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Catalanova ¢isla

Poéet stromtl o 0 uzlech: 1

0
Pocet stromti o 1 uzlu: 1
[ ]
Poéet stromi o 2 uzlech: 2
[ ] [ ]

/



Pocet stromil o 3 uzlech: 5
o/. o/. o/.\o .\0 .\o
/ AN / AN

Pocet stromil o 4 uzlech: (minicviko)



Kolik je binarnich vyhledavacich stromi?

G =G

GC=GG+ GG

G=0CGG+ GG+ GG
G=GG+ GG+ GG+ GG

Ch=C1G+ChoCG+ -+ GCro+ GChg

1,1, 2,5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, 208012,
742900, 2674440, 9694845, 35357670, 129644790, 477638700,
1767263190, 6564120420, 24466267020, 91482563640,
343059613650, 1289904147324, ...

tzv. Catalanova ¢isla



Explicitni vzorec pro Catalanova cisla
Definujeme generujici polynom

f(Z): CO+C12+C222+C3Z3+"‘:ZC,'Zi
i=0

obsahujici vsechna Catalanova cisla jako koeficienty.
uvazujme druhou mocninu f(z):

[f(2)]P = GG (= G)
+ (C1Co + CoCl)Z (: sz)
+(QG+ GG+ GG)ZP (= G2%)

Tedy

[F()?=C+ Coz+ CGZ2 + Co° + - -



[F(2))P=C + Gz+ G2+ G2+ - -

Kdyz predchozi rovnici vynasobime z a pricteme Cy:



[F(2))P=C + Gz+ G2+ G2+ - -
Kdyz predchozi rovnici vynasobime z a pricteme Cy:

f(z) = Go+ 2[f(2)]”

To je pouze kvadraticka rovnice v f(z), miizeme ji fesit znamym
zptisobem:
zZf2 — f+ Gy = 0.



Zfz—f—i-Co:O.

Dostaneme

fla) = 22— 1)

Pouzijeme jenom — namisto +, protoze vime, ze f(0) = Cp =1
(kdybychom pouzili +, pak pro z — 0 je f(z) — o0). Pro vyjadreni
f(z) pouzijeme (zobecnény) binomicky rozklad na

V1—4z=(1-4z)'/?



Zobecnény binomicky rozklad

(a+ b)"

— (n Sk pk
Z;O
"4+

”(”—1)( 2) .
3.2-1 b+

|
v




(1 — 4z)'/2 dostavame

Pro v/1— 4z

4.3.2-1

5.4.3.2-1



Coz je

Dosadime do (1) a dostaneme

f(z)—1+§2z+T4z + 8z + q



NepohodInych sou€ini typu 7 -5 -3 - 1 se zbavime nasledovné.
VSimnéme si, ze:

22.21=4.2

23.31=6-4-2

24.41=8.6-4-2.

12N 1 AN, 160\ 5 1/8,
flz)=1+3 (1!1!>Z+3 (2!2!>Z +4<3!3!>Z T3 <4!4!>z




Z tohoto

fa) =2 i+1 1 (2/)2,-

i=0

tedy dostavame explicitni vzorec pro Catalanova Cisla:
1 2i
G =- ( >
I+ 1\ i

Binarnich vyhledavacich stromii o i uzlech je tedy h%l(%’)




Catalandv trojahlenik

1
2 2
3 5 5

4 9 14 14
5 14 28 42 42

6 20 48 90 132 132



Sémantika Catalanovych Cisel — uzavorkované vyrazy

n=0:|*

n=1|Q

n=2 00, ()

n=3 | 000, OC)), (MO, (VO), (O

n=4: 10000, OO0, OO, OO, OO,
(MOO, (OO, (OOXO, (CONO, (DO,
COWN), OO, (OO, ((CON)

n=>5 [ 00000, OOOW), OOWMO, VOO, OOWON,
OO0, O, OCOMO, OWONO, OO,
OO, OUOIN), OO0, OWN), MHOOO,
(OO, OIWMO, O O), (OION, (OMOO,
OO, CONOO, ONW), (OO0, (OWONO,
COMOXO, CLCOONO, CLLCMNO, OOV, OO,
OUMNO), OO, COWON), CCOIOO), OICON,
(COMO), CCCONO), CCOOON, OO, WOION,
(CCOON, CECONN




Sémantika Catalanovych &isel — pohofi

n=>0:| *
n=1:1]/\
n=2: /\
VAVAVEVARAN
n=3 /\
/\ /\ FAVA / 0\
INANAN, NSO\, /NN, \, / \




Sémantika Catalanovych Cisel — cesty nad diagonalou




Sémantika Catalanovych ¢isel — triangulace polygonu

/\

HE 0B
SANIAEAUAV/ASAT
ANV ANEUEZAN,



Sémantika Catalanovych ¢isel — handshakes



Optimalni stromy

Pokud je kazdy kli¢ vyhledavan stejné Casto je samoziejmé nejlepsi
vyvazeny strom.
Jak je to, pokud jsou frekvence vyhledavani klica rizné?
Uvazujme pravdépodobnosti ps, ..., p, pravdépodobnosti
qo, g1, - . - Pn, kde
» p; je pravdépodobnost hledani i-tého vlozeného klice K;,
» g; je pravdépodobnost hledani klice, ktery lezi mezi kli¢i K; a
Kit1,
qo je pravdépodobnost hledani klice, ktery lezi pred klicem Ki,
gn je pravdépodobnost hledani klice, ktery lezi za klicem K,

tzpr+p2+...pntgo+q---+agn=1
(toto vlastné nebudeme potrebovat; pravdépodobnostem budeme
fikat vahy)



Chceme najit binarni vyhledavaci strom (optimalni strom), ktery
minimalizuje pocet porovnani béhem hledani:

S pillevel((D+ 1) + qu(leve|(<k>)), (5)
=1 k=0

kde @ je j-ty vnitini uzel v symetrickém usporadani a @ je
(k + 1)-ty externi uzel a kde kofen ma level 0.



Example

Méjme klice 1,2,3, s vahami p1, p2, p3 a qo, 91, 92, g3.
Je 5 moznych stromd:

(3) (3)

@ <& @ <3 2)
() <2 © @ OSERE

@D Lo L

2p1 +p2 +3qo+  p1+2p2+2qo+  p1+p3+2g0+
31 +2q2+q3  3q1+3q2+93  2q1 1+ 292 + 293

@D o

© @ Q@ @

2) 3 1 3)
<D <3

2pp+p2+qo+3gq1 +3g2+2g3 p2+2p3+ qo+ 21 + 392 +3q3



Pozorovani
Vsechny podstromy optimalniho stromu jsou optimalni.

Example

Pokud je tento strom optimalni pro vahy (3)
(p1, P2, P3; 9o, 91, 92, 93), pak jeho levy 0 0
podstrom musi byt optimalni pro

(p1, P2; 90, 91, q2). Jakékoli zlep3eni 0 2)

v podstromu vede ke zlep3eni celého

stromu. 0 Q

Tento princip vyuzijeme a budeme konstruovat vétsi a vétsi
podstromy.

pozn.: obecné se tomuto principu fika ,, dynamické programovani.”



Pozorovani
Vsechny podstromy optimalniho stromu jsou optimalni.

Oznaéme (pro 0 < i <j < n):
» c(i,j) - cena optimalniho podstromu s vahami
(Pis1:- - P Gis- -+ G)),
> w(i,j) - soucet téchto vah, tj. pir1+---+pj+qgi+---+gqj.

Vyplyva, ze
c(i, 1)

0
(i) = wii.J) + min (c(isk—1)+ c(k)). proi<j, (6)

protoze minimalni mozna cena stromu s kofenem ® je

w(i,j) + c(i,k — 1) + c(k,J).



Pro i < j, necht R(i,j) je mnozina vsech k, pro které je v (6)
dosazeno minimum (tj. mnozina moznych kofenii optimalnich
stromi).

Rovnice (6) umoznuje vyhodnotit c(i,j) proj—i=1,2,...,n.

1 . . 1
Je asi =n? takovych hodnot. Minimalizace je provadéna pro 6”3

hodnot k.
To znamena, ze miizeme urit optimalni strom v ase O(n®) a
paméti O(n?).

Ve skute€nosti jsme na tom jesté lépe...



My totiz nepotfebujeme pocitat celou R(i,j) staci nam jeden
reprezentant r(i, ).

Pokud vypocitame r(i,j — 1) a r(i + 1, /), mGzeme automaticky
predpokladat, ze

r(i,j—1) <r(i,j) < r(i+1,j).

To omezi hledani minima: misto j — i hodnot k staci prozkoumat
r(i+1,j)—r(i,j — 1)+ 1 hodnot.

Celkové mnozstvi prace (kdyz j — i = d) je omezeno teleskopickymi
posloupnostmi

> r(i+1,j)=r(i,j=1)+1 = r(n—d+1,n)—r(0,d—1)+n—d+1 < 2n

d<j<n
i=j—d

Casova slozitost je tedy O(n?).



Algoritmus hledani optimalniho stromu

Vstup: 2N + 1 nezapornych vah (p1,...,pniGo,-- -, qN)-
Vystup: binarni vyhledavaci stromy t(i, /), které maji minimalni
cenu vyhledavani pro vahy (pit1,...,pj; qi,- - -, qj).
Budeme pocitat 3 pole:

cli,jl, pro0<i<j<n, cenastromu t(i,j)

rli,j], pro0<i<j<n, kofen stromu t(i,j)

wli,j], pro0<i<j<n, celkova vaha stromu t(i,J)
Jak potom Cist vysledek:

» pokud i = j, pak t(i,j) je null.

» jinak jeho levy podstrom je t(i, r[i,j] — 1) a pravy podstrom je

t(rli,j1.4)-



Hledani optimalniho stromu
Vstup : 2N + 1 nezapornych vah (p1,...,pniqo,---,9N)
Vystup: binarni vyhledavaci stromy t(/,j), které maji minimalni
cenu vyhledavani pro vahy (pit1,...,pji qis-- -, qj)

Inicializace;
Pro 0 <i < N: c[i,i] + 0;

W[i, i] — g

wli,jl —wli,j—1+pj+qgiproj=i+1,...,N;
Prol<j<N:c[j—1,j]« w[j—1,j];

r[j - 17]] %j;

for d < 2 to N do
for j < d to N do
i+ j—d,

S e
clif] - wlifl + - min - (cliok = 1)+ clk )

r[i,j] < k pro které nastava to minimum;



Vstup: p; = (4,1,2,2,6); ¢; = (1,1,1,3,2,1).

Inicializace:
w C
1 6 8 13 17 24 6
1 3 8 12 19 3
1 6 10 17 6
3 7 14 7

2 9 9
1



rli,j =1 =r[0,1] =1
rli+1,j]=r[1,2] =2

k=1:cli,k—1]+ clk,j] =
=¢c[0,0] +¢[1,2] =3

k=2:cli,k — 1] + c[k,j] =
= c[0,1] 4+ ¢[2,2] =6

cli,j] = c[0,2] < w[0,2]+3 =
11
rli,j] = r[0,2] < 1

19
17
14




i3 o 16 8 13 17 24
SO SRR
1] = 2,3:3 _
rli+1,j]=r[2,3] w s 7w
2 9
k=2:cli,k —1] + c[k,j] = L 1
=c[1,1] +¢[2,3] =6 [ 6 11 ]
3 11
c= 6
k=3:cli,k — 1] + c[k,j] = 7
=c[1,2] 4+ ¢[3,3] =3 9
[ 11
cli,j] = ¢[1,3] < w[1,3]+3 = 2 3
11 . 3
rli,j] = r[1,3] < 3 = 4
5




rli,j =1 =r[2,3] =3
rli+1,j] = r[3,4] = 4

k=3:cli,k— 1]+ clk,j] =
=c[2,2] +¢[3,4] =7

k=4:c[i,k — 1] + c[k,j] =
=c[2,3] + c[4,4] =6

cli,j] = c[2,4] < w[2,4]+6 =
16
rli,j] = r[2,4] < 4

N =

w W

NN

24
19
17
14




r[/,_/_]-]:r[374]:4
rli+1,j] = r[4,5] =5

k=4:cli,k —1] + c[k,j] =
=¢[3,3] + c[4,5] =9

k=5:c[i,k — 1] + c[k,j] =
=c[3,4] +c[5,5] =7

cli,j] = ¢[3,5] < w[3,5]+7 =
21
rli,j] = r[3,5] < 5

il ®))]
= W o

6 11

N =

w W

—
w

w O

11

NG

17
12
10




i=3-3=
rli.j—1]=r[0,2] =1
rli+1,j]=r[1,3] =3

k=1:cli,k—1]+ clk,j] =
= ¢[0,0] + ¢[1,3] = 11

k=2:cli,k — 1] + clk,j] =
= c[0,1] + ¢[2,3] = 12

k = 3 ZC[i, k — 1] + C[ka./] =
= c[0,2] + ¢[3,3] = 11

il ®))]
= W o

—
w

w O

6 11 24

3

N =

wW W =

11

NG

17
12
10




i=4-3=
rli,j—1] =r[1,3] =3
rli+1,j] = r[2,4] = 4

k=3:cli,k— 1]+ clk,j] =
=c[1,2] +¢[3,4] =10

k=4:c[i,k — 1] + c[k,j] =
=c[1,3] +c[4,4] =11

C[i,j] = C[174] <
w(l,4] + 10 =22
rli,j] = r[1,4] < 3

il ®))]
= W o

6 11
3

N =

wW W

—
w

w O

24
11

S hw

17
12
10

22
16




i=5-3=
rli,j—1]=r[2,4] =4
rli+1,j]=r[3,5] =5

k=4:cli,k — 1] + c[k,j] =
= c[2,3] + c[4,5] = 15

k=5:cli,k — 1] + c[k,j] =
= c[2,4] + ¢[5,5] = 16

C[I,j] = C[2,5] —
w(2,5] + 15 = 32
rli,j] = r[2,5] «+ 4

il ®))]
= W o

6 11
3

N =

wW W

—
w

w O

24
11

S hw

17
12
10

22
16

(65




rli,j—1]=r[0,3] =1
rli+1,j]=r[1,4] =3

k=1:cli,k—1]+ clk,j] =
= ¢[0,0] + c[1,4] = 22

k=2:cli,k — 1] + clk,j] =
= c[0,1] + ¢[2,4] = 22

k = 3 ZC[i, k — 1] + C[ka./] =
= c[0,2] + c[3,4] = 18

il ®))]
= W o

6 11
3

N =

wW W

—
w

w O

24
11

A www

17
12
10

35
22
16

(65




d= 2 3 4 5
j= 4 5
i=5-4=1
rli,j—1]=r[1,4] =3
rli+1,j] = r[2,5] = 4

k=3:cli,k— 1]+ clk,j] =
= c[1,2] + ¢[3,5] = 24

k=4:c[i,k — 1] + c[k,j] =
= c[1,3] +c[4,5] =20

cli,j] = c[1,5] «
wl1,5] + 20 = 39
rli,j] = r[1,5] «+ 4

il ®))]
= W o

6 11
3

N =

wW W

—
w

w O

24
11

N NV

17
12
10

35
22
16

(G2 &2 B~




d= 2 3 4 5
j= 5
i=5-5=0
rli,j—1]=r[0,4] =3
rli+1,j] = r[1,5] = 4

k=3:cli,k— 1]+ clk,j] =
= ¢c[0,2] + ¢[3,5] = 32

k=4:c[i,k — 1] + c[k,j] =
= c[0,3] + c[4,5] = 33

C[i,j] = C[0,5] —
w0, 5] + 32 = 56
rli,j] = r[0,5] < 3

il ®))]
= W o

6 11
3

N =

wW W

—
w

w O

24
11

N NV

17
12
10

35
22
16

oo~ MW

24 ]

19
17
14

56
39
32
21




p= (1’57232> 1)v q= (3, 1,3,1,2, 1)
Inicializace:

3 5 13 16 20 22 5
1 9 12 16 18 9
3 6 10 12
1 5 7
2 4

1



rlij—1]=r[0,1] =1
rli+1,j]=r[1,2] =2

k=1:cli,k— 1]+ clk,j] =
= ¢c[0,0] + ¢[1,2] = 9

k=2:cli,k — 1] + c[k,j] =
=c[0,1] +c[2,2] =5

cli,j] = ¢[0,2] + w[0,2]+5 =
18
rli,j] = r[0,2] - 2

3 5 13 16 20 22
12 16 18
10 12

1

9
3

6
1

5
2

7
4
1




rlij =1 =r[1,2] =2
rli+1,]=r[2,3]=3

k=2:cli,k— 1]+ clk,j] =
=c[1,1] +c[2,3] =6

k=3:cli,k — 1] + c[k,j] =
= C[].7 2] + C[37 3] =9

cli,j] =c[1,3] + w[1,3]+6 =
18
rli,j] = r[1,3] <2

3 5 13 16 20
12 16

1 9
3

5 18

w N

6
1

10
5
2

22
18
12
7




rlij =1 =r[2,3] =3
rli+1,/]=r[3,4 =4

k=3:cli,k— 1]+ clk,j] =
=c[2,2] + ¢[3,4] =5

k=4:c[i,k — 1] + c[k,j] =
=c[2,3] +c[4,4] =6

cli,j] = c[2,4] < w[2,4] +5 =
15

flij] = r[2,4] < 3 "=

3 5 13 16 20
12 16
10

1

9
3

5 18

9

w N

18

W

6
1

5
2

18
12

] =




rli,j—1] = r[3,4] = 4
rli+1,j]=r[4,5]=5

k=4:c[i,k — 1] + c[k,j] =
=c[3,3] + c[4,5] =4

k=5:cli,k — 1] + c[k,j] =
= c[3,4] +c[5,5] =5

cli,j] = c[3,5] « w[3,5] + 4 =
11
rli,j] = r[3,5] < 4

3 5 13 16 20 22
12 16 18
10 12

1 9
3

5 18
9

w N

6
1

18

W

5
2

(G I

7
4
1




= 2 3 45
j= 3 45 _ -
o 3_3_ 3 5 13 16 20 22
rliyj— 1] = r[0,2] = 2 1 2 162 18 12
i +1,j]=r[1,3] =2 —
rli+1,j]=r[1,3] w L s 7
2 4
k=2:cli,k —1] + c[k,j] = L 1]
=c[0,1] + ¢[2,3] = 11 [ 5 18 27
9 18
c— 6 15
cli,j] = ¢[0,3] + N 5 11
w(0,3] + 11 =27 4
rli,j] = r[0,3] + 2 i |
[ 1 2 2
2 2
33
k= 4 4
5




rlij =1 = r[1,3] =2
rli+1,j]=r[2,4]=3

k=2:cli,k—1]+clk,j] =
=c[1,1] +c[2,4] =15

k=3:c[i,k — 1] + c[k,j] =
= c[1,2] + c[3,4] = 14

cli,j] = c[1,4] +
w(l,4] + 14 =30
rli,j] = r[1,4] « 3

3 5 13 16 20
12 16

1

9
3

6
1

5 18 27

9

W NN

18
6

B~ 0w

10
5
2

30
15

b

22
18
12
7
4
1

11




rli,j—1 = r[2,4] =3
rli+1,j]=r[3,5 =4

k=3:cli,k—1]+clk,j] =
=c[2,2] +¢[3,5] = 11

k=4:c[i,k — 1] + c[k,j] =
=c[2,3] + c[4,5] = 10

C[I,j] = C[2,5] —
w[2,5] + 10 = 22
rli,j] = r[2,5] < 4

3 5 13 16 20
12 16

1

9
3

6
1

5 18 27
18 30
15 22

9

W NN

6

B~ 0w

5

SIS

10
5
2

22
18
12

11

7
4
1




= 23 45
R (3 5 13 16 20 22 ]
A= i) 9 12 16 18
L1 =031 =2 3 6 10 12
i+ 1,j] =r[1,4] =3 —
r[i +1,4] = r[1,4] W L s
2 4
k=2:cli,k —1] + c[k,j] = L 1]
=c[0,1] + c[2,4] = 20 [ 5 18 27 40
9 18 30
6 15 22
C =
k =3:cli,k — 1]+ c[k,j] = 5 11
= ¢[0,2] + ¢[3,4] = 23 4
[ 1.2 2 2
cli,j] = ¢[0,4] «+ > 2 3
w[0, 4] + 20 = 40 . 3 3 4
r[i,j] = r[0,4] < 2 - 4 4
5




rli,j—1=r[1,4] =3
rli+1,j]=r[2,5] =4

k=3:cli,k—1]+clk,j] =
=c[1,2] +¢[3,5] = 20

k=4:c[i,k — 1] + c[k,j] =
= c[1,3] + c[4,5] =22

cli.j] = c[1,5]
w([1,5] +20 = 38
rli,j] = r[1,5] « 3

3 5 13 16 20 22

1

9
3

12 16 18
10 12

6
1

5 18 27

9

W NN

18

oo wnN

5 7
2 4
1

40

30 38
15 22
5 11

S I NN




d= 2 3 4 5
j= 5
i=5-5=0

rli,j —1] = r[0,4] =2
rli+1,j]=r[1,5] =3

k=2:cli,k—1]+clk,j] =
= c[0,1] + ¢[2,5] = 27

k=3:c[i,k — 1] + c[k,j] =
= c[0,2] + ¢[3,5] = 29

cli,j] = ¢[0,5] +
w(0,5] + 27 = 49
r[/7_/] = I’[O,5] 2

3 5 13 16 20 22

1 9 12 16 18
3 6 10 12
1 5 7
2 4
1
5 18 27 40 49 ]
9 18 30 38
6 15 22
5 11
4
12222
2 2 33
3 3 4
4 4
5




