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1. INTRODUCTION

In this paper, we utilize the framework of regular variation in order to analyze the existence and asymp-
totic behaviour of the Kneser solutions to the nonlinear second order ODE equation

(1) (p(t)u' (1)) + a(t) f (u(t)) = 0,

where ¢ € [a,00), a > 0. This type of equation is closely related to the extensively studied Emden-Fowler
equation
(p(t) o (1) + (t) - (u) =0,

where @, (u) =: |u|*sgnu, a > 1. The Emden-Fowler equation is called sub-half-linear, half-linear or
super-half-linear if & > 7, & = 7 or @ < 7, respectively. The sub-half-linear case was studied in [16,19],
the half-linear case in [2,11,17] and the super-half-linear case in [3,21], where a different sign condition
was posed on the nonlinear term comparing to the present paper (cf. (22) and (29)). According to this
terminology, equation (1) can be studied in a neighbourhood of the origin as a super-linear equation,
since in our case a = 1 and vy =r > 1 = a, see (41).

We assume that the data functions p and ¢ are regularly varying and a > 0 and study solutions of (1)
satisfying

(2) u(a) =ug € (0,L), 0 <u(t) <L fort € [a,o0),
(3) u(a) =wug € (Lo,0), Lo <u(t) <0 for ¢ € [a,o0),

where the interval [Lg, L] is determined by function f in the following way:
Ly <0<L, f(Lo)=f(0)=f(L)=0.

Note that for a > 0 equation (1) is regular, while for a = 0 there is a time singularity at ¢ = 0 due to
p(0) =0, cf. (30).

Definition 1.1. A function u is called a solution of equation (1) on [a, ) if u € Cl[a, ), pu’ € Cl[a, o)
and u satisfies equation (1) for all ¢ € [a, 00). The solution u of equation (1) on [a, c0) is called a solution
of problem (1), (2) or problem (1), (3) if u additionally satisfies condition (2) or (3), respectively.

Definition 1.2. A solution u of equation (1) on [a, 00) is called a Kneser solution if there exists to > a
such that

(4) u(t)u'(t) < 0 for t € [t, 00).

The aim of the paper is twofold. First of all, we investigate the existence of the Kneser solutions to
problems (1), (2) and (1), (3). Moreover, we shall describe the asymptotic properties of the Kneser
solutions of (1) in the framework of regularly varying functions. Asymptotic formulas which we provide
here are generalizations of those discussed in [30], where the case p = g was investigated. The existence
of various types of solutions to (1) with p = ¢ has been also studied in [24-26].

Other asymptotic results for related equations or systems which are characterized by regularly varying
functions can be found in [5,9,10,15-18,22,27,28]. We also refer to [4,12], where Kneser solutions for
two-dimensional systems of ODEs were studied.
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2. REGULARLY VARYING FUNCTIONS

In this section, we introduce regularly varying functions and show some of their basic properties which
are necessary for the further analysis. See for example [20].

Definition 2.1. A function p, which is positive and measurable on (0, 00) is called regularly varying of
index p € R if for each A > 0
im pi()\t) = \°.
t—oo p(t)

The set of all regularly varying functions of index p is denoted by RV (p).

Remark 2.2. A regularly varying function of index p = 0 is called a slowly varying function and the
set of those functions is denoted by SV. A slowly varying function may or may not be bounded, but as
t — oo it can neither grow too fast to infinity, nor decay too fast to zero in the sense, that it satisfies for
any € > 0

lim t°L(t) = oo, lim ¢t~ °L(t) = 0.

t—o00 t—o00

Remark 2.3. Note that Definition 2.1 implies that a regularly varying function p of index p can be
represented as

(5) p(t) =t7L(t), t € [0,00),
where L is some slowly varying function.

Theorem 2.4. (Karamata integration theorem)
Let L(t) € SV, ¢ > 0.

(i) If @ > —1, then
¢
1
/ s“L(s)ds ~ ——t*T L(t) as t — oo,
c a+1
(i) of o < —1, then
e 1
/ s*L(s)ds ~ ———t*T L(t) as t — oo,
¢ a+1
(iii) if a = —1, then

_ [T L(s) L) _
l(t)—/C . ——~ds € SV and ligloﬂ—o,

where the symbol ~ is used to denote the asymptotic equivalence,

- f@)
f(t) ~g(t) ast%oo(:)thrglo@—l.

In order to be able to investigate the asymptotic behaviour of non-oscillatory solutions of problem (1),
(2) and problem (1), (3), we first need to provide auxiliary lemmas for regularly varying functions.

Lemma 2.5. Let p >0 and p € RV (p). Then

° ds
6 li t — =
(6) Jim p )/t o) =

Proof: According to Remark 2.3, the function p can be represented by p(t) = t*L(t), t € [0, 00), where
L € SV. For p > 1, property (6) is a simple consequence of Theorem 2.4 (ii), where —p < —1. For

t — 0o, we have
< d > 1
/ = = / sPL M (s)ds ~ —— ¢ PTILTN (1)
¢ p(s) t p—1

and therefore, the function
pt/ —:tth/ sTPL™Y(s)ds
0 [ =i [ (5



is asymptotically equivalent to

Thus, for p > 1, property (6) follows.

Let us consider p € (0, 1], then

o0 d o0 oo o0
/ 5 / sPL7Y(s)ds :/ sP1sL7(s)ds > t/ sPL7(s)ds, t € [0,00).
¢ ¢ ¢ ¢

p(s)
According to Theorem 2.4 (ii), for —p — 1 < —1, this is asymptotically equivalent to
ti=PL=1(t)
-
Therefore, as t — oo
° ds o t
p(t / —— =1Lt / sTPL7(s)ds ~ —,
0 ¢ p(s) ) t ) p
and (6) follows for any p € (0, 1]. O

Lemma 2.6. Let us assume that functions p and q satisfy p € RV (pp) and ¢ € RV (p,), where p, >
0, pg>0, pg—pp>—1, and c> 0. Then

t
tlirgo}%/c q(s) ds = oo.
Proof: According to Remark 2.3, the functions p and ¢ can be represented by
p(t) = 77 Ly(t), q(t) = t"*Ly(t), t € [0,00),
where L,, L, € SV. Therefore,

1

(D) /Ct q(s)ds =t=Pr L1 (t) /Ct sPaL,(s) ds.

Due to Theorem 2.4 (i), the function given by (7) is asymptotically equivalent to the function

1
Pqt+1

(7)

t_Ppr_l(t)tpq"Fqu(t) — tpq_pp+1L(t)7

pqt+1

where L(t) = L, (t)Lq(t). Now, Remark 2.2 and the assumption pg — p, > —1 imply

. I
tlggom/c q(s)ds = 0.

3. EXISTENCE OF KNESER SOLUTIONS TO REGULAR EQUATION (1)

In this section, we investigate the existence of the Kneser solutions to regular problems (1), (2) and (1),
(3) with a > 0.
We study problems (1), (2) and (1), (3) under the following assumptions:

(8) L0<0<L7 fEC[LO,L]v f(LO):f<O):f(L):07
(9) p € Cla,0),p > 0 on [a,00),
(10) g € Cla,00), ¢ >0 on (a,0).

The existence result is shown using the Diagonalization lemma.
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Lemma 3.1. (Diagonalization lemma)
Let u,, € Clla,n], n € N, n > a be such that for each b > a there exists p, > 0 satisfying

|u£f)(t)| <pp fortela,bl,n>b, j=0,1,
and
{ul, }n>p is equicontinuous on [a,b).

Then, there ezists a subsequence {uy, } C {u,} and u € C*[a,00) such that

lim ugn) (t) = u(j)(t) locally uniformly on [a,0),j =0, 1.

n—oo
Proof: Let {b,} € N be increasing, b, > a for all n € N and lim,,_, o b, = co. Then

(i) for by € N we have |u,(f)(t)| < pp, for ¢t € [a,b1],n > b1, = 0,1, and, in addition, {u),},>p, is
equicontinuous on [a, b1]. Hence, by the Arzela-Ascoli theorem, there is a subsequence {ug, ,} C
,(jl)n (t)} is uniformly convergent on [a, b;] for j =0, 1.

,(jz )n} is uniformly convergent on

{tn}n>p, for which {u
(ii) Next, there exists a subsequence {uy, ,} C {ug,, } such that {u
[a, bo] for 7 =0,1. '
(n) We can proceed inductively to obtain a subsequence {uy,,} C {ux,_,,} such that {u,(cj)} is
uniformly convergent on [a, b;] for j =0, 1. 7
Let ky, := ky, , for n € N and consider the diagonal sequence {ug, }. Choose § > a. Then [a, 8] C [a, bp)]
(@)
k

for some m € N. Since {uy,, }n>m is taken from {uy,, , } and we know that {u,’ } is uniformly convergent

on [a,by,] for j = 0,1, we can see that {ugn)} is uniformly convergent on [a, ] for j = 0,1. Consequently,
{u,(ib)}an is locally uniformly convergent on [a, 00). Let limy, o0 ug,, (t) = u(t) and lim, o uj, (t) = v(t)

for ¢ € [a,00). Then u,v € Cla,o0) and letting n — oo in

t
i, () = w, (a) + / iy (s)ds, t € [a,nl,n €N,

a

yields
u(t) = u(a) +/ v(s)ds, t € [a,00).

Hence u € Cl[a,00) and v = v on [a,00) and the result follows.
U

For the existence result stated in Theorem 3.2, the positivity of the initial point a is crucial, since for
a > 0, equation (1) is regular on [a,c0), and the solvability of (1), (2) and (1), (3) can be shown using

the following standard arguments.

We first define an auxiliary function f* by

wfizil, x> L,
(11) f*(l’) = f(l')v T e [OaL]7
=, <0,

and consider the auxiliary equation
(12) (p(t)u'(£)) + a(t) £* (u(t)) = 0.

Theorem 3.2. Let assumptions (8)—(10) be satisfied and a > 0. Then problem (1), (2) (and problem
(1), (3)) has at least one solution.

Proof:



Step 1. Showing solvability of problem (12), (13):

(13)

(15)

Let n > a, ug € (0, L) and let us assume the Dirichlet boundary conditions
u(a) = ug, u(n) =0

to hold. We first prove the existence of a solution to problem (12), (13). The linear homogeneous
problem

(p()d' (1)) =0, u(a) = 0,u(n) =0,

has only the trivial solution u = 0. If we assume the existence of a nontrivial solution, we obtain
the following contradiction. Let u be a nontrivial solution of (14). Then there exists 6 € (a,n)
such that w(8) # 0,u'(6) = 0. Integrating (14) from 6 to ¢ € [a, n], we obtain

p(t)u'(t) = p(6)u'(6) =0, t € [a, n].

Since p is positive on [a,00), u' = 0 on [a,n] follows and hence, u has to be a constant function
on [a,n]. Therefore, since u(a) = 0, u = 0 is the only solution to (14). Consequently, there exists
the unique Green’s function G(t, s) to problem (14) of the form

(IP(8)>P(t) for a<t<s<n,

P(n)
G(t,s) =
1—& P(s) for a<s<t<n
P(n) -
where P(t) = f; p((i:) ,t € [a,n]. The Green’s function (15) is bounded by

|G(t,s)| < P(n) for t, s € [a,n].

Furthermore, the partial derivative of (15) has the form
( P(s) ) L <t<s<
— a s <n,
dG(t, s) P(n)) p(t) - -
o P(s) 1

for a<
P(n) p(t)
and it is also bounded,

1
, t €la,s)U(s,n],s € [a,n],

OG(t, s)
ot

n Pmin

where ppi, = min{p(t) : ¢t € [a,n]|} > 0.
Then, the unique solution of the nonhomogeneous linear problem

(p()d' (1)) = y(t), u(a) = ug,u(n) =0,

has the form

u(t)zplzo /n /Gts s)ds, t € [a,n].

Let us define the operator T : Cla,n] — Cla,n],

(Tu) (t) = PQZ:L) /t" % + /a" G(t,8)q(s)f*(u(s))ds, t € [a,n].



Let u be a fixed point of T'. Then

wy = /p‘;)+ /:(1—%)P(s)q(s)f*(ws))ds

/ ( Z))> P(t)q(s)f*(u(s))ds,

Ug

YO = P -5 | B P () ds
i P(s .
o0 ( oy ) 10"
1 4 1 t *
WO O) = PO o) - (1- n) (u(t)) = ~a(t) " (u(t)), t € [a,n].

Therefore, u € C'[a,n], pu’ € C'la,n] and u is a solution of equation (12). Moreover, since
P(a) =0, we conclude

wa) = pep+ [ (1= 5 ) P@ae) ule)) ds = o

u) = [ (1—1;%) P(s)g(s)f* (u(s)) ds = 0,

and so, conditions (13) are satisfied.

In order to show the existence of a fixed point of the operator T, we use the Schauder fixed point
theorem. Let Q C Cla,b],

Q= {.73 € C[CL, n] : ||x||C[a,n] < P}’

where

p = |ul+P(n)MQ,

M = sup{|f*(z)|:xz € R},

Q = [ atsas
Then,

uo "odr " .
[Tullcla,n = H%aX] oo G(t,s)q(s) [ (u(s)) ds
tela,n
< |U0| n)+ P(n M/

Consequently, T(€2) is bounded in Cf[a,n]. Due to (16), T(Q) C . Since f* is a continuous
function, the inequality

[Tum = Tullclam < trél[%]{/n G (¢, 8)lq(s)|f" (um(s)) — [ (u(s))| ds}
< PM)f" (um) = 7 (w)[|Q < P(n)Qe, {um} C Q,u € Q,



7

yields the continuity of T" on 2. Moreover, for u € Q, t1,ts € [a,n], there exists £ between t; and

to such that
ug [ dr " .
P(n) /t1 m +/a \G(h,s) —G(tQ,S)‘Q(S)lf (U(S))|d5

uo| [t — o +/" [0G(&, 5)|
P(n) Pmin a

[ (Tw) (1) = (Tw) (B2)] <

ot~ t2la(s)lf (u(s))] ds

lu| 1 /" q(s)
t1 —t M d
2 2 (P(n) Pmin - a Pmin s

U 1 M
|t1—7«‘2|<|0| + Q).

IN

IN

P(n) Pmin  Pmin

This implies the compactness of T on €2, due to the Arzela-Ascoli theorem. Since the operator T’
is continuous and compact on Q and T'(2) C 2, there exists a fixed point u = T'u according to
the Schauder fixed point theorem.
Step 2. Showing solvability of problem (1), (13):
Let u be a solution of problem (12), (13). We will prove that

(17) 0 <u(t)<Lfortea,n]
On a contrary, let us assume that
(18) u(to) = max{u(t) : t € [a,n|} > L.
Since u(a) = up € (0,L) and u(n) = 0, it follows that ¢ty € (a,n) and u'(t9) = 0. Therefore, we

can find 6 > 0 such that u(t) > L on (t9,to + J) C (a,n) and, by (11),

(19) (e (1) = a0 5 0, v (10,10 +0)

t)—L+1
follows. Integrating (19) over (to,t),t € (to,t0 + 0), we obtain

' /to q@m ds = p(t)u/ ().

Thus, ' > 0 on (to,tg + ), which contradicts (18).
Analogously, the contradiction follows when we assume

min{u(t) : t € [a,n]} <0

to holds. Finally, it follows from (11) and (17) that u is a solution of equation (1) on [a,n].
Step 3. Showing solvability of problem (1), (2):
It follows from Step 2 that for each n € N, n > @ we have a solution u, of equation (1) on
[a,n]. This solution satisfies

(20) un(a) = ug, 0 <wuy(t) < Lfort € [a,n].

We now show that there exists a subsequence {u, } C {u,} which locally uniformly converges on
[a, 00) to a solution u of problem (1), (2). To this aim we consider an arbitrary compact interval
[a,b] C [a,00). Then, the following holds

0 <u,(t)<L,te]a,b], n >0

Consequently, there exists 7, € [a,b] such that |u},(7,)] < ;2.



Let us estimate the first derivative of the solution u,, on [a,b]. Integrating equation (1) from
t € [a,b] to 7, we obtain

PN(E) = plra)udy(ra) + / " 4(3) (un(s)) ds,

! = p(Tn)u' T L s)f(un(s))ds
wlt) = B+ s [ s o)as

Pmax L 1

(21) lul, (t)] < P — + p— Gmaz fmaz(b — a) =: py, t € [a,b],
where
Pmaz = max{p(t):t € [a,b]},
Pmin = mln{p(t) ite [a’7 b]}v
Qmaz = InaX{q(t) 1t e [a, b]}7
fmaz = max{|f(z)]:0< 2z <L}

According to (21), the sequence {u,} is equicontinuous on [a, b]. Equation (1) yields

((p®u, ) < 1g(@)f (un(®)] < gmaz fmaz, t € [a,0],

and hence the sequence {pul,} is equicontinuous on [a,b]. Since ppin, > 0, we have by (21) for
t1,tg € [a, b]

1

|, (f1) — iy (F2)] < (Ip(t2)u, (t1) = p(t2)un (t2)| + polp(t2) — p(t1)]).-

Pmin
This implies that the sequence {u/,} is also equicontinuous on [a, b]. From the Arzela-Ascoli the-

orem and the Diagonalization lemma 3.1 it follows, that there exists a subsequence u,, ='°¢ u,
u!, ='°¢ v’ on [a,00) and u is a solution of equation (1) on [a, 00). By (20), u satisfies (2).

For problem (1), (3) we consider ug € (Lo, 0) and use the dual argument.
O

Imposing some additional assumptions on f, p, and g, enables to derive two different limits of solutions
to problem (1), (2) and (1), (3).

Theorem 3.3. Let (8)—(10) hold and a > 0. Moreover, we assume that

(22) f € Lip;,.(0,L], f(z) >0 forx € (0,L).
Then problem (1), (2) has a solution u, such that
(23) 0 <u(t)< L fort € la,o0).
If in addition
1t
(24) Jim / a(s) ds = o0,
with
(25) litrgiolgfp(t) > 0,
then either
(26) u'(t) >0 fort > a and Jim u(t) = L,

(27) u is a Kneser solution.
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Proof: According to Theorem 3.2, problem (1), (2) has a solution u. Let us assume that «(b) = L for
some b > a. Due to (2), v/(b) = 0. By virtue of the first condition in (22), u = L is the only solution
satisfying u(b) = L,u'(b) = 0. Therefore, u(t) < L for t € [a 00). Assume that u(c) = 0 for some ¢ > a.
Due to (2), v/(¢) = 0. Integrating equation (1) over (c,t),t € [a,00), and using the second condition
n (22), we conclude v/(t) < 0 for t > c and v/(t) > 0 for t < c¢. This yields v = 0 which contradicts
u(a) = ug > 0. Therefore (23) holds. By (1), (2), (10), and (22)

(28) (pu')'(t) = —q(t) f(u(t)) <0, t > a,
and thus, pu’ is decreasing on [a, ).
(i) Assume that v’ > 0 on [a,00). Then there exists lim;_, oo u(t) =: lo € (ug, L]. Let Iy € (uo, L)
and let us denote mg := min{f(z) : « € [uo, lp]} > 0. Integration of (1) over [a, ] yields

p(t)u (£) — pla)u (a) < —mg / 4(s)ds, t € [a,00),

1 , 1 t
% (p(a)u’(a)) — mow/a q(s)ds, t € [a,0).

Letting ¢ — oo and using (24), (25), we arrive at 0 < liminf; ,. u/(t) < —oo, which is a
contradiction. Therefore lp = L and (26) holds.

(ii) Assume that there exists b > a such that u/(b) < 0. Then (pu’)(b) < 0 and having in mind that
pu' is decreasing, we can find ¢ty > b such that pu’ < 0 on [tg,00). By (9), v’ < 0 on [tg, c0) and
(27) follows.

0<u(t) <

U
The dual theorem formulated below holds for problem (1), (3) and can be shown using arguments from
the proof of Theorem 3.3.

Theorem 3.4. Let (8)—(10) hold and a > 0. Moreover, we assume that
(29) f € Lip;,.[Lo,0), f(z) <0 forx € (Lo,0).
Then problem (1), (3) has a solution u, such that
Ly < u(t) <0 fort € [a,o0).
If in addition (24) and (25) hold, then either
u'(t) <0 fort>a and tlggo u(t) = Ly,
or

u is a Kneser solution.

4. EXISTENCE OF KNESER SOLUTIONS TO SINGULAR EQUATION (1)

In this section we discuss the existence of the Kneser solutions to problems (1), (2) and (1), (3) for the
singular case a = 0 under the assumptions (8) and

(30) p € C[0,00),p > 0 on (0,00), p(0) =0,

(31) q € C[0,00), ¢ > 0 on (0,00).

Let us stress that for a = 0, equation (1) is singular, because p(0) = 0, cf. (30), and the results ob-
tained in the previous section cannot be easily extended to the singular case. Note also, that for the
case p(t) = q(t) =t*, a € (0,1], [~ % = oo follows, and thus, problems (1), (2) and (1), (3) have no
Kneser solutions, see [29], Theorem 4.6. Therefore, o should be chosen greater than 1. However, then

f ! p‘?") = oo and the functions P and G in (15) are not defined at ¢ = a = 0. Hence, the approach leading
for a > 0 to the existence results in Theorems 3.2—-3.4 cannot be used for a = 0.

The special case of problems (1), (2) and (1), (3) with a = 0 and p = ¢, was studied in [30]. The existence
of the Kneser solutions can be found in [30] in Theorems 3.4 and 3.5, which are proved by arguments
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different from those used here in the proofs of Theorems 3.2-3.4. The two following results are corollaries
to Theorems 3.4 and 3.5 from [30].

Theorem 4.1. Let us assume that (8), (22), (30) and the following assumptions:
(32) P=gq

/

(33) p € CH0,00),p" >0 on (0,00), tlggo I;((;)) =0.

p'(t)P(t)
34 >c, t € (0,00),

zf(z) 2

> A

(85) Fla) = 2e—1 © € 0:Ad
hold for some ¢ > % and Ay € (0,L), where P(t fo s)ds, F(z) = [ f(z)dz. Then for each

ug € (0, Ag] there exists a unique Kneser solution u to problem ( ), (2 ) wzth a=0. Thzs solution has the
following properties:

lim u(t) =0, lim «/(t)=0, «/(0)=0, «/(t)<0, te&(0,00).

t— o0 t—oo
A dual assertion for an initial condition ug from a negative neighbourhood of zero is given in the following
theorem.

Theorem 4.2, Assume (8), (29), (30), (32), and (33) to hold. Let condition (34) hold with a constant
c> 2 and assume that there exists By € (Lo, 0) such that the inequality

(36) F((:c)) = 202— 7 € [Bo,0)

is satisfied. Then for each ug € [By,0), there exists a unique Kneser solution u to problem (1), (3) with
a = 0. This solution has the following properties:

. _ . ’ _ / _ /
tlgglou(t) =0, tlggou (t)=0, ' (0)=0, u'(t)>0, te(0,00).

To our knowledge, the existence of Kneser solutions for the case a = 0 and p # ¢ under assumptions (8),
(30), and (31) remains an open problem.

Remark 4.3. Let us note, that the condition u'(0) = 0 is necessary for the smoothness of the solution in
the case where p = ¢. To see this, let us consider a solution u of (1). Since u € C1[0, o), the assumption
p(0) = 0 yields p(0)u'(0) = 0. Therefore, there exist M > 0 and 6 > 0 such that |f(u(t))] < M for
r € (0,0). We now integrate (1) and use (33) to obtain

()] = \p(lt) [ eistuts)as

Consequently, u/(0) = 0 holds.

g%/op(s)dngt, t € (0,9).

Remark 4.4. In Theorems 3.4 [30] additional restrictions for f were made. Those assumptions are
related to the interval R\ (0, L). Since the Kneser solution obtained in Theorem 4.1 satisfies u(t) € (0, L)
for t € [0,00), we can omit those additional assumptions and still refer to Theorem 3.4 [30]. Similar
remark can be made on context of Theorem 4.2.

5. ASYMPTOTIC PROPERTIES OF KNESER SOLUTIONS

In this section we focus on properties of Kneser solutions of problems (1), (2) and (1), (3) in the neigh-
bourhood of infinity. We derive asymptotic formulas for such solutions and for their first derivatives.
These results about asymptotic properites can be applied to Kneser solutions of the regular differential
equation (1) with a > 0, as well as to Kneser solutions of singular equation (1) with a = 0, provided that
u(a) € [Lo, L].
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In the whole section we assume that function f satisfies condition (8) and the second conditions in (22)
and (29). Let us recapitulate these assumptions,

(37)  Lo<0<L, feC[LoL], f(Lo)=f(0) = f(L) =0, af(z) > 0 for = € (Lo, 0) U (0, L).
First asymptotic properties of the Kneser solutions to problem (1) are formulated in the following lemma.
Theorem 5.1. Assume that (37) holds and a > 0. Moreover, assume that p € RV (p,) N Cla, ), q €
RV (py) N Cla,0), pp >0, pg >0, pg — pp > —1. Let u be a Kneser solution of equation (1). Then
(38) Jim u(t) =0, Jim u'(t) = 0.
Proof: Let u be a Kneser solution of problem (1), (2). By (4), there exists to > a such that
(39) 0<u(t) <L, u(t) <0, t € [ty,00).
Hence, there exists
tlglélo u(t) =: 11 € [0,u(to)).

Assume that I3 € (0,u(to)) and let us denote my := min{f(x) : & € [l1,u(to)]} > 0. The integration of
(1) over [to,t] gives

p(E) () — plto)ed (to) < —my / a(s)ds, t € [to, ),

p(to)u’(to) to [
0<u'(t) < ——=—=—mi1——= [ q(s)ds, t € [ty,00).
»(® o0 Ji |
Since p satisfies (5) with p = p, > 0, we see that liminf, , p(t) > 0. Consequently, it follows from
Lemma 2.6 0 < lim;_, o v/ (t) < —o0o, which is a contradiction. Therefore I, = 0, i.e.,
(40) tlggo u(t) = 0.

The second condition in (39) implies lim inf; o v/(¢) < 0. Assume that liminf;_, . v'(¢) < 0. Then there
exist a sequence {t,} C (a,00) and € > 0 such that

lim ¢, = oo, lim u'(t,) = —¢.

By (1), (2), (10), and (37) function (pu’)’ (t) < 0 for t > a. Therefore, the inequalities

W (ty) < —g, PO () < p(ta) (t), t > t,

1

hold for each sufficiently large n > ng. Then v'(f) < —%P(tn)m7

inequality we obtain

t > t,, n > ng. Integrating this

t
€ 1
u(t) — u(t, S—fptn/—ds,t>tn,n2n.
(6 = u(tn) < ~gpltn) | -5 0

Let ¢ — oo. Then, according to (40),
(t)<€(t)/oold >
—u(ty) < —=p(tn ——ds, n > ny.
20 )i, pls) ’
Now, letting n — oo and using Lemma 2.5 we obtain
€ > ds € > ds
0=— li t) < —= li t 22y " e
Jm u(ty) < -5 lim p(n)/tn o) 2tggop()/t )

This is again a contradiction. Therefore, liminf;_, . v'(t) = 0. By virtue of (39), limsup,_, . u'(t) <0,
and consequently,

lim u'(t) = 0.
t—o0
The proof for a Kneser solution of problem (1), (3) is analogous.
U

We are now in the position to describe the asymptotic behaviour of the Kneser solutions in a more precise
way.
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Theorem 5.2. Assume that (37) holds and a > 0. Moreover, let us assume that p € RV (pp) N
C[aaoo)v Pp > 0; q€ RV(pq) N C[aa OO), Pq > 07 Pq — Pp > -1, and

(41) Jr > 1:liminf () > 0, limsup /()]

S0 al b el

Let u be a Kneser solution of problem (1), (2) or (1), (3). Then, for anye >0

< 0

Pq—Ppt2 —¢
(42) lim £ 7o EJu(t)] = 0,

t—o0

Proof: Let u be a Kneser solution of problem (1), (2) or (1), (3). Consider ¢ty > a from (4). According
to (41) and (38), there exist «, 3,0 > 0 and ¢; > to such that

|f ()]

||”

a < < B, x€(0,0) and 0 < |u(t)] < d, t > t1.

Hence, we have
(43) alu(®)]” < |f(u(t)] < Blu(®)|", t = t1.

We now integrate equation (1) from ¢; to ¢ > ¢; and obtain
¢

p@w@—meWﬁ+/q@MW@D®=0

ty

Since u(t)u'(t) < 0 and u(t) is monotone for t > ¢y,
t

p@MﬁN>/q@MW@N®>aw®V/q®MS

tl tl
follows. Therefore,

|u'(1)] 1t
ofu® ~ p(t)/tl q(s)ds, t > t1.

Let L, and L, be slowly varying functions such that p(t) = t?»L,(t) and ¢(t) = tP1L,(t), respectively.
Functions L, L, always exist due to Remark 2.3. According to Theorem 2.4 (i), there exists a sufficiently
large b > t1 such that

1 t s fttl sPaLy(s)ds - 1 tpq—pp+1Lqi(t) fe b
paxﬁqs UL T 2t Lo 7"
Therefore,
WO S crarotine), £ >0,
afu(t)]
where ¢; = m and L(t) = fzgg By Theorem 2.4 (i), there exists a sufficiently large T > b such that

awln(mdvl‘maarﬂ > ﬁL?”ﬁ”%@ms

2! t/’q_pp"rQL(t)

> — =
2(pq — pp +2)

holds for ¢ > T'. Consequently,
0 < |u(t)] < (a(r—1)eatPe=Pr*2L(t)) ™1, t>T,

where ¢y = Let us denote La(t) := (L(t))fﬁ and c3 := a(r — 1)cg, then

2(pq _c;p"'?) ’
Pq—ppt2
(44) 0<t r1 Ju(t)] <csLao(t), t >T.
Finally, we choose an £ > 0 and multiply inequality (44) by t~¢. Remark 2.2 yields
Pq—Ppt+2 €
lim ¢ -1 lu(t)| = 0.

t—o0
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O
Once the asymptotic formula for the Kneser solutions is derived, we focus our attention on their first
derivatives.
Theorem 5.3. Let all assumptions of Theorem 5.2 be satisfied. Then for any e > 0
L If pg > rpp — 7 —1, then

: Pp—E|,,’ _
(45) tlg&t |’ (t)] = 0.
IL. If pg < rpp—7 —1, then
Pq—pptr+1l €
(46) lim ¢ -1 [u'(t)] = 0.

t—o0
Proof: Let u be a Kneser solution of problem (1), (2) or (1), (3) and let a <ty < t; be the points from
the proof of Theorem 5.2. Then wu’ < 0 on [t1,00) and (43) holds. Let us choose €1 > 0. Due to (42),
for each ¢ > 0 there exists 177 > t; such that

Pq—Pp+2 e
(47) 0<t r-1 HNut) < ¢, t > Ty.
We first integrate equation (1) over (71,t) and set Ay := p(T3)|w/(T1)]. Then, by (41),
t t
0<p)l(t) = A —I—/ g(S)|f(u(s)|ds < A1+ 8 | q(s)|u(s)|"ds, t > Ti.
T1 Tl

Let L, and L, be slowly varying functions such that p(t) = ¢t?»L,(t) and ¢(t) = tP1L,(t), respectively.
This implies

t
0 < 17 Ly (1)’ (t)] < A1 + B/ PaLy(s)|u(s)[" ds, ¢ > Th.
T

Due to (47),
t
0<tPL,(t)u/(t)] < A1+B [ sPa7"H1L (s)|s* u(s)|" ds
Ty
t
< A +5cr/ sPa=ThTE L (s) ds,
Ty
where p = pq%”iﬂ,eg =re; > 0.

I. Let py > rpp, —r — 1. Then
(rop—r—1+1—p;—r
r—1
Pg—pPgt1l—r
r—1
We can choose €; and consequently €3 to be sufficiently small for p, — rpp 4+ €2 < —1. The
Karamata integration Theorem 2.4 (ii) now provides the existence of a sufficiently large T' > T,

pg—TH =

< =—1.

such that
0<t’?L,(t)lu'(t)] < A+ 60’”/ s"f”‘*”Lq(s) ds
T
T o
= A;+ 5cr/ sPa=Thte L (s)ds + /J’CT/ sPa=THtE L (s)ds
Ty T
Qﬂcr —rptea+1
< A1+ A+ TPa=THTE2 Lq(T)dS = A3,

lpg —rp+e2+1]

holds for ¢t > T. Here, Ay = Sc” fTTl sPa—Thte2 [ (s)ds. We now choose an arbitrary ¢ > 0 and
multiply the above inequality by ¢~°L,; L. Thus, we obtain

0 < tPr¢u/(t)] < Ast™°L,'(t),
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for ¢ > T. Due to Remark 2.2, asymptotic formula (45) follows.
II. Let pg < rpp, —r — 1. Then for arbitrary e2 > 0,

TPq — Pq r

— o _ _ 2
Pg —TH+ €2 1 oo qPamppt2)te
rop—r—1)+1—-p,—7r
_ (rpp ) Pq + ey
r—1
— 1—
> M+522—1+62>—1.
r—1
The Karamata integration Theorem 2.4 (i) provides the existence of a sufficiently large T' > T,
such that
28c"

0 <t Ly(t)|u/' ()] < A1 + tPamritee L () = Ay + Aot L, (t)

pg—Th+ez+1

holds for ¢t > T, where Ay = #izﬂ and w = py — i+ €2 + 1 > 0. Therefore,

Y (1) < Alt—WLgl(t)+A2L(t),

where t > T,L(t) = izg; Finally, we choose an arbitrary 3 > 0 and multiply the above
inequality by ¢~¢3. Consequently, we obtain

0 < ™S/ ()] < At LIN(E) 4+ Aot~ L(2),
where € = €9 + £3. By Remark 2.2 the asymptotic formula (46) holds and this completes the
proof.

O

6. NUMERICAL SIMULATIONS

In this section we use the open domain MATLAB Code bupsuite to numerically simulate three model
problems in order to illustrate theoretical statements made above. The aim is to give a numerical ev-
idence for the existence of Kneser solutions. We focus on the singular problems (1), (2) and (1), (3)
with @ = 0 and simulate Kneser solutions on the interval [0, 0c0) which contains the singular point ¢ = 0.
Moreover, asymptotic properties of such solutions are investigated and compared with the analytically
derived asymptotic formulas (42) and (46).

The MATLAB'" software package bvpsuite [14] is designed to solve BVPs in ODEs and differential
algebraic equations. The solver routine is based on a class of collocation methods whose orders may vary
from 2 to 8. Collocation has been investigated in context of singular differential equations of first and
second order in [7,31], respectively. This method could be shown to be robust with respect to singular-
ities in time and retains its high convergence order in case that the analytical solution is appropriately
smooth. The code also provides an asymptotically correct estimate for the global error of the numerical
approximation. To enhance the efficiency of the method, a mesh adaptation strategy is implemented,
which attempts to choose grids related to the solution behavior, in such a way that the tolerance is sat-
isfied with the least possible effort. Error estimate procedure and the mesh adaptation work dependably
provided that the solution of the problem and its global error are appropriately smooth®. The code and
the manual can be downloaded from http://www.math.tuwien.ac.at/~ewa. For further information
see [14]. This software proved useful for the approximation of numerous singular BVPs important for
applications, see e.g. [1,6,13,23].

Since we intend to solve a scalar second order differential equation, we have to specify two boundary /initial
conditions which are correctly posed to guarantee the (at least local) uniqueness of the solution. More

1The required smoothness of higher derivatives is related to the order of the used collocation method.
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1), (3) with @ = 0 but we do not know the values of
),
(p()u' () + a(t) f(u(t)) =0, t€(0,00),
subject to the following boundary conditions:
(48) u'(0) =0, wu(co):= Jim u(t) = 0.

precisely, we try to solve the problems (1), (2) and (
u(0). Therefore, we solve the differential equation (1

The first condition in (48) is motivated by the results obtained for p = ¢, where this condition is necessary
for any solution to be continuous, cf. Remark 4.3. The second condition in (48) has to be satisfied by
any Kneser solution under the assumption of Theorem 5.1. It turns out that from the numerical point of
view, the problem is very involved and the numerical treatment is by no means straightforward.

For the first tests, we choose the simplest regularly varying functions p and g,
(49) pt) =1, a>1, qt)=1", B>a, tel0,c0).

The restriction on « > 1 is motivated by results given in [29], where for a € (0, 1] all solutions of (1)
subject to the initial conditions u(0) € (Lo, L) \ {0}, v/(0) = 0 are oscillatory. In order to recover the
solution asymptotics specified in (42), the parameter S has to satisfy 8 > a — 1. Here, we restrict our
attention to the case? 8 > a.

For p, ¢ from (49), we rewrite equation (1) and obtain

(50) () + %u'(t) FPOF(u(t) =0, te(0,00), w(0)=0, u(co)=0.
To solve this boundary value problem we reduce the differential equation to the finite interval [0, 1]. To
this aim, we rewrite the problem as follows:

(51)  of (t) + o) + 77 F () =0, t€ (0,1), w5 (t) + Foh(t) + 77 f(va(t)) = 0, t€ [1,00),

and use the transformation 7 = % in the equation for ve. Then the problem is solved on (0,1] subject to
boundary conditions

v1(0) =0, v2(0) =0, v1(1) =v2(1), vi(1) = —vh(1).

Example 1. The following model is used to illustrate the existence of positive and negative Kneser
solutions of equation (50). The problem data reads:

p(t) =1, q(t)=t", te[0,00),
and
—12 -2z for x=< -2,
(52) flx)= x3 for ze[-2,1],
2—=x for x>1,

and Lo = —6, L = 2, r = 3. As shown in Figure 1, we have found two different Kneser solutions ui, us,
lying in the regions indicated in (2) and (3), respectively. The solutions satisfy lim; o u}(t) = 0,4 = 1,2
in correspondence to the theory. According to Theorem 5.2, the asymptotic behaviour of any Kneser
solution u of (1), (2) or (1), (3) is specified by (42):
Pqa—Ppt2
lim ¢t =L “lu(t)] = 0.

t—oo

Thus, for « =5, =7, and r = 3 the formula becomes

. 2—¢g| _ o
tlggot lui(t)] =0, i=1,2.

The first derivative of the Kneser solution behaves asymptotically as specified in (46), which here means
Pq—pptr+1 —_ ¢
lim ¢t 1 lui(t)| = lim 37 F|ul(t)] =0, i=1,2.

t—o00 t—o0

2For 8 € (o — 1, @) no Kneser solutions were found.
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We illustrate the asymptotic behaviour of the Kneser solutions using graphs with double logarithmic
scales, and therefore the power k in the relation y = az® corresponds to the slope of the line. Figure 1
clearly indicates that not only solutions uy, us tend to zero for ¢ — oo, but also the expressions #2u;(t),
i = 1,2 do. Similar observations can be made for the first derivatives of both solutions u}, uh, where
t3ul(t), i = 1,2 tends to zero for t — oo.
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FIGURE 1. Example 1: Solutions u;, i = 1,2, of (50), (48) corresponding to o = 5
and B = 7 plotted using linear scales, upper graph (left), and double logarithmic scales,
upper graph (right). First derivatives of the solutions u}, ¢ = 1,2 are shown in lower
graphs.

Numerical simulations for problem (50), (48) with parameters («, 3) € {(4,4), (4,5), (5,6)} and function
f satisfying condition (41) with r = 2, 3,4 show similar behaviour, and therefore, they are not discussed
here. For details see [8].

Example 2. Using this example, we illustrate how the difference g — « effects the asymptotic behaviour
of the Kneser solutions. According to (42), if 8 — a grows we expect that the solution decay towards zero
becomes faster. To see this, we consider problem (50), (48) with f specified in (52) and

(a,8) €{(3,3).(4,5),(5,7)}.
We can observe in Figure 2 that indeed, larger difference 8 — « results in a steeper decline of the solution
towards zero.

Example 3. Here we study Kneser solutions of problem (1), (48) with a function f given by (52) and
p(t) =t* € RV(a), q(t) =t°(1 +exp(—t)) € RV(B), t€[0,00).
Now, equation (1) takes the form

! (t) + (1) + 17701+ exp(=0)f(u(1)) = 0.
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«=3,p=3

=4,p=5

«=5,p=7

«=5,p=7

FiGURE 2. Example 2: Comparison of Kneser solutions depending on the difference
B — «. Graph of the Kneser solutions using linear scales (above), double logarithmic
scales (below).

Two Kneser solutions and their first derivatives, for the parameters («, 8) = (4,5), (o, 8) = (5,7), re-
spectively, can be found in Figure 3.
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FiGURE 3. Example 3: Solutions corresponding to « = 4, 8 =5 and a =5, § = 7,

respectively, plotted using linear scales, upper graph (left), and double logarithmic scales,
upper graph (right). First derivatives of the solutions are shown in lower graphs.
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Example 4. We designed this example to illustrate the influence of parameters o and . To this aim,
we choose

p(t) =t*log(1+1t) € RV(a), q(t)=1t" € RV(B), f(z) =sgn(z)z*(2+2)(1 —z), zecR.
This yields
th=e

1
53 (¢ o, .+ (¢ P
(53) “()+(t+(1+ﬂmg1+ﬂ O+ T
First, we fix & = 4 and vary 8 € {4,5,6,7}. Numerical results are shown in Figure 4. All solutions
seem to have a similar asymptotic behaviour. Moreover, we observe that the function 5/ 3u(t) for u
corresponding to o = 4, 5 = 7 tends to zero for large values of t. The same holds for all other solutions

although formula (42) provides somewhat weaker estimates for the asymptotic behaviour of the Kneser
solutions.

sgn(u(t))u*(t)(2 +u(t))(1 — u(t)) = 0.

Linear
T T T T

Linear

FIGURE 4. Example 4: Comparison of Kneser solution with fixed « plotted in a graph
with linear scales (left above) and double logarithmic scales (right above). First deriva-
tives of solutions are shown in the lower graphs.

We now fix § = 10 and vary o € {5,6,7,8}. Figure 5 shows the related Kneser solutions and their
first derivatives. We look closer on the solution u with the slowest tendency to converge to zero and see

that the multiple t7/3u goes to zero for t — oo. Other solutions show faster convergence towards zero,
although we (42) suggests a slower decay.

The above observations mean that the asymptotic formula (42) can be applied to all numerical Kneser
solutions of problem (53), (48), but it seem not to optimally recover the speed of their decay.
Asymptotic behaviour of the numerically computed solutions shows that the second term in equation
(50)

—u'(t), te€]0,00)
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FIGURE 5. Example 4: Comparison of Kneser solution with fixed 8 plotted in a graph
with linear scales (left above) and double logarithmic scales (right above). First deriva-
tives of the solutions are shown in the lower graphs.

becomes dominant as ¢ — oo, and therefore, properties of the solutions seem to be mainly controlled by
the parameter a.

7. CONCLUSIONS
In this paper, we investigated the existence and asymptotic properties of the Kneser solutions to the
second order ODE (1),
(p(t)u' (1)) + () f((u(t)) = 0, t € [a,00).
More precisely, we discussed two classes of initial value problems,
(54) () (t)) + q(®) f(u(t)) =0, t € [a,00), ula)=uge (0,L), 0<u(t) <L forte la,oc0),

and

(55)  (p(O)u' () 4+ q(t)f((u(t)) =0, t € [a,00), wu(a)=ug € (Lo,0), Ly < u(t) <0 fort € [a,oc0).

It turns out that in the regular case (a > 0), there exists a non-oscillatory solution of problem (54) (and
problem (55)), which is either a Kneser solution or a monotonically increasing solution whose limit is L
for t tending to infinity (and a monotonically decreasing solution whose limit is Lg for ¢ tending to infinity).

For the singular case where a = 0, the existence of the Kneser solutions can be shown for p = ¢ [30],
while for p # ¢ the existence results is still an open question.

Moreover, we have provided asymptotic formulas for the Kneser solutions and their first derivatives to
the ODE (1) with regularly varying coefficients, which was here considered to be super-linear in the
neighbourhood of the origin.
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The aim of further investigations is to prove the existence of Kneser solutions to equation (1) with a time
singularity at ¢« = 0 and p # ¢, and to more precisely describe the speed of decay towards zero for the
Kneser solutions to equation (1).
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