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Abstract Double basic algebras are a counterpart of bounded lattices with order-
antiautomorphisms on principal filters. In the paper, an independent axiomatization
of double basic algebras is given and lattice pseudo-effect algebras are characterized
in the setting of double basic algebras.
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In [1], the first author introduced the so-called double basic algebras, these being
algebras A = (A, H, ®,”,7, 0, 1) with the property that the rule x < yiff x” Hy =
1 (which is the same as x~ @ y = 1) defines a bounded lattice in which xVv y =
xTHy) " ®y=x"@®y)  HyandxAy=(x"Vy )" = (" Vvy") and where, for
every a € A, the maps x — x~ Ha and x — x~ @ a are mutually inverse order-
antiautomorphisms on the interval [a, 1]. In the case when the two ‘additions’ and
the ‘negations’ coincide, double basic algebras reduce to basic algebras that were
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defined in [3] in an attempt to generalize orthomodular lattices in a similar way in
which MV-algebras generalize Boolean algebras.

The present paper has two parts. The former is a revision of [1] in the sense
that we provide a new independent axiomatic system and enlighten the relations
between double basic algebras and pseudo-MV-algebras (GMV-algebras). In the
latter part, lattice pseudo-effect algebras are characterized as a subvariety of double
basic algebras, and pairs of compatible elements of lattice pseudo-effect algebras are
described in terms of double basic algebras.

1 Double Basic Algebras

We first explain some basic concepts. By a lattice with sectional antiautomorphisms
we mean a structure £ = (L, V, A, 0,1, (Ba)aer) Where (L, V, A,0, 1) is a bounded
lattice and, for each a € L, B, is an order-antiautomorphism on the interval [a, 1],
i.e., B, is a bijection from [a, 1] onto itself such that x < y iff 8,(x) > B,(y) for all
x,y € [a, 1]. If all B,’s are involutive, then we say that £ is a lattice with sectional
antitone involutions.

A basic algebra [2, 3, 6] is an algebra A= (A,®, ,0,1) of type (2,1,0,0)
satisfying the identities

xd0=x,

X =x,

By 8y=0 ©x) O
(xey)y ®y) @2) @(xdz)=1.

As shown in [3], there is a one-one correspondence between lattices
with sectional antitone involutions and basic algebras. Specifically, given £ =
(L,Vv,A,0,1,(Baaer) a lattice with sectional antitone involutions, the associated
basic algebra LB =(L,®,,0,1)is defined by

x =px) and x@y=p6,(x" Vy),

and on the other hand, if 4 = (A, ®,7,0, 1) is a basic algebra, then the stipulation
x < yiff x~ @ y = 1 defines a bounded lattice in which

xXvy=x @y) @y and xAy=(x vy ),

and where, for every a € A, B,: x— x~ @a is an antitone involution on [a, 1];
thus AL = (A, V, A, 0, 1, (Bu)aca) is a lattice with sectional antitone involutions. The
assignments are mutually inverse, i.e., we have (£L8)" = £ and (A")? = A.

Examples of basic algebras include MV-algebras, which are precisely the asso-
ciative basic algebras, and orthomodular lattices, which may be described as basic
algebras satisfying the identity x @ (x A y) = x. Indeed, in an orthomodular lattice
(L,V, AL, 0,1), the maps x — x* V a are antitone involutions on the sections [a, 1],
hence the addition @ is defined by x ® y = (x A y*) v y and the identity obviously
captures the orthomodular law.

As we have already mentioned, double basic algebras were invented as a general-
ization of basic algebras corresponding to lattices with sectional antiautomorphisms.
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According to [1], a double basic algebra is an algebra A= (A,H,®,7,~,0,1) of
type (2,2, 1, 1, 0, 0) that satisfies the identities

xHO=x=x®0,

x T =x=x",

CHy)yTey=(y H) ex=(y &x) Hx=u oy By,

(xHy) @y H) @Bz =1,

(xey)y By @ B =1,

0-=1=0".

It can easily be shown that if £ = (L, Vv, A, 0, 1, (Ba)acL) is a lattice with sectional
antiautomorphisms and if we define

X =Box), X7 =gy,

(1)
xBy=8"Vvy), x@&y=48"(x" vy,

then P = (L, B, ®,~,~,0, 1) is a double basic algebra, and all double basic algebras
arise in this way. Indeed, if A = (A, H, ®,7,~,0, 1) is a double basic algebra, then
letting

x<y iff x Hy=1 (or,equivalently,x” ®y=1)

we obtain a bounded lattice with

xVy=x HBy) dy=x"dy) By,

XAy=@"Vvy) =@ Vvy),
such that for each a € A, the map 8,: x — x~ Ha is an antiautomorphism on [a, 1]
the inverse of which is ﬂ;': x> x~@®a. Thus AL = (A, Vv, A,0,I1, (Ba)aca) 1s a
lattice with sectional antiautomorphisms from which, using Eq. 1, we can recover
the initial A, i.e., (AX)? = A. We also have (LP)L = L.

The connections between basic and double basic algebras are obvious. If 4 =

(A,®,7,0,1) is a basic algebra, then (AP = (A, ®,®,~,,0,1) is a double basic
algebra, and conversely, if we are given a double basic algebra in which B coincides

with @, then the ‘negations’ ~ and ~ coincide too, so that the double basic algebra
becomes a basic algebra. More precisely, we have

Theorem 1 Let A= (A,H,®,”,~,0,1) be a double basic algebra. Then the reduct
A = (A,H,7,0, 1) is a basic algebra if and only if A satisfies the identity

xBy=x®y. (2)

Proof Let A, be abasic algebra. Then A" = (A;)’ is a lattice with sectional antitone
involutions, hence for every a € A, the map ,: x — x~ Hais an antitone involution
which coincides with its inverse 8, x> x~ @a. Thus x~ = By(x) = By Yx) = x~
andxBy=g,x"Vvy =g"(x" vy =x@yforallyx,ye A

Conversely, assume that A satisfies Eq. 2. Since B and & coincide, for all x, y €
A we have the following equivalences: y < x~ iff y" Hx™ =1 iff y~" ®dx~ =1 iff
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yTex =1liffy T <x iff yT =y " >x " =xiff y=y" <x”. Thus x~ =
x~ for all x € A, and it follows that .4, is a basic algebra. O

Axiomatization In what follows, we aim at proving that double basic algebras can
be axiomatized by the identities

xBO0=ux, (D1)
x®0=x, (D2)
x T =x, (D3)
" Hy)Tey=0y"ex Hx (D4)
(xHy) @y Hz) @ «xHz) =1, (D5)
(xey) Hy)y @2 H@xez) =1 (Do)

Thus some identities from the original axioms can be omitted.

Lemma 2 Every algebra satisfying Eqs. D1-D6 satisfies the following identities:

x“Hx=1=x"®ux, 3)

0" =1=0", (4)

1" =1, ©)
I-=0=1", (6)
1Bx=1=1&ux, ™)

X7 =1x, (8)
OBx=x=00x, )
xBl=1=x®1, (10)
xHyox)=1=x"@ (yHx). (11)

Proof By Eq. DS5wehave 1 = (kB 0)" @ 0)"HO)" " xH)=x"dx=x"&
x and, analogously, 1 = (x® 0)"H0)~"®0) " Hxa®0) =x"Hx=x Hx by
Eq. D6. As an immediate consequence of Eq. 3 we get 1 =0"H0=0" and | =
0"®0=0", which is Eq. 4. Now, ™" =0""=0"=1,1"=0"=0and 1~ =
I"THO=0"@0)"HO0=(0"H0)"®0=0"=0byEq. D4, proving Egs. 5 and 6.
Further, 1 = (1®y)"By) " ®@0) "B S0 =(0"®y) By~ HIl=(y B
0)"e@0)~"HI=y """ H1=y"" HI1. When replacing y with (x @ 1)~, we have
(xeD " Hl=1,whencel = (xd 1) "B " @0 " Hxap0=1""Hx=1H«x
Before proving 1 @ x = 1, we notice that

X" =0Hx=00x, (12)

because X = (x"®0) HO=0O Hx) " dx=(1Hx) " ®dx=1"dx =06 xand
I"Tdx=x Hx) " ®dx=x"dx) Hx=1"Hx=0Hx.

Nowwehave l = ((IH D) @ ) "Hx )" e (IHx ) =((1" )" Hx )" @l=
A"Hx) " @1l=0Hx )" ®1l=x""@&1=x&1, which is the second part of
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Eq. 10. It follows that | = (xEH 1)~ @ )" HO)~® xHBHO0) =1"@ x =1 x. This
completes the proof of Eq. 7.

Using Egs. 12 and 7, we get x=x""=(x"HO0O)"d0=0"dx) " Hx=>0&
X)"Hx=1"Hx=0Hx=x"", which proves Eq. 8 as well as Eq. 9.

We have shown above that y~~ H 1 = 1 for all y, which together with Eq. 8 implies

Eq. 10.
Finally, we have 1 =(yB D) @ 1) HBx)"®d (yBHx)=x"@® (yHx) and 1=
(e h "B "@®x)" B(y®x) =x H(y®x), which is Eq. 11. O

Theorem 3 An algebra A = (A, H, ®,”,~,0, 1) is a double basic algebra if and only
if A satisfies the identities Eqs. D1-D6.

Proof Applying Lemma 2, we only have to show that if A satisfies Eqs. D1-D6, then
a = b where

a=x By @y=0"0x) Hx,
b= Bx)y " ®dx=x"y Hy.

Owing to Eq. 11 we have x  Hb=1=y" @b which yields b=1"&
b= B " ®db=0"dx) Hxand (b"dx) " By " dx)=((1"HbLH"dx)~ H
O"®x) =" ®b)~Hb ®x)" B (y” ®x)=1byEq. D6, whence

a=1"0( @®x) Hx=(b"0x) BHOy @&x) & &ox] Hx
and thus
Aeb=([(("en By &) & &xl Bx) &(b”ex By =1

by Eq. DS.

Analogously, x“@a=1=y Haby Eq. 11, soa=1"Ha=x"@a) Ha=
(@B " @®x and (@ Hy) @y By)=((1"0a " H) " @y By =y B
O~ da)y Bx)”® (y BHx) =1. Then

b=1"H@y Bx) ox=[( B & Hx) Hy Ho] &x
and
b-Ha=([((a  Bx) &y BHx) By Bol &x) B(a Br ex) =1

by Eq. D6.
Now we conclude

a=1"®a=(0b Ha) @Ga=(@ &by Hb=1"Hb=D
as desired. O
The examples below show that this simplified axiomatization of double basic
algebras is independent.

(a) The following algebra obviously does not satisfy Eq. D1 since 0FH 0 = 1, but it
satisfies Egs. D2-D6:

B0 1 ®
01 1 0
I 1

— OO
—_
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(b) If we switch HH and @, we obtain an algebra that does not satisfy Eq. D2.
(c) This algebra does not satisfy Eq. D3 since 0-~ = 1:

EEIZEB‘O 1 x |0 1
0 0 0 x| 1 1
1 1 1 x| 0 1

(d) In the following algebra we have (1" HO0)"@0=1#0=0"® 1) " HI1,soit
does not fulfill Eq. D4:

B=o |0 1 x o 1
0 01 x=x"|1 0
1 1 0
(e) This algebra does not satisfy Eq. D5 since (B D)~ @ 1) Bb)” @ («HBb) =
b:
BlO0 a b 1 &0 a b 1
0|0 a b 1 0|0 a b 1
ala 1 0 1 al|la 1 b 1
b|b 0 1 1 b|b a 1 1
1 1 1 1 1 1 1 1 1 1
X ‘ 0 a b 1

x=x"|1 a b 0

(f) Finally, when interchanging B and @ we get an algebra in which Eq. D6 fails to
be truesince (e® )" H1) " @®b) H@db)=>b.

Pseudo-MV-algebras Besides double basic algebras, the so-called double MV-
algebras were defined in [1]. The motivation was to have a particular class of double
basic algebras that stand to MV-algebras as double basic algebras stand to basic
algebras. Though it is not the original definition, we may say a double MV-algebra is
a double basic algebra satisfying the identity

xByo)=yexHz). (13)

In this paragraph we show that these double MV-algebras are in fact pseudo-MV-
algebras (also called GMV-algebras).

Let us recall that pseudo-MV-algebras were introduced by Georgescu and lorgu-
lescu [12], and independently by Rachiinek [13] under the name ‘GMV-algebras’, as
a non-commutative counterpart of well-known MV-algebras (see [7]):

A pseudo-MV-algebra is an algebra A= (A, ®,”,~,0,1) of type (2,1, 1,0,0)
such that (A, @, 0) is a monoid and the following identities are satisfied:

x®l=1=16x, 17=0=1"7, x =x,

xey) ="y,

XOY O =ye X ©y) =00x) Oy=x0y) dx,
YO @y =xdy)0oy,

where the term operation © is defined by x© y = (y” & x7)".
If we put xvy=x®(y @x)” and xAy=x0O (x~ & y), then we obtain a
bounded distributive lattice whose underlying order is given by x < y iff x~ @ y =1
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iff y ® x~ = 1, and where, for eacha € A, x — x~ @ a is an order-antiautomorphism
on [a, 1] whose inverse is x — a @ x~. Thus every pseudo-MV-algebra is a lattice with
sectional antiautomorphisms and hence can be regarded as a double basic algebra.
Specifically, given a pseudo-MV-algebra A = (A, ®,”,~,0, 1), the corresponding
double basic algebra A" = (A, @, ®,7,~, 0, 1) is defined by

xBy=x®y and x®'y=yox.

Since @ is associative, it is plain that A" satisfies Eq. 13.

Theorem 4 Let A= (A,H,®,7,7,0,1) be a double basic algebra. Then the reduct
A= (A, B,7,7,0,1) is a pseudo-MV-algebra if and only if A satisfies the identity
13, i.e., Ais a double MV-algebra.

Proof 1f A, is a pseudo-MV-algebra, then A fulfills Eq. 13 because A = (A,)". The
converse follows from some considerations in [4]. Roughly speaking, a lattice with
sectional antiautomorphisms is derived from a pseudo-MV-algebra if and only if

Bot vy XV B (Y V 2) = Byieuey (0 V Bo(x V 2))
for all x, y, z. Recalling Eq. 1, this condition becomes
rHOY @)=y &K Ha,

which is clearly equivalent to Eq. 13. Thus if A satisfies Eq. 13, then the above
condition holds in A%, and so A; is a pseudo-MV-algebra.
In the next section we give another proof of Theorem 4. O

We can therefore identify pseudo-MV-algebras with double MV-algebras, i.e. with
double basic algebras satisfying Eq. 13. Accordingly, if A is a double basic algebra
and B is a subalgebra that fulfills Eq. 13, then we shall say that B is a sub-pseudo-
MV-algebra of A.

2 Pseudo-effect Algebras

Pseudo-effect algebras, introduced by Dvurecenskij and Vetterlein in [9, 10], are a
non-commutative generalization of effect algebras (see [14] or [8]):

A pseudo-effect algebra [9] is a structure £ = (E, +, 0, 1), where + is a partial
binary operation on E and 0,1 are distinguished elements of E, satisfying the
following conditions:

(PE1) +isassociative, in the sense that (a + b) + cis defined if and only ifa + (b +
¢) is defined, and in this case (a +b) +c=a+ (b +¢);

(PE2) foreverya € E there existuniquea,a~ € Esuchthata +a=1=a+a";

(PE3) ifa+ b isdefined,thena+b =x+a=>b + yforsome x, y € E;

(PE4) ifa+ 1or 1+ ais defined, thena = 0.

Every pseudo-effect algebra £ = (E, +, 0, 1) has a natural underlying order which
is defined by stipulating that

x<y iff y=x+zforsomez e E,
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which is the same as y = z + x for some z € E. If the poset (E, <) thus obtained is a
lattice, £ is called a lattice pseudo-effect algebra.
It is worth observing that

x+y=z iff x“=y+z" iff y =z +x, (14)
in other words,
x4+ yisdefined iff y<x~ iff x<y".

Furthermore, for every a € E, the maps x +— x~ +a and x — a + x~ are order-
antiautomorphisms on [a, 1] which are inverses of each other, so it is obvious that
every lattice pseudo-effect algebra is a lattice with sectional antiautomorphism and
hence a double basic algebra:

Proposition 5 Let £ = (E, +, 0, 1) be a lattice pseudo-ef fect algebra. Upon defining
xBy=@Ay)+y and x®y=y+@xny),

the algebra EP = (E,B,®,”,~,0,1) is a double basic algebra whose underlying
order coincides with that of £. If x+y exists in &, then x+y=xHy=y®x
Moreover, EP satisfies the quasi-identity

x<y & xBy<zm = xHGey =zexHy). (15)

Proof We know that B,: x — x~ 4 a is an order-antiautomorphism on [a, 1] (and
that its inverse is /3;1: X+ a+x7), so that EL=(E,v,A,0,1, (Ba)ack) 1s a lattice
with sectional antiautomorphisms. The double basic algebra (£7)? associated to -
by Eq. 1 is then defined as follows:

xBy=8x"Vvy)) =" VYY) +y=&xAy )+,
X@y=8,"x" V) =y+@ vy =y+xAy).

Thus £P = (£X)P is a double basic algebra, and its underlying order is just that of
EL, ie. that of £. It is also evident that x + y = x H y = y @ x since x + y is defined
iffx < y7iffx™ > y.

As for the last claim, if x < y~ and x H y < z7, then by (PE1) both (x + y) + z and
X+ (y + z) are defined and equal in £. Hence we have x BB (z @ y) =x+ (y+2) =
(x+y)+z =z ® (x@By), proving that £ fulfills Eq. 15. O

Remark Instead of @ we could have defined @ by x@®' y=8-'(xVvy )=x+
(x~ Ay),ie. x@® y=y® x. This might seem more natural in the context of pseudo-
effect algebras, because when x + y exists in £, then x+ y=xH y = x @' y, while
with our definition we have x + y = xH y = y ® x (see [5]).

Lemma 6 Every double basic algebra satisfies the identities
xAyYBz=xH)DAQGHZ) and xAY)Pz=xD2)A (YD 2).
Proof Recalling Eq. 1 we have (x A y) BBz =8, (x Ay)" V) =6,&"Vy vz =

B X"V VTV =BV AB( VZ) = (xHBz) A(yHz). The proof of
the other identity is analogous. O
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Theorem 7 Let A= (A, H,®,7,”,0,1) be a double basic algebra and define the
partial algebra A = (A, +,0, 1) as follows:

x+y=xBy iff x<y .

Then AF is a pseudo-effect algebra if A satisfies the quasi-identity 15. In this case the
underlying orders of A and AF coincide.

Proof Let us assume that Eq. 15 is true in .4. We first notice that
X+ zisdefinediff x™ > z, andx+z =z P x.

Indeed, letting y =0we get: x <0" =landx=xHO <z implyxHz=xH (&
0)=2z® (xHB0) =z@x Thusifx + zexistsin AF, thenx + z = xH z = 7 § x. Now
we can verify the conditions (PE1)—(PE4).

(PE1) Let (@a+b)+ c be defined, i.e.a<b~ anda+b <c¢ . Since b <alBb =
a+b <c7,also b + cis defined. Since @ is monotone in the first argument
(Lemma 6), a~ >b and (aHb)” >cyielda™=a~"Vvb =@HBb)"®b >
c®b =b + ¢, which means that a + (b + ¢) is defined. Similar arguments
show that if a + (b + ¢) is defined, then (a + b) + ¢ is defined, too. Hence
(a+ b) + c is defined iff so is a 4+ (b + ¢), in which case, by Eq. 15,a < b~
andaBb <c implya+ b +c)=aB(cdb)=cd @Bb)=(a+b)+c.

(PE2) If x+a=1 for some x€ A, then x <a~ and xvVa =@~ @®x) Hx=
(x+a) BHx=1"Hx=x,s0x>a", proving x =a . Certainly, a~ +a =
a~ Ha =1, and hence a~ is the only element x such that x + a = 1. Analo-
gously, a” is the only element y such thata + y = 1.

(PE3) Assuminga + b is defined, we putx = ((¢+b)” " @®a)"andy = (a+ b)" B
b)~. Then x~ >a and y~ > b, so x+a and b + y are defined, and we
have x+a=xHa=((a+b) " ®a)  Ha=(@+b)va=a+b and b +
y=y®b=((a+b) Bb)Y"®b=(@+b)vb=a+bsincca+b =>b&
a>aanda+b =aBb >b>b.

(PE4) Ifa+ 1isdefined,thena < 1~ = 0.1f 1 4+ ais defined, then 0 = 1™ > a. Thus
a = 0 in either case.

We have proved that AF is a pseudo-effect algebra and there remains to show
that the underlying orders are the same. Let us denote by E the order in Af. Ifa < b
in A, then we may write b =avb = (b~ ®a) " Ha=(b"®a) +aasb™ da>aq
hence a £ b in AF. Conversely, if a E b, then b = x + a for some x € E, so that
b=xBa>ain A. O

Combining Proposition 5 and Theorem 7 we conclude that there is a one-one cor-
respondence between lattice pseudo-effect algebras and double basic algebras that
satisfy Eq. 15. Indeed, it is apparent that for every lattice pseudo-effect algebra £ we
have (£P)F = £. On the other hand, given A = (A, 8, ®,~,~,0, 1) a double basic
algebra satisfying Eq. 15, the additions in (A*)? = (A, B, ®F,7,~, 0, 1) are defined
by means of + (which is inherited from B and @) as follows: x H y = (x A y7) +
y=@Aay )By=xHyandx®*y=y+@xAYy)=xAYy)Dy=x®y(inboth
cases the last equality follows from Lemma 6). Therefore (Af)? = A.
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Compatibility in Lattice Pseudo-effect Algebras In [11], Dvurecenskij and Vet-
terlein introduced five types of compatibilities between elements of pseudo-effect
algebras: besides ‘pure’ compatibility these are ultra strong, strong, weak and ultra
weak compatibility. In general they differ from one another, but it turns out that
in lattice pseudo-effect algebras, except for ultra weak compatibility, all of them
coincide. Rather than giving the original definition, we use one of the alternative
characterizations presented in [11].

We must define two partial subtractions \, / that are naturally determined by the
underlying order: x\ y and y/ x exist iff y < x, and they are unique elements such that

K\ +y=x=y+y/x.
We should notice that in view of Eq. 14 we have
x\y=(+x7)" and y/x=0&" +y)". (16)
Now, we can say that x and y are compatible and write x <> y iff
(xvyy=x\(xay) and (xVy)\x=y\(xAy).
By [11], Proposition 3.6, we could equivalently use ; instead of \, i.e., x < y iff
y/xvy)y=xAy)/x and x/xVvy)=(xAY/y.

The concept of ultra weak compatibility is obtained by replacing ‘and’ with ‘or’,
that is, x and y are called ultra weakly compatible, in symbols x <—> y, if (xV
Y\y=x\(x Ay)or(xV y)\x = y\(x Ay),orequivalently,if y/(x Vy) = (xAYy)/x
orx/(xvy)=xAy)/y.

We can easily describe pairs of compatible elements in the setting of double basic
algebras associated to lattice pseudo-effect algebras:

Theorem 8 Let & be a lattice pseudo-effect algebra and EP the corresponding double
basic algebra. Then, for all x, y € E, the following are equivalent:

(i) x<yiné,

(i) ¥@oy=yHx"andy " @x=xBy in&P,
(iili) x By=y®x andy Bx=x®y inEP.
Consequently, x <> yiffx~ < y~ iffx~ < y~.

Proof Recalling Proposition 5 and Eq. 16 we have

By =0+ EAY N =+ EV)T =@V )y
and

YHX) =((AXD)+x)" =((x Ay +x7) =x\(xAy),

whence x <> yiff x“ @y = yHx" and y~ & x = xH y~, so (i) is equivalent to (ii).

That (i) and (iii) are equivalent is verified by observing that (x™ H y)~ = y /(x V y)
and (y®x )" =(xAy)/x.

The last assertion is a direct corollary. (This is also proved in [11], Proposition 3.6.)

]
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Remark 1t is obvious that an analogous statement with ‘or’ in place of ‘and’ holds
true for ultra weak compatibility.

We have to make a remark on pseudo-MV-algebras here. It is easy to show that
if we are given a pseudo-MV-algebra, then by restricting the addition to {(x, y): x <
v~} we obtain a lattice pseudo-effect algebra. On the other hand, owing to [10], The-
orem 8.7, (ultra weak) compatibility can characterize pseudo-MV-algebras within
lattice pseudo-effect algebras. Namely, Theorem 8.7 in [10] essentially states that
if £ =(E,+,0,1) is a lattice pseudo-effect algebra, then—with the notation of our
Theorem 4—the algebra &Py, =(E,B,~,7,0,1)is a pseudo-MV-algebra if and
only if x <~ y for all x, y € E. Thus pseudo-MV-algebras are equivalent to lattice

pseudo-effect algebras where x & yforall x, y.

Corollary 9 Let A be a double basic algebra satisfying Eq. 15. Then A, is a pseudo-
MV-algebra if and only if A satisfies the identity

xBy=yonx. 17)

Proof By Theorem 4 we know that if A, is a pseudo-MV-algebra, then A satisfies
the identity 13, and letting z = 0 we get Eq. 17.

Conversely, if A fulfills Eq. 17, then Theorem 8 entails that in the pseudo-effect
algebra A we have x <> y for all x, y € A. Hence, by [10], Theorem 8.7, A, is a
pseudo-MV-algebra. O

Next, let us assume that £ = (E, +, 0, 1) is a lattice pseudo-effect algebra satisfying
the following condition which is referred to as complement compatibility property
in [11]:

Vx,ye E) x<y = Xx <. (18)

In this case, if x <> y, then x~ < y~ whence x~ < y~~ =y by Eq. 18, and the
condition actually means

xey iff x“ oy iff X7 <y
Moreover, by [11], Proposition 4.8, this complement compatibility property entails

that ultra weak compatibility coincides with compatibility, i.e., forallx, y € E,x < y
iff x <> y.

Theorem 10 Let £ and EP be as before. If € satisfies the condition 18, then x <> y in
Eifandonlyif xBy =y ® xin EP.

Proof Using Eq. 18 and (iii) of the previous theorem, if x <> y, then x~ < y and
xHy=y®x. Conversely, if xH y =y @ x, then x~ <% y, which yields x™~ < y,
and so x < y by Eq. 18. O

By [11], a block in a lattice pseudo-effect algebra is a maximal subset of mutually
compatible elements. Theorem 4.9 in [11] says that a lattice pseudo-effect algebra
satisfying Eq. 18 is the union of its blocks, which are pseudo-MV-algebras where the
total addition is defined as our H,i.e., xHy = (x A y7) + y.
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We can use this result in characterizing double basic algebras derived from lattice
pseudo-effect algebras with Eq. 18. First, in order to find a suitable definition of a
block for double basic algebras, we need a better understanding of what compatibility
in pseudo-effect algebras means in terms of sectional antiautomorphisms.

By Eq. 16 we have y/(xVvy)=((xVy) +y) " =(By(xVvy)” and (xA
V/x=& +&xAYy) = (Biny(x)”, and analogously, (xV y)\y = (ﬁ;l(x vy~
and x\(x A y) = (82!, (x))~. Thus, in a lattice pseudo-effect algebra, we have

XAy
x<y Aff By(xVy)=Buy(x) and  Bi(x VvV y) = Buy(y)
iff Byl xvy) =B and B7'(xvy) =Bl 0.
Therefore, in double basic algebras, we shall write
Xy it BEVY) =Buy@® and BuxVy) = iy (),
and
xewy dff gINevy) =g (0 and B7(xvy) =800
Using the total operations H and @, we have
x<y iff xHy=x"HxAy) and y"Hx=y HxAy),
xewsy iff X@y=x"@(xAy) and y"Bx=y" P (xAY).

By a left block [respectively, a right block] in a double basic algebra we shall mean a
maximal subset such that x <> y [respectively, x «~ y] for all x, y in the subset.
The relations <> and «, and hence the left and right blocks, are distinct in

general:
1
d < f
a b c
0

Example 11 Let A be the double basic algebra whose underlying lattice is shown in
the above image, where the antiautomorphisms Sy and 8, are given as follows:

a b ¢ d e f 1 X ‘ c d e f 1
f e d ¢ b a O B(x) |1 e f d ¢
The other sections are finite chains and hence admit unique antitone involutions.

We have B, (b V)= By(d) =d = Po(c) = Bpac(c) and Be(b V)= Be(d) = e =
Bo(b) = Byrc(b), thus b < ¢, while b 4 ¢ because B (b v c) = B.(d) = f and
Byrc(b) = By (b) =e.

At the same time, this example shows that other seemingly natural definitions
of blocks need not work. For instance, we cannot define x <>y by xEHHy=y®
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x since it might happen that xHHx#x@®x and xEHHy=y @ x, but yHx #x®
y. Indeed, cHc = B.(c” V) =B:(dVc) = B.(d) = e, while c@c:ﬂc‘l(c‘ vd) =
BNdve)=B"(d)=f,and aBHc=(a"Ve)=B(f)=d=B;"(d) =B (c Vv
a)=c®a,buta®c=p"@a ve)=p'(f)=eand cBHa=B,(c” Va)=PB.(d)=d.

Theorem 12 Let A= (A, H,®,7,7,0,1) be a double basic algebra and AE =
(A, +,0, 1) the partial algebra as in Theorem 7. The following statements are equiva-
lent:

(i) AF is a lattice pseudo-ef fect algebra satisfying Eq. 18.
(ii) Every left block of A is (the carrier of) a sub-pseudo-MV-algebra of A.
(iii)  Every right block of A is (the carrier of) a sub-pseudo-MV-algebra of A.

Proof

(i) = (ii)/(iii)) In the light of Theorem 10 and the above discussion, the blocks of
AF are precisely the left/right blocks of A. As we have already men-
tioned, by [11], Theorem 4.9, A is the union of the blocks, which are
pseudo-MV-algebras. More precisely, every block B is a sublattice
and a subalgebra of AE_in the sense that x—, x~ € B for all x € B,
andif x, y € B and x + y is defined, then x + y € B. Therefore, if we
equip B with the operations H and & as in Proposition 5, we obtain
a sub-pseudo-MV-algebra of A.

(ii)/(iii) = (i) We first observe that if x, y € A are comparable, then x <> y as well
as x «~ y. In order to show that A satisfies Eq. 15, let x < y~ and
xHy <z7.Then x < y~ and so x, y~ belong to some left block B.
Since blocks are sub-pseudo-MV-algebras, alsoy € BandxH y € B.
Further, x <+ z~ and y < z~ because both x and y are less than
or equal to xH y = y @ x. Hence z~ € B, which yields z € B. Now,
since x, y, z € B and since blocks are sub-pseudo-MV-algebras, it
followsthat xH (z @ y) =xH (yBz) =xHy)Hz=2z% xHy).

]
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