, g2) = (&, hy) + (£, hy), which implies that

Q X G satisfies RDP; O

We note that in contrast to (2) of Proposition 3.4, G is not
necessarily directed because Q satisfies SRIP.

The following result can be proved in the same way as
Theorem 3.5.

Theorem 3.6 Let G be a po-group. Define the following
statements:

(1) The po-group R X G satisfies RDPj.

(2) The po-group G is with RDP;.

(3) The pseudo effect algebra E = F(R;) G, (1,0)) sat-
isfies RDPj.

Then (1) and (3) are equivalent, and (1) implies (2).
Now we show when (2) in Theorem 3.6 implies (1).

Theorem 3.7 Let G be a directed po-group. The following
statements are equivalent:

(1) The po-group R X G satisfies RDPj.

(2) The po-group G is with RDPy.

(3) The pseudo effect algebra E = F(R;) G, (1,0)) sat-
isfies RDP;.

Proof According to Theorem 3.6, itis necessary to show that
(2) implies (1). Assume that (s, a;) + (s2, a2) = (t1, b1) +
(t2, by) holds in (R X G)F.

If we use the RDP decomposition tables from the proof
of Theorem 3.1 which were used there for two first cases,
we see that for theses particular cases we have RDP; decom-
positions. According to that proof, we can assume that all
s1, 82, 11, ty are strictly positive. Since Q is dense in R, we
can found two rational numbers r; and r» in QT such that
0 < r; < s; if s; is irrational, otherwise, r; = s;. We can
choose also two additional rational numbers g1, g2 € Q such
that g1 +¢q» =r1 +m and 0 < ¢g; < 1; if t; > O otherwise
qi = t;. By Theorem 3.5, Q < G satisfies RDP;, therefore,
we can found the following RDP; decomposition table

(ri,a1) | (r11, e1n) (ri2, e12)
(r2, a2) | (r21, e21) (r22,€22) ,

| (q1.b1) (q2.b2)

where (rij, e;;) € QX G)F fori, j = 1, 2. Without loss of
generality, we can assume that all r;;’s are strictly positive.

Since (s1 —r1) + (s2 — r2) = (t1 — q1) + (12 — q2) and
all summands are nonnegative, using RDP holding in R, we
have the RDP decomposition table

(s1—r1)
(52 —12)

S11 512
521 522 s

| (11— q1) (2 —q2)

where 511, 512, 521, $220 € [0, 00). Then we have the follow-
ing RDP decomposition

(ri1 4 s11, e1n) (ri2 + s12, e12)
(ra1 + s21, €21) (22 + 522, €22) .

(s1,a1)
(52, a2)

| (. b)) (12, b2)
Finally, we have to show that (r12 + s12, e12) com (2] +
21, e21). Choose (0,0) < (x1,x2) < (r12 + s12, e12) and

0,0) < (1, y2) < (r21 + 521, €21).
We have the following four cases.
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(1) x;1 > 0, y; > 0. Choose two rational numbers r" and r”
such that 0 < r’ < x; and 0 < r” < y;. Then (0,0) <
(r',x2) < (x1,x2), (0,0) < (", y2) < (y1,y2), and
0,00 < (r',x2) < (ri2,e12), (0,0) < (", y) <
(21, e21). By the RDP; table used above and holding
in Q_x) G, (r',x2) and (r”, y2) commute, so that x;
and y, commute, which yields (x1, x2) + (y1, y2) =
1, y2) + (x1, x2).

(2) x1 =0, y1 =0.Then (0,0) < (0, x2) < (ri2+5s12, €12)
which entails (0, x) < (r12, e12) and similarly, (0, 0) <
(0, y2) < (r21, e21). Therefore, we have (0, x2) and
(0, y2) commute, so that xo and y, commute, too, and
finally (x1, x2) and (y1, y2) commute.

(3) x1 > 0, y;1 = 0. Choose a rational number r > 0 such
0 <r <x1.Then (0,0) < (r,x2) < (x1,x2) < (ri2 +
512, e12). Then (0,0) < (r,x2) < (r12, e12). Similarly
as in the case (ii), we have (0, 0) < (0, y2) < (r21, e21).
Therefore, (x, x3) and (0, y2) commute, which entails x;
and y, also commute, and finally (x1, x2) and (y1, y2)
commute.

(4) x1 =0, y; > 0. It follows the same steps as the proof
of the case (3).

Combining all cases (1)-(4), we see that RDP; holds as was
claimed. o

The last two theorems can be generalized as follows.

Theorem 3.8 Let G be a directed po-group and H be a sub-
group of the group R such that 1 € H. The following state-
ments are equivalent:

(1) The po-group H X G satisfies RDPy.

(2) The po-group G is with RDPj.

(3) The pseudo effect algebra E := T"(H X G, (1,0)) sat-
isfies RDP;.

Proof (1) = (2). It follows from (Dvurecenskij and Kriidvek
2013, Prop 3.2(2)). (1) = (3). Itis trivial. (3) = (1). Since G
satisfies also RIP, by (Dvurecenskij and Kridvek 2013, Prop
32 (1), H X G satisfies RIP. Applying (Dvurecenskij and
Krnavek 2013, Thm 3.6), H X G satisfies RDP;. (2) = (1).
By the assumption, G is directed. Due to (Goodearl 1986,
Lem 4.21), H is either a cyclic subgroup of R or a dense
subset of R.

In the first case, H = %Z for some integer n > 1. There-
fore, we can apply Proposition 3.4, and whence, H X G has
RDP;.

In the second case, we can literally apply the proof of the
implication (2) = (1) of Theorem 3.7 changing Rto H. O

Problem 1. Since both Q, R as well as any non-discrete
H satisfy SRIP, according to (Goodearl 1986, Cor 2.12)
or (Dvurecenskij and Kravek 2013, Prop 3.2(1)), Q ;) G,

@ Springer

RX GandH X G satisfy RDP; whenever G is an Abelian
po-group, not necessarily directed. It is unknown whether is
this true also for any po-group G not necessarily Abelian.

4 H-decompositions of pseudo effect algebras

In the rest of the paper we will assume that H is a subgroup of
the group of real numbers R such that 1 € H and we denote
[0, 117 := [0, 1]NH. We define two types of decompositions
of a pseudo effect algebra indexed by elements of [0, 1]y.

We say thata decomposition (E; : ¢ € [0, 1]p) of apseudo
effectalgebra E, i.e. asystem (E; : t € [0, 1]y) of nonempty
subsets of E suchthat E,NE;, =@ fors <t,s,t € [0, 1]y
and U,¢o.1) Er = E is

(D an H-decomposition of type I if

(a) Eg + E;existsifs +1 < 1,
(b) Ej is a unique maximal ideal of E;

(2) an H-decomposition if

(a) E;f =E; = E|_,foranyt € [0, 1]y,
(b) ifx € E5,y € E;andx+yexistsin E, thens+7 < 1
andx +y € Esy; fors,t € [0, 1]p.

For example, if E = F(R;) G, (1,0)), then (E;, : t €
[0, 1]), where Eg := {(0,g) : g € GT}, E, = {(t,2) :
g€ G)forO <t <1land Ey ={(1,—g):g € G"}, and
G is a po-group, is an R-decomposition of the pseudo effect
algebra E of both types. In fact, we have E; + E; = E44,
whenever s +t < 1. To show that Ey is a maximal ideal,
take (¢, g) € E\Eyp, and let I be the ideal of E generated by
Epy and (¢, g). Then, for any s < #, E; C I. In particular,
there is an integer n such that 1/n < ¢. Then (1/n,0) € I
but (1,0) = n(1/n,0) € I proving I = E. In addition, it is
easy to verify that Ey is also a normal ideal, Ey = Infinit(E)
and E;, = E|_; = E; foranyt € [0, 1], and Ey is a unique
maximal ideal of E.

We say that a state s on a pseudo effect algebra E is an H-
valued state if s(E) = [0, 1], where [0, 1] :=T(H, 1) =
[0, ITNH. If s(E) € [0, 1], we say that s is an H-state. In
particular, if H = %Z, a %Z—Valued state is also said to be an
(n + 1)-valued discrete state, DvureCenskij et al. (2013).

Theorem 4.1 Let E be a pseudo effect algebra and H be a
subgroup of R containing 1. The following two statements
are equivalent:

(1) There exists an H-valued state on E.
(2) There exists an H-decomposition (E; : t € [0, 1]lg) of
nonempty subsets of E.
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Proof Let s be an H-valued state. Given ¢t € [0, 1]y, we
define E; := s_l({t}). It is evident that, the system (E; : t €
[0, 1]m), is a decomposition of E. For (a), let x € E;. Then
s(x) =tand s(x7) = 1 — s(x) = s(x7), which proves
X~,x~ € E{_;.Conversely,ify € Ej_;,theny™, y~ € E.
For (b), assume x € Egand y € E; and let x 4y be defined in
E.Thens(x+y) = s(x)+s(y) = s+t < 1, which implies
x+y € Eg4;. Then (E; : t € [0, 1]) is an H-decomposition
of E.

Conversely, let (ii) hold. Define a mapping s : E — [0, 1]
by s(x) =t iff x € E;. Take x, y € E such that s(x) = £
and s(y) = . Since x € E; and y € E;,, due to (b), we
have r; +# < 1.Hence, s(x+y) = s(x)+s(y). There exists
a unique ¢t € [0, 1]y such that O € E,. For every x € Ej,
x+0=x =0+ x, thus by (b), t + 1 < 1 which yields
t = 0 and therefore, s(0) = 0 and s(1) = 1. In other words,
s is an Hi-valued state. m]

We denote by Sg(E) and Dy (E) the set of all H-
decompositions and the set of all H-valued states on H,
respectively.

Theorem 4.2 There exists a one-to-one correspondence
between Dy (E) and Sy (E).

Proof By Theorem 4.1, Dy (E) is nonempty iff so is Syp(E).
Assume that D = (E; : t € [0, 1]gy) is an H-decomposition
of E. We define a mapping f : Dy(E) — Sg(E) by
f(D) = s, where s(x) = tiff x € E; fort € [0, 1]x.
By the proof of Theorem 4.1, f is bijective. O

Remark 4.3 1f in the definition of an H-decomposition (E; :
t € [0, 1]xp) of E we do not suppose that every E; has to be
nonempty, then in the same way as it was proved in Theorem
4.2 we can prove a one-to-one correspondence between these
new H-decompositions and H-states, i.e. we suppose only
that s(E) < [0, 1]g.

In what follows, we will assume that in any decomposition
(E; : t € [0, 1]y) every E; is nonempty.

Corollary 4.4 Let (E; : t € [0, 1]y) be anH-decomposition
of a pseudo effect algebra E. Then Eq is a normal ideal of
E and Ey = Infinit(E).

Proof By Theorem 4.1, there exists a unique H-valued state
s on E such that s(x) =t iff x € E;, t € [0, 1]ig. Hence,
Ey = Ker(s) and Ker(s) is always a normal ideal. Since
Eo+Episdefinedin E, wehave Eg+Eg = Eg C Infinit(E).
Let now x € Infinit(E), then mx is defined in E for any
integerm > 1.Hence, s(mx) = ms(x) < 1, sothats(x) =0
and x € Ej. O

We say that an H-decomposition (E; : ¢t € [0, 1]g) of E
is ordered if, for s < t, s, t € [0, 1], we have E; < E;.

Theorem 4.5 Let (E; : t € [0, 1]1i) be an H-decomposition
of a pseudo effect algebra E. Then (E; : t € [0, 1]x) is
ordered if and only if E,, + E,, exists in E wheneveru—+v < 1
foru,v e [0, 1]g.

In such a case,

(1) Eg = Infinit(E) and Infinit(E) is a normal ideal.

) E, + Ey = E,yy wheneveru +v < 1.

3) Ifu+v>1,foranyx € E, and y € E,, neither x +y
nory 4+ x exists.

Proof By Theorem 4.1, there is a unique H-valued state s
such that s(E;) = ¢t foreach ¢t € [0, 1]g.

Assume (E; : t € [0, 1]i) is ordered. Choose u,v €
[0, 1]ig with u + v < 1. We have that u < 1 — v, and
E, < E1—, = E, which implies that E, + E,, exists and
we show E, + E, = E,4,. Indeed, for any a € E,, and
any b € E,, we have s(a + b) = u + v, which implies that
a+be E,y,. Conversely, let c € E,4,. Foranya € E,,
we have that a < c¢. Then there exists an element b € E such
that a + b = c. Hence, s(a + b) = s(a) + s(b) = u + v,
then s(b) = v, which implies that b € E,,.

Now let E; + E, existin E fort+w < 1, ¢, w € [0, 1]g.
Choose u < v, u, v € [0, l]ig. Then u 4+ (1 — v) < 1 so that
E,+ Ei_, = E, + E exists in E which yields E, < E,.

(1) Forany x, y € Ep, we have that x 4 y exists in E. Then
s(x+y) =sx)+s(y) =0and x +y € Eg which
implies Eg C Infinit(E). Conversely, let x € Infinit(E),
we have that mx is defined in E for each integer m > 1.
Then s(mx) = ms(x) < 1 which implies s(x) = 0 and
x € Ker(s), and so x € Eg.

(2) Assume thata € E, and b € E, foru + v < 1. Then
a+bexistsands(a+b) =u+v,andsoa+b € E,,.
Conversely, let z € E, 4+, then for any x € E,, x < z,
so that z = x + (x/z), by s(z) = s(x) + s(x/z), which
implies that x/z € E,.

(3) Assumethatu+v > 1,x € E,, y € E,, eitherx + y or
y + x exists, then s(x + y) > 1 or s(y 4+ x) > 1, which
is absurd. m]

We recall the following two definitions of radicals used in
Dvurecenskij (2008). Let E be a pseudo effect algebra. We
denote by M(E) and N'(E) the set of maximal ideals and
the set of normal ideals of E, respectively. We define (1) the
radical of E, Rad(E), as the set

Rad(E) = ({1 : I € M(E)},
and (2) the normal radical of E, via
Rad,(E) = ({1 : I € M(E) N N(E)).

It is obvious that Rad(E) € Rad, (E) holds in any pseudo
effect algebra E.

@ Springer



1048

A. Dvurecenskij, M. Kolarik

Lemma 4.6 (1) Let (E; : t € [0, 1]g) be an ordered H-
decomposition of a pseudo effect algebra E. Then Ey is
a unique maximal ideal of E, and it is a normal ideal
such that Eg = Infinit(E) = Rad(E) = Rad, (E).

(2) If (E; : t € [0, 1]g) is any H-decomposition of E of type
I, then Ey + Eg = Ej.

Proof (1) By Corollary 4.4, Ey is a normal ideal, such that
Eo = Infinit(E). Now we show that E is a maximal ideal.
Take x € E;\Eg, where 0 <t < 1, ¢ € [0, I]g. Let I be
an ideal of E generated by E and x. Then, for every v < ¢,
v € [0, 1]g, we have E, < E;, whence E, C I. There are
two cases: (1) there isno v € [0, 1]y such that 0 < v < t.
Thent = 1/n for some integern > 1l and H = %Z. Ifn=1,
thens(x) =1, s(x7) =0, and x~ € Eg. Hence, 1 € [.

Ifn>2,theny:= (n— l)x isdefinedin E, and y € I.
For the element y~ we have s(y~) = 1/n, sothat y~ € [
which means 1 € .

(2) H is not a cyclic subgroup of R, so that it is dense in
R. There is a strictly decreasing sequence {#;} of non-zero
elements of [0, 1]y such that #; N\ 0. For every ¢;, there is
a maximal integer m; such that y; := m;t; is defined in E.
Hence, for enough small 7;, s(y;) <tsothaty, €1 which
again proves I = E, and Ej is a maximal ideal.

Uniqueness. Assume that [ is another maximal ideal of
E.If thereis x € E; N[ for some t € [0, 1]y, t > 0, then,
for every z € My, wehave z < x and z € I, so that Eg C I.
The maximality of Ey yields Ey = 1.

Finally, we have Rad(E) = Rad, (E).

(2) By (b), Eg + Ey is defined in E, and by (¢), Ep is an
ideal. Hence, Eg = Eo + {0} € Ep + Eo € Eyp. O

Proposition 4.7 Let G be a directed po-group with RDP
and let H be a subgroup of R such that 1 € H. Choose gg €
G and set Eg = {(0,8) : g € G}, E; = {(1, g) : g < go}
and My = {(t,g) : g € G} fort € [0, 1]y, 0 <t < 1. Then
E =T X G, (1, go)) is a pseudo effect algebra which is
H-perfect, (E; : t € [0, 1]m) is an ordered H-decomposition.
E is symmetric if and only if go € C(G).

In addition, E has a unique state, it is an H-valued state,
and E has a unique H-decomposition.

Proof 1t is clear that (E; : ¢t € [0, 1]g) is an ordered H-
decomposition of £, and E is a symmetric H-perfect pseudo
effect algebra iff gg € C(G), see (Dvurecenskij 2004, p. 98).

By Theorem 4.1, E has an H-valued state, say s, namely
s(E;) = {t}, t € [0, 1]g. Assume that s is any state on E.
Then Eg = Infinit(E) C Ker(sy), and since E is a maximal
ideal, Eg = Ker(sy).

Since H is in fact a linearly ordered £-group, we can define
the MV-algebra M := T'(H, 1), for more details on MV-
algebras, see e.g. Cignoli et al. (2000). Let §; be a mapping
on M defined by §1(t) = s1(¢,0) if ¢t € [0, 1]g\{1} and
s1(1) =1 =s51(1, go). It is straightforward to verify that §;

@ Springer

is a state on M. In the same way we can define also a state §
on M. Moreover, M being linearly ordered, M has a unique
state, see (Dvureéenskij 2001, Thm 5.5), and §; = 5.

By Theorem 3.8, ]HI;) G has RDP;, therefore, s; can
be uniquely extended to a state 57 on the unital ¢-group
HX G. (1. g0))-

We have s1(7,0) = ¢ for r € [0, 1]g\{1} and s;(1, go).
Therefore, 51(0, g) = 0 for any g € G7T and since G is
directed, 5s7(0,g) = Oforany g € G.If 0 < t < 1, then
s1(t,8) = s1(t, g) = 51(¢,0) + 51(0, g) = t. On the other
hand, if (1,g) € Ej, then (1,g)” € E. Therefore, 0 =
s1((1, g)7) which yields s;(1, g) = 1. In other words, s =
S1.

Applying Theorem 4.2, we see E has a unique H-
decomposition. O

5 H-perfect, R-perfect and Q-perfect pseudo effect
algebras

We say that a pseudo effect algebra E is H-perfect if it has
an ordered H-decomposition (E; : ¢ € [0, 1]g).

In particular, if H = R or H = Q, we are saying that E
is R-perfect and Q-perfect, respectively. If H = %Z, a %Z-
perfect pseudo effect algebra is said to be also an n-perfect
pseudo effect algebra, see Dvurecenskij et al. (2013).

The following notion of a cyclic element was defined for a
special class of pseudo effect algebras, called GM V-algebras,
in (Dvurecenskij 2008, 2010) and for pseudo effect algebras
in Dvurecenskij et al. (2013).

Let n > 1 be an integer. An element a of a pseudo effect
algebra E is said to be cyclic of order n or simply cyclic if
na exists in E and na = 1. If a is a cyclic element of order
n,thena™ = a™,indeed, a™ = (n — 1)a = a™. It is clear
that 1 is a cyclic element of order 1.

We note that a pseudo effect algebra E has a cyclic ele-
ment of order n iff E has a pseudo effect subalgebra of E
isomorphic to F(%Z, 1).

Proposition 5.1 Ifcisa cyclic element, then, forany x € E,
X + c exists in E if and only if ¢ + x exists in E.

Proof There is an integer n > 1 such that nc = 1. We have
that ¢~ = ¢~. Then x + c exists if and only if x < ¢~ if and
only if x < ¢™ if and only if ¢ 4 x exists. O

We say that a group G is torsion-free if ng # 0 for any
g # 0 and every nonzero integer n. For example, every £-
group is torsion-free, see (Glass 1999, Cor 2.1.3). We recall
that a po-group G is torsion-free iff H X Gis torsion-free,
where H is a subgroup of the group R with 1 € H.

We recall that according to (Glass 1999, p. 16), a group G
enjoys unique extraction of roots if, for all positive integers n
andall g, h € G,ng = nhimplies g = h. We note that every
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linearly ordered group, or a representable £-group (i.e. it is
a subdirect product of linearly ordered groups), in particular
every Abelian £-group, enjoys unique extraction of roots, see
(Glass 1999, Lem. 2.1.4). On the other hand, there is a unital
divisible £-group (i.e. g/n is defined in G for every g € G
and every integer n > 1), but the unique extraction of roots
fails, see (Glass 1999, p. 16).

The following results have been originally proved in
Dvurecenskij et al. (2013) for strong n-perfect pseudo effect
algebras. In what follows, we generalize them for H-perfect
effect algebras.

Let E = I'(G, u) for some unital po-group (G, u). An
element ¢ € E such that (a) nc = u for some integer n > 1,
and (b) ¢ € C(G), is said to be a strong cyclic element of
order n.

For example, if £ = I'(R ? G, (1, 0)), then any element
of the form (1/n,0), n > 1, is a strong cyclic element of
order n.

We note that this notion was used in Dvurecenskij (2008);
Dvurecenskij et al. (2013) to show when a pseudo effect
algebra is of the form F(%Z ;) G, (1,0)).

As a matter of interest, we recall that if H = H(«x) is a
subgroup of R generated by o € [0, 1] and 1, then H = %Z
for some integer n > 1 if « is a rational number. Oth-
erwise, H(«) is countable and dense in R, and E(x) :=
FH(x),)={m+na:m,neZ, 0<m-+na <1}, see
(Cignoli et al. 2000, p. 149). If « is irrational, then E («) and
' H(x) X G, (1, 0)) have only one (strong) cyclic element,
namely 1 which is of order 1.

Now let G be a non Abelian po-group and choose an ele-
ment go € G\C(G).Set E;:={(t, g) € F(H? G, (1, go))},
t € [0, 1]g. Then E = F(H_x) G, (1, go)) is H-perfect,
(E; : t € [0, 1]p) is an ordered H-decomposition of E but
E does not have any strong cyclic element. We note that £
is not symmetric.

Lemma 5.2 Let H be a torsion-free po-group with a strong
unit u. Let c € E = T'(H,u) be a strong cyclic element
of order n. If d € E is any cyclic element of order n, then
c=d.

Proof Sincec € C(H) andd € H, wehavec+d =d +c¢
in the group H. Thenn(c —d) = nc —nd = 0sothatc =d.
O

Proposition 5.3 Let E be a pseudo effect algebra with an
ordered H-decomposition (E; : t € [0, 1]g). Then there
exists a unique directed po-group G such that G* = E,.

Proof By Lemma 4.6(1), Eq is a maximal ideal of E, and
Eo+ Epis defined, so that Eg+ Eg = Ey. Hence, (Eq; +, 0)
is a semigroup. For any x, y € Ep, the equation x + y = 0,
implies that x = y = 0. For any x, y,z € Ey, the equa-
tion x + y = x + z implies that y = z, and equation

y 4+ x = z + x implies that y = z. Then (Eg; +,0) is a
cancellative semigroup satisfying the conditions of the Birk-
hoff Theorem, (Fuchs 1963, Thm 2.4), which guarantees that
E) is the positive cone of a unique (up to isomorphism) po-
group G. Without loss of generality, we can assume that G
is generated by the positive cone Ey, so that G is directed.
]

We say that a pseudo effect algebra E enjoys the 1-
divisibility property if, given integer n > 1, there is an
element a,, € E such that na, = 1. We see that g, is a
cyclic element of order n. We recall that a,, is not necessarily
unique, and we denote a,, = % 1 if a, is unique. For example
by (Glass 1999, p. 16), there is a unital £-group (G, u) such
that in I'(G, u) there are two different elements a # b with
2a = u = 2b.

Let E = I'(G, u) be an interval pseudo effect algebra. We
say that E enjoys the strong 1-divisibility property if, given
integer n > 1, there is an element a, € C(G) N E such that
na, = 1. We see that a,, is a strong cyclic element of order n.
If G is e.g. torsion-free, then due to Lemma 5.2, a,, is unique.

We say that a pseudo effect algebra E enjoys unique
extraction of roots of 1 if a, b € E and na, nb existin E, and
na = 1 = nb, then a = b. Then every F(H? G, (1,0)
enjoys unique extraction of roots of 1 for any torsion-free
directed po-group G. Indeed, let k(s, g) = (1,0) = k(¢, h)
for some s, ¢ € [0, 1], g, h € G, k> 1.Thenks =1 =kt
which yields s = ¢t > 0, and kg = 0 = kh implies
g=0=h.

We say that anonempty subset A of a pseudo effect algebra
E is (1) downwards directed if given ay, ay € A, there is an
element a € A such thata < ay, az; (2) upwards directed if
given aj, ap; € A, there is an element b € A such that b >
ay, az; and (3) directed if it is both upwards and downwards
directed.

Proposition 5.4 (1) Let (E; : t € [0, 1]yg) be an ordered
H-decomposition of a pseudo effect algebra E. Then E
and Eq are directed.

(2) If (Eo, E1jn, ..., Enn) is an ordered %Z—decomposition
of a pseudo effect algebra E satisfying RDPy, then every
E; is directed, i =0,1,...,n.

Proof (1) Itisclearthat Egis downwards directed. Leta, b €
Eo. Since Eg = Infinit(E), a + b is defined in E and
a+b € Eyg. Thena,b < a+b.Since E; = E , we see
that E is directed.

(2) It follows from (Dvurecenskij et al. 2013, Prop 5.12).

O

We recall that if we set £ = I'(H X G, (1, 0)) for some
po-group G, then E; for ¢t € [0, 1]\{0, 1} is neither down-
wards nor upwards directed whenever G is not directed, and
in general, E; is directed iff G is directed.

@ Springer
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Inspiring by this, we say that an H-decomposition (E; :
t € [0, 1]y) of E has the directness property if every E; is
directed.

6 Representation of strong Q-perfect pseudo effect
algebras

In this section, we define a strong Q-perfect pseudo effect
algebra and we show when it is an interval in the lexico-
graphic product Q X G.In addition, we derive a categorical
equivalence of the category of strong Q-perfect pseudo effect
algebras with the category of directed torsion-free po-groups.

Definition 6.1 We say that a pseudo effect algebra E with
RDP; is strong Q-perfect if

(1) E enjoys the strong 1-divisibility property,

(2) E has an ordered QQ-decomposition having the directness
property,

(3) the unital po-group (G, u) such that £ =
torsion free.

T'(G, u) is

In what follows, we present a representation of strong Q-
perfect pseudo effect algebras. We start with a preparatory
statement.

Proposition 6.2 Let G be a directed torsion-free po-group
with RDP1. Then the pseudo effect algebra

Q(G) :=T(QX G, (1,0)) 6.1)

is a strong Q-perfect pseudo effect algebra.

Proof By Theorem 3.5, Q(G) has RDPy, it has an ordered Q-
decomposition (E; : t € [0, 1]g), where Eg = {(0,g) : g €
G'LEi={(l,—g):ge G} and E; = {(1,8) : g € G},
for t € [0, 1]Jg\{0, 1}, and each element a, := (1/n,0)
is a strong cyclic element of order n. Thus E enjoys the
strong 1-divisibility property, and G being directed, every
E, is directed. O

Theorem 6.3 Let E be a strong Q-perfect pseudo effect
algebra with RDP|. Then there is a unique (up to isomor-
phism) torsion-free directed po-group G with RDP; such
that E=T(QX G, (1,0)).

Proof Since E has RDPj, due to (Dvurecenskij and Vetter-
lein 2001b, Thm 5.7), there is a unique unital (up to iso-
morphism of unital po-groups) po-group (H, u) with RDP;
such that £ = I'(H, u). Assume (E; : t € [0, 1]g) is an
ordered QQ-decomposition of E with the directness property;
due to Theorem 4.2, it is unique. By Theorem 4.1, there
is a unique Q-valued state s. By Proposition 5.3, there is
a unique directed po-group G such that Eg = G™*. Since
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H is torsion-free and with RDP;, G = GT — G7 is also
torsion-free, directed and with RDP;. For any integern > 1,
there is a unique element a, = %1. It is clear that, for any
integer | < m < n, the element m%l is defined and we
denote it by “* 1. Define Q(G) by (4.1) and define a mapping
¢ E— Q(G) by

p(x)=(t,x—1L1

whenever x € E;. We note that

6.2)
in the right-hand side

T3]

n
of the formula means the group subtraction in the po-group
H. Since E; is directed, there is an element xo € E; such

that xg < x, ;l—'l. Then x — xp = x\xp € Ep and ;;1 — X9 =
r’l;l\xo € Ep because s(x\xg) =0 = s(;lil\xo). Therefore,
X — fll = (x —xg) — (:l;l — x0) € G, which means that ¢
is a well-defined mapping.

Claim: The mapping ¢ is an injective and surjective homo-
morphism of pseudo effect algebras.

We have ¢(0) = (0,0) and ¢ (1) = (1,0). Letx € E;.
Thenx™ € Eyi, and ¢ (x7) = (= x =21y = (1,0)—
x——l) = qb(x)_ Inan analogous way, ¢ (x™) = ¢ (x)™.

Now let x,y € E and let x + y be defined in E. Then
x € Ei andy € E ;. Without loss of generality, we can

ny ny
assume that n; = ny = n. Sincex < y~, we have ; < L.

So that ¢ (x) < ¢(y~) = ¢(y)~ which means ¢(x) + o)
is defined in Q(G). Then¢>(x+y) = (’+J x+y— l+J 1) =

(l":],_x—i—y (n1+}{ll))=( x__])+(] y_—l)_

d(x) +(y).
Assume ¢ (x) < ¢ (y) forsomex € E- andy € E,- Then

Lx—in <, y—in.1fi = j, thenx—’—l <y—L1
sothatx < y. Ifi < j,thenx € E; and y € E; so that
x < y. Therefore, ¢ is injective. ’ '

To prove that ¢ is surjective, assume two cases: (1) Take
g € Gt = Ey. Then ¢(g) = (0, g). In addition g~ € E;
so that ¢(g7) = #(g)” = (0,9)” = (1,0) — (0, 8) =
(1,—g).(2)Letg € G and ;- with 1 <i < n be given. Then
g = g1 — g, where g1, g2 € GT = Ej. Since ,’1;1 € Ei,
g1+ ri;l exists in £ and it belongs to E%, and g» < g1+ ri;l
which yields (g1 +£1) — go = (g1 + L 1)\g» € E; . Hence,
g+il=(a+LiD\g e E: which entails ¢ (g + iy =
G7r 8)-

Consequently, E is isomorphic to Q(G).

IfE=T(Q X G’, (1,0)), then G and G’ are isomorphic
po-groups. O

We note that the notion of the directness property of a
pseudo effect algebra E was introduced in order to guaran-
tee the existence of the element x — r’;ll in the po-group G,
and consequently, to show that the mapping ¢ in (6.2) is well

defined. If E satisfies RDP;, then by Dvurecenskij and Vet-
terlein (2001a,b), E is in fact a pseudo MV-algebra, and by
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Dvurecenskij (2002), there is a unital £-group (H, u) such
that E = ['(H, u). At any rate, any £-group is torsion-free
and directed. Hence, let for this case a pseudo effect algebra
E satisfying RDP; is strong Q-perfect if it enjoys the strong

1-divisibility property and it has an ordered Q-decomposition.

We assert that ¢ is well defined. Indeed, Ey in this case is in

fact a positive cone of an £-group G. The unique state s on

E corresponding to the given ordered H-decomposition is an

extremal state, therefore, by (Dvurecenskij 2001, Prop 4.7),

s(a A b) = min{s(a), s(b)} for all a, b € E, and the same

is true for its extension § onto (H,u) and all a,b € H.
L

Let x € E;. For the element x — -1 € H, we define

x—inti=@-LfDvo=(xvLil)—Lle Eywhile
s(VED—LD) =s(xvEiD—s(t]) =L—
ilarly x — L 1)7 i= —((x =L 1) A0) =
This implies that x — 1‘1;1 =(x — r’;ll)+
proves the following result.

,l; ﬁ = Qandsim-
-1 —(x'/\ﬁl) € Ey.
—(x—7D)7"eG. It
Theorem 6.4 Let E be a strong Q-perfect pseudo effect

algebra in the sense of the last note and with_l}DPz. Then
thereis aunique £-group G suchthat E = T'(Q x G, (1,0)).

Proof It follows from the last note and the proof of Theorem
6.3. O

Problem 2. Can we relax the notion of directness in the
definition of a strong Q-perfect pseudo effect algebra in order
to prove Theorem 6.3 ?

In what follows, we show the categorical equivalence of
the category of strong Q-perfect pseudo effect algebras with
the category of directed torsion-free po-groups with RDP;.

Let SQPPE Abe the category of strong Q-perfect pseudo
effect algebras whose objects are strong Q-perfect pseudo
effect algebras and morphisms are homomorphisms of
pseudo effect algebras. Similarly, let G be the category whose
objects are directed torsion-free po-groups with RDPy, and
morphisms are homomorphisms of unital po-groups.

Define a functor £g : G — SQPPEA as follows: for
G e g, let

£0(G) :=T(@QX G, (1,0))

andif h : G — G is a po-group homomorphism, then

i i i
n n n
By Proposition 6.2, &g is a well-defined functor.

Proposition 6.5 Eq is a faithful and full functor from the
category G of directed torsion-free po-groups with RDP| into
the category SQPPEA of strong Q-perfect pseudo effect
algebras.

Proof Let hy and hy be two morphisms from G into G’ such
that Eg(h1) = Eg(h2). Then (0, h1(g)) = (0, ha(g)) for any
g € G, consequently iy = h».

To prove that &g is a full functor, suppose that f is a
morphism from a strong Q-perfect pseudo effect algebra
raQ X G, (1, 0)) into another one I'(QQ X G1, (1,0)). Then
(0, g) = (0, g") for a unique g’ € G'*. Define a mapping
h: Gt — G'" by h(g) = g'iff £(0,g) = (0, g’). Then
h(g1 + g2) = h(g1) + h(g) if g1, g2 € GT. Assume now
that ¢ € G is arbitrary. Then g = g1 — g2 = g} — g5, where
g1, 82, &), 8, € G, which gives g1 + g = g + g, ie.,
h(g) = h(g1) — h(g) is a well-defined extension of 4 from
Gt onto G.

Let0 < g1 < g». Then (0, g1) < (0, g2), which means &
is ahomomorphism of po-groups, and Eg (h) = f as desired.

O

We recall that by a universal group for a pseudo effect
algebra E we mean a pair (G, y) consisting of a po-group
G and a G-valued measure y : E — G (ie., y(a + b) =
y(a) + y(b) whenever a + b is defined in E) such that the
following conditions hold: (1) y (E) generates G, and (2) if
H is a group and ¢ : E — H is an H-valued measure,
then there is a group homomorphism ¢* : G — H such that
¢=¢ oy.

Due to (Dvurecenskij and Vetterlein 2001b, Thm 7.2),
every pseudo algebra with RDP; admits a universal group,
which is unique up to isomorphism, and ¢* is unique. The
universal group for E = I'(G, u) is (G, id) where id is the
embedding of E into G, and G satisfies RDP;.

Let A and B be two categories and let f : A — B be
a morphism. Suppose that g, # be two morphisms from B
to A such that go f = id4 and f o h = idp, then g is a
left-adjoint of f and h is a right-adjoint of f.

Proposition 6.6 The functor Eg from the category G into the
category SQPPEA has a left-adjoint.

Proof We show that given a strong Q-perfect pseudo effect
algebra E with an ordered (Q-decomposition (E; : t €
[0, 1]), there is a universal arrow (G, f),i.e., G is an object
inG and f isahomomorphism from E into £ (G) such that if
G’ isan object from G and f” is ahomomorphism from E into
£g(G"), then there exists a unique morphism f*: G — G’
such that Eg(f*) o f = f'.

By Theorem 6.3, there is a unique directed torsion-free
po-group G with RDP such that E = T'(Q X G, (1, 0)).
By Theorem 3.7, Q X G is a directed po-group with RDPy,
so that by (Dvure€enskij and Vetterlein 2001b, Thm 7.2),
(Q;} G, y) is a universal group for E, where y : E —
F(Q? G, (1,0)) is defined by y (a) = (%,a — %1), ifa e
E i . By the proof of Theorem 6.3, y is an isomorphism. O

Define a mapping P : SOPPEA — G via P(E) .= G
whenever (Q x G, f) is a universal group for E. It is clear
that if fo is a morphism from E into F, then fj can be
uniquely extended to a homomorphism P( fy) from G into

@ Springer



1052

A. Dvurecenskij, M. Kolafik

G1, where (Q X G1, f1) is a universal group for the strong
Q-perfect pseudo effect algebra F.

Proposition 6.7 The mapping P is a functor from the cate-
gory SQPPEA into the category G which is a left-adjoint
of the functor Eg.

Proof It follows from the construction of the universal group.
O

Now we present the main result on categorical equivalence
of the category of strong Q-perfect pseudo effect algebras and
the category G.

Theorem 6.8 The functor g defines a categorical equiva-
lence of the category G and the category S QPPE A of strong
Q-perfect pseudo effect algebras.

Inaddition, suppose thath : Eg(G) — Em(H) is a homo-
morphism of pseudo effect algebras, then there is a unique
homomorphism f : G — H of unital po-groups such that
h =&m(f), and

(1) if h is surjective, so is f;
(2) if h is injective, so is f.

Proof According to (Mac Lane 1971, Thm IV.4.1), it is nec-
essary to show that, for a strong Q-perfect pseudo effect alge-
bra E, there is an object G in G such that ¢ (G) is isomorphic
to E. To show that, we take a universal group (Q X G, f).
Then £g(G) and E are isomorphic. O

7 Strong H-perfect pseudo effect algebras
and their representation

In this section, we extend the results of the previous section
to the most general case, namely for strong H-perfect pseudo
effect algebras. Here we use Theorem 3.8.

We say that an H-decomposition (E; : ¢t € [0, 1]g) of E
has the cyclic property if there is a system of elements (¢, €
E :t € [0, 1]x) such that (1) ¢; € E; for any ¢ € [0, 1]y,
2)ifs+1t <1,s,t €0, 1]y, then ¢y + ¢; = c54++, and
(3) c1 = 1. Properties: (a) co = 0; indeed, by (2) we have
co+co = co, sothatcg = 0. (b) If t = 1/n, thenci isa
cyclic element of order n. !

Let E = I'(G,u). An H-decomposition (E; : t €
[0, 1]) of E has the strong cyclic property if there is a
system of elements (c; € E : t € [0, 1]) such that (1)
¢ € E;NC(G) forany t € [0, 1], @) if s +1 < 1,
s, t € [0, 1]y, then ¢y +c¢; = c544, and (3) c; = 1. We recall
thatif t = 1/n, c1 is a strong cyclic element of order 7.

For example, let £ = F(H;) G,(1,0)) and E; =
{(t,g) : (t,g) € E}fort € [0, 1]y. If we set ¢; = (¢, 0),
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t € [0, 1]g, then the system (c; : t € [0, 1]yy) satisfies (1)—
(3) of the strong cyclic property, and (E; : t € [0, 1]y) is an
H-decomposition of E with the strong cyclic property.

Finally, we say that an interval pseudo effect algebra E has
the H-strong cyclic property if there is an H-decomposition
(E; : t €10, 1]y) of E with the strong cyclic property.

Proposition 7.1 An interval pseudo effect algebra E =
['(G, u), where G is torsion-free, has the Q-strong cyclic
property if and only if E has the strong 1-divisibility prop-
erty.

Proof If a Q-decomposition (E; : ,’z— € [0, 1]g) of E has
the strong cyclic property, there is a system of elements (c; :

% € [0, 1]g) satisfying (1)—(3) of the strong cyclic property.
Then every ¢ is a strong cyclic element of order n which by
Lemma 5.2 means that it is a unique strong cyclic element of
order n. Hence, c1 = %1.

Conversely, let E have the strong 1-divisibility property,
then the elements ¢; := ;‘;1 € Ei, and the system (c; : ﬁ €
[0, 1]g) satisfies the conditions Zl)—(3) of the stronél cyclic
property. O

Definition 6.1 for strong Q-perfect pseudo effect algebras
will be change for strong H-perfect pseudo effect algebras
as follows.

Definition 7.2 We say that a pseudo effect algebra E with
RDP; is strong H-perfect if

(1) E has an ordered H-decomposition having both the
directness property and the strong cyclic property,

(2) the unital po-group (G, u) such that E = I'(G, u) is
torsion free.

Proposition 6.2 has the following counter part.

Proposition 7.3 Let G be a directed torsion-free po-group
with RDP|. Then the pseudo effect algebra

&n(G) = F(H7 G, (1,0)) (7.1)

is a strong H-perfect pseudo effect algebra.

The representation theorem for strong H-perfect pseudo
effect algebras by (7.1) is the following result; compare it
with Theorem 6.3.

Theorem 7.4 Let E be a strong H-perfect pseudo effect
algebra with RDP;. Then there is a unique (up to isomor-
phism) torsion-free directed po-group G with RDPy such
that E=T(H X G, (1,0)).

Proof The proof follows the basic steps of the proof of The-
orem 6.3. Let (E; : t € [0, 1]y) be an H-decomposition with
the strong cyclic property with a given system of elements
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(c; = t € [0, 1]) satisfying (1)—(3) of the strong cyclic prop-
erty.

Hence, we derive a directed po-group G such that Gt =
Ey. Take the H-strong cyclic pseudo effect algebra & (G)
defined by (7.1), and define a mapping ¢ : E — &E(G) by

¢x) = (1, x —¢)

whenever x € E; for some t € [0, 1]y, where x — ¢; denotes
the difference taken in the £-group H. In the same way as
in the proof of Theorem 6.3, we can prove that ¢ is a well-
defined injective and surjective homomorphism of pseudo
effect algebras. O

(7.2)

Finally, let SPPE Ay be the category of strong H-perfect
pseudo effect algebras whose objects are strong H-perfect
pseudo effect algebras and morphisms are homomorphisms
of pseudo effect algebras. Again, let G be the category whose
objects are directed torsion-free po-groups with RDPy, and
morphisms are homomorphisms of unital po-groups.

Define a functor &y : G — SPPEAp as follows: for
G e g, let

£1(G) :=T(H X G, (1,0)
andif 7 : G — G is a po-group homomorphism, then

Eu(h)(1.8) = (1,h(g)). (t.8) e T(H'X G, (1,0)).

We note that the SOQOPPEA = SPPEAg.
Using the same ideas as for the categorical equivalence in
Theorem 6.8, we can prove a new categorical equivalence.

Theorem 7.5 The functor £y defines a categorical equiva-
lence of the category G and the category SPPE Ay of strong
H-perfect pseudo effect algebras.

Consequently, if H is cyclic or the group of rational num-
bers or an arbitrary subgroup of reals containing the number
1, all the studied categories of H-strong perfect pseudo effect
algebras are mutually categorically equivalent, and categor-
ically equivalent to the category G.
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