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Abstract

The paper provides an existence principle for the Sturm—Liouville
boundary value problem with state-dependent impulses

2" (t) = f(t,2(t),2'(t)) forae. t€[0,T]CR,
2(0) — a2’ (0) = c1, 2(T)+ b2 (T) = ca,
2(1it) — 2(mi) = Ji(mi,2(m1)), 2 (1it) — 2/ (1i—) = Ma(7i, 2(71)),
where the points 71,...,7, depend on z through the equations
7 =7((m), i=1,...,p, peN.

Provided a, b € [0,00), ¢; € R, j = 1,2, and the data functions f, J;,
M;, i =1,...,p, are bounded, transversality conditions for barriers 7;,
i = 1,...,p, which yield the solvability of the problem, are delivered.
An application to the problem with unbounded data functions is demon-
strated.
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1 Introduction

Impulsive differential equations have attracted lots of interest due to their im-
portant applications in many areas such as aircraft control, drug administration,
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and theshold theory in biology [4, 13, 18]. In practical ecological systems, the
control measures are taken only when the amount of species reaches a thresh-
old value, rather than the usual impulsive fixed—time control strategy. Studies
of real life problems with such state—dependent impulsive effects were made in
[8, 11, 14, 15, 19, 20].

A very particular case of state—dependent impulses are impulses at fixzed mo-
ments. This is the case that the moments, where impulses act in state variable,
are known. The theory of these impulsive problems is widely developed and
presents direct analogies with the methods and results for problems without
impulses. Important texts in this area are [2, 3, 12, 17, 21].

A different situation arises, when the impulses appear in evolutionary tra-
jectories fulfilling a predetermined relation between state and time variables.
This case, which is represented by state—dependent impulses, is studied here.
In particular, we investigate the solvability of boundary value problems with
state—depending impulses. Such problems can be found for example in differen-
tial population models, where the densities of populations are subject to given
conditions at the beginning and the end of the studied time interval and the
impulses, caused by harvesting or fishering, act at the moments depending on
the threshold values of the densities. The main reason that such problems are
developed substantionally less than those with impulses at fixed moments is that
new difficulties appear when examining state-dependent impulses. To demon-
strate it, we compare these two types of impulses in the Dirichlet problem and
show some fundamental differences between them.

1.1 Dirichlet problem with impulses at fixed moments
For T € (0,00) and A, B € R, consider the Dirichlet problem
u’(t) = f(t,u(t),u'(t)), fora.e. te0,T], (1)
u(0)=A4, u(T)=B. (2)
Let a finite number of points 0 =ty < t; < ... < t, < tp,41 =71, p € N, be
given. We investigate the existence of a solution u of problem (1), (2) subject
to some impulse conditions at the moments ¢1,...,%,.

For example, we choose impulse functions J;, M;, i = 1,...,p, and define
impulse conditions as

u(ti+) —u(t;) = Ji(u(ts)), o
{ W)~ (t) = Mi(u(ty)), P boP (3)

We use the notation lim; .4 2(t) = z(a+), limy_,,— 2(t) = z(a—). The impul-
sive problem (1)—(3) can be transformed to a fixed point problem in a suitable
functional space as follows. Consider a set X of functions u : [0,7] — R defined
by
U[o] (t) if te]l0,t1],
u(t) = ?L[%] (t) if e (t1,ta],

U[p](t) if tE(tp,T],



where ug; € C([t;,ti41]), i = 1,...,p. Then X with the norm [|ul|oo + [|t/]|sc,
where ||uHOO = sup ess,¢[o,7) [u(?)|, becomes a Banach space. It is known (see

g. [16]) that a solution of problem (1)—(3) can be found as a fixed point of an
operator F : X — X which is given by

/ G(t,5)f(5,u(s), o/ (5)) ds + A + (B — A)
e (4)
+ Z (t,t:) Ji(u(t;) + ZG(t,ti)Mi(u(ti)).

Here G is the Green function of the problem u”(¢) = 0, w(0) = w(T) = 0. If
f fulfils the Carathéodory conditions on [0,7] x R? and J;, M;, i = 1,...,p,
are continuous on R, then F is completely continuous. Therefore, having the
Banach space X and the operator F defined by (4), we can use similar conditions
and arguments as for problem (1), (2) without impulses to get a fixed point of
Fin X.

1.2 Dirichlet problem with state-dependent impulses
Consider problem (1),(2) and choose a finite number of functions
0<m(z) <y(r)<...<yp()<T forl|z| <K, (5)

where K € (0,00). Functions 7; will be called barriers here. We investigate the
existence of a solution of problem (1), (2) subject to the impulse conditions

{ u(ri+) — u(r) = Ji(u(r)), i1

W (rit) — ! (ri—) = My(u(r)), "= b (6)

where the points 71,...,7, € (0,7) depend on u through the equations

7 =7(u(n)), i=1....p. (7)

Hence, 7; are intersection points of graphs of u with the barriers v;, i =1,...,p.

1.3 Main differences between impulses at fixed moments
and state—dependent impulses

We see that condition (3) contains p points t1,...,t, which are given before

and which are common for all solutions of problem (1)—(3). In contrast to that,

conditions (6) and (7) yield the following inconveniences.

(i) Number of points 7; given by (7). There are continuous functions u and
barriers v such that the equation

7 =(u(r))

has infinitely many solutions 7,,. On Figure 1 we see infinitely many intersection



Figure 1: Infinitely many intersection points.

points 7, of u with ~, which form an interval [1,75]. In this case P : u +— 7, is
a multivalued map.

(ii) Points 7; need not depend on u continuously. Consider functions in
C([0,T)) having just one intersection point with v. Figure 2 shows functions
u and v which are close to each other while their intersection points 7, and 7,
are not. In this case an operator P : u — 7, can be defined on the set of such
functions, but P is not continuous.

(iii) Beating of solutions. There are functions f, v, J, M and constants A,
A; such that a solution u of equation (1) satisfying conditions

u(0) = A, 4/(0) = A,
u(t+) —u(r) = J(u(r)), (8)
u(t+) — v (t=) = M(u(7)), 7=~(u(r)),

has a sequence of intersection points {7,,}52 ; with the barrier v such that

lim 7, =7% € (0,T).

n—oo

Hence, such a solution cannot be extended to T. This phenomenon, which
is called beating, is presented on Figure 3. Here, u is a solution of equation
u”’(t) = 0 for t € [0, T] and satisfies conditions (8), where

Ae(-1,0), A4, =0, M=0

and
J(x)=—a2"—=z, ~(x)=z+4 for|z]<3.



Figure 2: Intersection point 7,, does not depend on u continuously.

T1 T2 T3T4

Figure 3: Beating of solution w.



We see that « fulfils (5) with K = 3 provided T > 7. Then u is subject to
an impulse effect at infinitely many moments 7,,, and lim, , 7, = 7" = 4,
lim,, o u(7,) = 0. Such solution cannot be extended to T'.

(iv) Fredholm property. A linear homogeneous problem corresponding to
the impulse problem (1)—(3) has the form

u'(t) =0, u(0)=0, u(T)=0, 9)

because for J; = M; = 0, i = 1,...,p, the impulses in (3) disappear. Since
(9) has only the trivial solution, the Green function of (9) exists. It is clear
that for continuous and bounded functions f, J;, M;, i =1,...,p, and any A,
B € R, the operator F from (4) has at least one fixed point, and hence problem
(1)—(3) is solvable. The same is true if the continuity of f is replaced by the
Carathéodory conditions. This Fredholm property of problem (1)—(3) cannot
be extended without some additional requirement to problem (1), (2), (6), (7).
To demonstrate it, consider for simplicity

f=0,, A=-1 B=0, p=1, Ji(z) =1, Myi(z)=1,
T>10, K =4, v1(z) =5+ for |z| < 4,

that is problem (1), (2), (6), (7) can be written as

u(t) =0, wu(0)=-1, «(T)=0,
u(t+) —u(r) =1, o/(r+)—d'(7—) =1, (10)
T=5+u(r) for7e€ll,9].

Note that (9) is again a linear homogenous problem corresponding to (10). We
observe that although f, J; and M in (10) are continuous and bounded func-
tions, problem (10) is not solvable. It is obvious, because functions satisfying
the equation u”(t) = 0 on [0,7] and the condition u(0) = —1 form the set
{ct —1:c€eR}.

o Let ¢ € (—o0, —3)U(5/9,00). Then the function ¢t — 1 has no intersection
point with ~; in [1,9]. But since ¢T' — 1 # 0, this function cannot be a
solution of problem (10).

e Let ¢ € [0,5/9]. Then there is a unique intersection point 71 € [4,9] of the
function ¢t — 1 with v; and there is no intersection point of the function
(14 ¢)t — 1 with v in (71,9]. We see that the piece-wise linear function

-1 if tel0,m],
ult) = { 14+ct—m if te(m,T)

is subject to the impulse conditions of (10) but it does not vanish at T’
and so it cannot be a solution of problem (10).

e Let ¢ € [-3,0). Then we argue similarly and find that there are at most
four points in [1, 9] at which the impulses occur. Denote the largest of them



T1To T3 T4 =T

10] ¢

Figure 4: Solution u for ¢ = —3.

by 7*. If we construct a piece—wise linear function u which is subject to
the impulse conditions of (10), we get u(7*4+) = 7* — 4 and «/(¢) > 1 for
t € [7*,T]. Consequently u does not vanish at 7" and cannot be a solution
of (10). See Figure 4 for ¢ = —3.

Difficulties (i) — (iv) cause that if we search a transformation of problem
(1), (2), (6), (7) to a fixed point problem of a suitable operator F in some
functional space, a choice of this space is not a simple matter. Moreover, to
define an operator F we cannot use a formula analogical to (4) substituing the
intersection points 7; instead of the given points t;. It is because 7; need not
depend on u continuously and consequently F defined by (4) with 7; instead of
t; need not be continuous.

This is the reason that almost all existence results for boundary value prob-
lems with state-dependent impulses have been reached for periodic problems.
It is known that n—th order periodic problems can be transformed to fixed point
problems of corresponding Poincaré maps in R™. Hence, the above difficulties



with the construction of a functional space and an operator have been cleared in
the periodic case. See e.g. [1, 5, 6, 9]. Other types of boundary value problems
with state-dependent impulses have been studied very rarely. We managed to
find only two papers. In the first one [10], the authors investigated the second
order Sturm—Liouville problem through initial problems for multivalued maps.
Their result is applicable to a quite special equation (1) where f(¢,x,y) van-
ishes on given regions in dependence on the values of y. The second paper [7]
deals with the first order differential inclusion subject to nonlinear boundary
conditions.

Our main objective is to derive a general existence principle which will serve
as a tool in the investigation of solvability of boundary value problems with
state—dependent impulses. To this aim we have delivered an approach which
is substantially different from both citied papers and from papers dealing with
impulses at fixed moments. We search neither a fixed point of multivalued
map nor a fixed point of an operator in some space of discontinuous functions.
Instead, considering p barrier functions, we work in the (p + 1)-th Cartesian
power of the space C1([0,7]). In more details, we define a convenient subset
Q c (CY([0,T]))P*L. Then, to a given boundary value problem, we determine
conditions for the barriers enabling to construct a completely continuous oper-
ator F : Q — Q having a fixed point in €. A solution of the impulsive problem
under consideration is then created from this fixed point. Here, this is done for
the Sturm—Liouville boundary value problem, but we can proceed similarly in
the case of other regular (and also singular) problems.

Our paper is organized as follows: In Section 2, we formulate the Sturm-—
Liouville BVP with state-dependent impulses and provide the transversality
conditions for barriers ;. These conditions ensure unique transverse intersection
of graphs of solutions with barriers. In Section 3 we prove the existence of a fixed
point of an appropriate fixed point problem. Using this we state the existence
principle for our BVP. Section 4 contains the existence result for the Sturm-—
Liouville BVP with state-dependent impulses and unbounded data functions f,
Jiy M, i =1,...,p, whose proof is based on the existence principle of Section
3.

2 Transversality conditions
Let T € (0,00), p € N. We investigate the following second order Sturm-—

Liouville boundary value problem on the interval [0,7], T' > 0, subject to p
state—dependent impulses

2'(t) = f(t, 2(t),2'(t)) fora.e. t €]0,T], (11)
2(0) —az'(0) = ¢1, 2(T)+b2'(T) = ca, (12)
z2(ri+) — 2(mi) = Ji(7i, 2(13))
2Z(1i+) = 2 (1i—) = M(1i, 2(13)), (13)

Tl:’yl(z(’]—l))ﬂ i:17"'ap7



where

a,b€[0,00), c1,c2 €R, f € Car([0,T] x R?), (14)
Ji,MiEC([O,T]XR), ")/160(@), DCR, i=1,...,p.
Definition 1 A function z : [0,7] — R is a solution of problem (11)—(13), if for
each ¢ € {1,...,p} there exists a unique 7; € (0,T) such that v;(2(r;)) =7, 0 =
70 <71 <...<Tp < Tpr1 =T, the restrictions 2|7, ~1, 2l(r;,risa], @ = 1, D,
have absolutely continuous derivatives, z satisfies (11) for a.e. ¢ € [0,7] and
fulfils conditions (12) and (13).

Here, we denote by C(J) the set of all continuous functions on the interval
J, C1(J) the set of all functions having continuous derivatives on the interval
J and L'(J) the set of all Lebesgue integrable functions on J. For a compact
interval J we consider the linear spaces C(J) and C*(J) equipped with the
norms
2]l = max|a(t)] and |z = [|z]loc + [|2”loc

respectively. In the paper we work with the linear space
X = (c'(jo, )"
equipped with the norm

p+1
(g, upgr)]| = Z llu;||* for (u1,...,up+1) € X.
i=1

It is well-known that the mentioned normed spaces are Banach spaces. Recall
that for A C R, a function f : [a,b] x A — R satisfies the Carathéodory
conditions on [a,b] x A (we write f € Car([a,b] x A)) if

e f(-,x):[a,b] — R is measurable for all x € A,
o f(t,-) : A— R is continuous for a.e. t € [a,b],

e for each compact set S C A there exists a function mg € L'([a,b]) such
that |f(t,z)] < mg(¢) for a.e. t € [a,b] and each x € S.

We assume that the data functions f, J;, M; are bounded, that is

there exist m € L'([0,T]), A;, B; € (0,00) such that
|[f(t,z,y)| < m(t) for a.e. t €[0,T] and all z,y € R, (15)
|J:(t, )| < By, IM;(t,z)| < A; for all t € [0,T], z € R, i =1,...,p.

In our approach we will exploit the Green function of the linear homogenous
BVP
Z'(t) =0, tel0,T], (16)

2(0) —a2'(0) =0, 2(T)+bz'(T)=0.



which has the form

for 0<t<s<T,

_ [ 9(t,s)

G(t,s) _{ g(s,t) for 0<s<t<T, (17)

where ( Db+T—s)

a+ +1 —s
t,s) = t T]. 1
olts) = LIEEE N e o) (18)

Further put
b+T —1t —a—1

() T+a+b 92(1) T+a+b telo,T] (19)

and denote a solution of problem (16), (12) by ¢. Evidently, there exist positive
constants Cy, Cy, Co, L, L such that for s,t € [0,7T] it holds

l9(t,5)| < Co, gi(t)] < C1,  gi(t)| < Ca, i=1,2, (20)

[ <L, (') < L. (21)
Finally denote

{ M= [Im(t)dt, K=CoM+L+Co¥P  Ai+Ci Y B, (22)
K1 = ClM + L1 + Cl Z?:l Al + CQ Zle Bz
Now, we are ready to state the following transversality conditions:
1
0<’Yl(w) <... <7P(‘T) <T7 Yi 601([_K1K])7 |’7:($)| < Ea (23)
rx€[-K,K],i=1,...,p, and
for each i € {1,...,p}
either J;(t,) =0 t€[0,T], z € [-K, K], or (24)
vi(x) >0 and Ji(t,x) <0, te€[0,T],z€[-K,K]|, or
vi(x) <0 and J;(¢t,z) >0, te€0,T),z¢€[-K, K]
Define a set B by
B={uecC [0,T]) : |ulloc < K, [|t]jeo < K1} (25)

The next lemma states that functions of B have a unique trasverse intersec-
tion with each barrier.

Lemma 2 Let u € B, i € {1,...,p} and let v; satisfy (23). Then there evists
a unique 7; € (0,T) such that

vi(u(Ti)) = 7i. (26)

10



Proof. Let us take an arbitrary u € B and i € {1,...,p}. Obviously, the
constant 7; is a solution of the equation

i.e. 7; is a root of the function
o(t) =v(u(t) —t, telo,T].

According to (23) and (25), we get 0(0) = v;(u(0)) > 0, o(T) = v;(u(T))—T < 0
and

1

o'(t) = 7i(u®)'(t) =1 < [ri(u@)llv' ()] =1 < =K1 =1=0, t€(0,7).
1
(27)
Therefore o is strictly decreasing on [0,7] and hence it has exactly one root in
(0,7). O

Due to Lemma 2 we can define functionals P; : B — (0,T) by
Piu =T,
where 7; fulfils (26) for i = 1,...,p. Now, we will prove their continuity.

Lemma 3 Leti € {1,...,p} and let ; satisfy (23). Then the functional P; is
continuous on B.

Proof.  Let us consider uy,, u € B for n € N such that u,, — u in C'([0,T]).
Choose i € {1,...,p} and denote

on(t) = vi(un(t)) —t, o(t) =v(u(t))—t, forte|0,T], neN.

By Lemma 2, 0,(7"") = 0 and o(r;) = 0, where 77" = Pu, and 7; = P;u,
respectively. According to (23) we get o, 0 € C1([0,7]) for n € N and

o, — o in C([0,T)). (28)
We will prove that lim,_,. 77" = 7;. Let us take an arbitrary ¢ > 0. Since
o(r;) = 0and o'(1;) < 0 (cf. (27)), we can find € € (1, —¢,7;) and 5 € (74, 7 +¢€)

such that
0(§)>0 and o(n) <O0.

From (28) it follows the existence of ng € N such that
on(€) >0 and o,(n) <0

for each n > ng. By Lemma 2 and the continuity of o, it follows that 7' €
(&,m) C (1 —€,7 +¢€) for n > ng. 0

11



3 Existence principle

In this section, in order to obtain the existence principle to problem (11)—(13),
we assume that conditions (14), (15), (23) and (24) with K and K; by (22) are
fulfilled. Having the set B of (25), we construct a fixed point problem in the set
Q, where

Q=pBr"cX. (29)

For this purpose we define a functional f, as follows. Let P;, i = 1,...,p,
be the functionals of Lemma 3. We set for a.e. ¢ € [0,7] and for each u =
(Ul, . ,up+1) e

(t,up(t), ui(t)) for a.e. ¢t € [0, Pyuq],
fult) = F(t ua(t), ub(t)) for a.e. t € (Pyuy, Paus], (30)
St upyi(t),upy () for ae. t € (Ppuy, T

Note that for each u; € B the point P;u; € (0,T') is uniquely determined. Now,
we can define an operator F : Q@ — X by F(ui,...,upy1) = (z1,... ,xp+1),
where

:/ G(t, 5) ful(s) ds + £(2)

+ Z g(t, Piwi) M (Piug, wi(Piwi)) + g2(t) Ji (Piug, wi(Piug))] (31)

J<ilp

+ ) [—9(Poui, ) Ma(Pyui, wi(Powi)) + g1 (8)Ji(Pows, wi(Pywi) )]

1<i<y

fort €10,T),j=1,...,p+ 1. Here, G, g1 and g2 are from (17), (18) and (19)
and ¢ is a solution of problem (16), (12).

Lemma 4 The operator F has a fived point in Q.

Proof.  According to (14) and (30), the operator H : Q — C1([0,T)), (Hu)(t) =
fOT G(t,s)fu(s)ds is compact on Q. Since J;, M; are continuous on [0,7] x R
fori =1,...,pand P;, i = 1,...,p, are continuous on B due to Lemma 3,
we get by the Lebesgue dominated convergence theorem and the Arzela—Ascoli
theorem that F is compact on . By (15), (20), (21), (22) and (30), we get
from (31)

p P
z;(t)] < CoM +L+Co» A;+C1» Bi=K fortel0,T],

=1 i=1

12



j=1,...,p+ 1. Differentiating (31), we get

= [ S +ew
+ Z — 01 (Pii) Mi(Pius, ui(Piwi)) + g5 () Ji(Pii, wi(Pyus))] (39
+ Z —g2(Pyus) M (Pyus, wi(Piui)) + gy ()3 (Pyw, ui(Piu))]

fort €[0,7], j=1,...,p+ 1. This yields similarly as before

P P
() SCIM +Li+Cy Y Ai+Cp Y Bi=Ky fortel0,T],

i=1 i=1

J=1,...,p+1. Therefore z; €Bforj=1,...,p+1,and so (z1,...,Tp1) € Q.
Consequently F(£2) C 2 and the Schauder fixed point theorem yields a fixed
point in €. O

The main result of this section is contained in the next theorem.

Theorem 5 (Ezxistence principle for problem (11)—(13).) Let assumptions (14),
(15), (23) and (24) with K and Ky by (22) be fulfilled. Then there exists a so-
lution z of problem (11)—(13) such that

sup |z(t)| < K, sup [Z'(t)] < K;.
te[0,T] t€[0,T]

Proof. By Lemma 4, there exists u = (u1,...,up+1) € §2, which is a fixed
point of the operator F defined in (31). This means that

T
t) = / G(t, s) fu(s)ds + £(t)
+ Z g(t, Powi) M (Piui, i (Piug)) + g2 (£) Ji(Piwi, wi(Piug))] (33)

+ Z 9(Piui, ) Mi(Pyui, wi(Piws)) + g1.(t) Ji(Piui, ui(Piui) )|

1<i<y

fort€[0,7T],j=1,...,p+1 and

T
w0 = [ Gt fe s e

+ Z [*gl(PiUz‘)Mi(PiUi,Ui(Piuz‘))+g§(t)Ji(Piuiaui(rPiUi))} (34)

j<i<p

+ Z [—gg(Piui)Mi(Piui,ui(’Piui)) —I—g'l(t)Ji(”Piui,ui(Piui))]

1<i<j

13



fort €[0,7],j=1,...,p+ 1. Now, for t € [0,T] define a function z by

ul(t) te [O,Plul],
Z(t) _ ’LLQ(t) tE (731u1,732u2}, (35)
up1(t) t € (Ppup, 17,

and denote
Pjuj =Tj, j=1,...,p, 7 =0, Tp+1 =T. (36)

Having in mind that ¢ fulfils (12), we get due to (17)—(19), (33) and (34),

2(0) — az’(0) = u1(0) — au}(0) = /0 (G(O, s) — aaa—?(O, s))fu(s) ds

+£(0) = al'(0) + > [=(9(0,7:) — agy (7)) Mi(7s, us(7:))

1<i<p

+ (92(0) — ag5(0)) Ji (7, ui(73))] = c1,

2(T) + b2'(T) = ups1(T) + buy,, (T) = /0 (G(T, s) + b%—?(T, s)) fu(s)ds

FUT) +b0(T)+ Y [—(9(7i, T) + bga(7:)) Mi(7s, ui(7:))

1<i<p+1
+ (91(T) + bgy (1)) Ji(75, ui(1))] = ca.

We have proved that z fulfils (12). By Lemma 2, 7; is a unique point in (0, T)
satisfying

T = (ui(75)), J=1....p.
Choose j € {1,...,p}. In view of (33) and (35) we get

2(154) — 2(75) = w1 (75) — uj(75) = (91(75) — 92(75))J; (75, u;j(75))
= Jj(75,u5(15)) = Ji(75, 2(75))s

and (34), (35) provide

2 (i) = 2 (1=) = )y (15) — uj(15) = —(g2(75) — 91(75)) M (75,45 (75))
= M;(75,u;(75)) = M;(7;,2(75)).

We see that z satisfies (13). The first condition in (23) yields 0 < 71 < 72 <
... < 1p <T. Further we get from (30), (34), (35) and (36)

2 () = uj(t) = fult) = F(tu;(t), uj(t)) = (£, 2(1), 2 (1))

for a.e. t € (1j_1,7), j=1,...,p+ 1. We get that z is a solution of equation
(11). Finally, we will show that 7;, j = 1,..., p, are unique solutions of equations

TJ:’YJ(Z(T]))a ]:177]7 (37)

14



For this purpose it suffices to prove

t# 7 (uja(8), te(r,T], j=1,....p. (38)

Choose j € {1,...,p}. By Lemma 4 and (29), u;+1 € B (see (25)) and hence
luj41lloo < K. According to assumption (24) there are three possibilities:

(i) Assume that the first condition in (24) is satisfied. Then J;(7;,2) = 0 for
x € [-K, K] and we get by (13) and (35)

w1 (75) = uj(75) = 2(75+) — 2(7;) = 0.
Hence 7; is a solution of the equation

t=;(uj+1(t))- (39)

By Lemma 2, equation (39) has a unique solution in (0,7), which implies (38).
(ii) Assume that the second condition in (24) is satisfied. Then v}(x) > 0 and
Jj(m5,z) <0 for z € [-K,K]. Put o(t) = v;(uj41(t)) —t for t € [0,T]. It
follows from (13) and (35) that

uj1(75) — uj(7y) = 2(75+) — 2(75) = Jj(75,2(73)) <0

and
o(1j) = Vi (uja(75)) — 75 < 75(ws(75)) =75 = 0
due to (37). The second condition in (23) gives

1
o'(t) = vj(uj1(t)uf () =1 < EKl —1=0

for t € (3, T). So, (38) is valid.
(iii) The third condtion in (24) is dual to the second one, so the proof is similar.
O

4 Unbounded data functions

Assume that condition (15) fails, that is at least one of the data functions f,
Jiy M, i=1,...,p, in problem (11)—(13) is unbounded. Then the constants K
and K, which are needed in the transversality conditions (23) and (24), cannot
be obtained by (22). The next lemma gives constants K and K; which will
serve as a priori estimates of solutions of problem (11)—(13) and which can be
used in (23) and (24), provided f(¢,-,-), Ji(t,-) and M;(¢,-), i =1,...,p, have
at most sublinear growth in large values of their space variables (see Theorem
7).

Lemma 6 (A priori estimates) Consider condition (12), where a, b € [0,00),
c1, ca € R. Let Cy, C1, Cy and L, Ly be constants satisfying (20) and (21),
respectively. For D = [0,00) x [0,00), assume that f € Car([0,T] x D) is
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nondecreasing in its second and third variable for a.e. t € [0,T], and ji, Mvz €
C[0,00) are nondecreasing fori =1,...,p. Finally let

i fo F(t,x,x)dt + Ji(z) + M,(x)

T—00 €T

=0, i=1,...,p. (40)

Then there exists K* > 0 such that each K1 € (K*,00) satisfies

p
K1>Cl/ftKK1)dt+L1+Cle )+ Co Y Ji(K),  (41)

=1

where K > K1 is a solution of the equation

p
K =aK +|ei| + Y Ji(K) (42)
i=1

and

a=max{a+ (p+ 1)T,1}. (43)

Proof.  First, we will show that for each K7 > 0 equation (42) has at least one
solution K > K;. Choose K7 > 0. We see that the function

p
O(K) = aKy +|er| + > Ji(K
i=1

is continuous on [0,00) and ®(K;) — K3 > 0. On the other hand, since
limg oo ®(K)/K = 0 due to (40), it holds ®(K) — K < 0 for large K. Hence
there exists at least one K > K such that ®(K) — K = 0.

Now, assume on the contrary, that for any K; € (0, 00) it holds

K1<C’1/ ftKK)dt+L1+Cle K)+ Gy Ji(K), (44)

i=1

where K > K is a solution of (42). Then (42)—(44) give

K P (K T
1Y 1+ e + 20 Ji( )<a{cl;1/ fit, K, K)dt
0

K
Ly M;(K) ’L Ji(K) Llal 5 Ji(K)
+f+clz K +C2;T -‘rz K

i=1 =1

Letting K1 — oo we get K — oo and, due to (40), the contradiction 1 < 0
follows. 0

We are ready to formulate the main result of this section.
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Theorem 7 Let (14) hold and let us assume that there exist functions ]?, J;,

M, i=1,...,p, satisfying conditions of Lemma 6 and such that

lf(t z,y)| < f(t x|, yl) for a.e. t €[0,T] and all z,y € R, (45)

it o) < Ti(l2l),  [Mi(t,a)| < Mi(ll) for t € [0,T], z € R, i=1,....p.

(46)
Finally assume that Cy, Co, Ly are constants from Lemma 6 and that (23), (24)
hold with K and Ky from Lemma 6. Then problem (11)—(13) has a solution z
such that

sup |z(t)] < K, sup |2'(t)] < K.
te[0,T] te[0,T]

Proof.  Consider the set B given by (25) with K7 and K from Lemma 6. It
is obvious that Lemma 2 and Lemma 3 are valid. Therefore if we introduce 2
by (29), we can define the operator F : Q — X by (31). Arguing as in the first
part of the proof of Lemma 4, we get that F is compact on Q.

Choose (u1,...,ups1) € Q. Then [[u;lloo < K, [[tf|lc < Ky fori=1,...,p+1.
Using (45) and (46), we deduce from (32)

(1) < Oy /OT ft, K, Ky)dt + Ly + C, zp:fvz“i(K) + Z,,: Ji(K)
i=1 i=1
fort €[0,7], j=1,...,p+ 1, and by virtue of (41) we get
[2illoc < K1, j=1,...,p+1. (47)
Arguing as in the proof of Theorem 5, we deduce from (31) that
21(0) — az’(0) = c;. (48)
In addition, (47) yields
pi=max{|z}|lec:j=1,...,p+1} < K. (49)
Consequently, by (48) and (49),
lz1(¢)| < (a+T)p+lc1], te][0,T). (50)

Further, (31) gives
zo(m1) = 21(11) + J1 (11, w1 (1)),

and, due to (46), (49) and (50),
jwa(t)] < (a+2T)p + |es + T (K), ¢ €[0,T].

Similarly we derive

51 (0] < (a+ G+ DT)p+ e+ S JK), te[0,T], j=1,....p. (51)

i=1
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According to (42), (43), (49) and (51), we get
[2)llec <K, j=1,....,p+1. (52)

The estimates (47) and (52) imply that (z1,...,2p41) € Q. Consequently
F(€2) C Q and the Schauder fixed point theorem yields a fixed point (u1, ..., upt1) €
Q. To get a solution z of problem (11)—(13) we can repeat the proof of Theorem

5. 0

Example 8 Choose for simplicity T =p =a = b = ¢; = ¢ = 1 and consider
functions

M (t,x) =Yz, te[0,1], z,y €R.
Then conditions (45) and (46) are satisfied for

]@7&0 y) = |sin(4t)|(¥/|z| + 3 Ji(z) = /],
Ml( ): d\/ |'T|7 te [071]a xay€R~

{ [tz y) = Sin(4t)(\3/5+ \3/@)’ Ji(t, x) = ty/]z], (53)

Since
fo | sin(48)|({/]x| + § |y\)dt—|— |z| + /||

CE*}OO

functions f, J; and M fulfil (40). Further7 the solution ¢ of problem (16), (12)
has here the form ¢(¢t) = 1 and Cy = 4/3, C; = 2/3, Cy = 1/3 are constants of
(20). By Lemma 6, there exist K1 > 0 and K > K satisfying (41) and (42)
with o = 3. Moreover from (42) we get that K > 1 and consequently from (41)
we obtain K7 > 1. Let us put

:O,

1 /1 x?%sgnax
v(z) = i (2 - 3Rz ) for x € R. (54)
Then o]
x
¥ (x) = T3KPK, for z € R,

and we can easily check that 0 < y(z) <1, —1/K; <+'(x) <0, Ji(t,x) > 0 for
t €[0,1], x € [-K, K]. Therefore (23) and (24) are valid. Choose for example
K7 = 5. Then there exists K € (20.5,20.6) which is a solution of the equation

K- VK —-16=0, (55)

and which fulfils the inequality

2 [t 2 1

5> g/ |sin(4¢)|(VE + V/5) dt + g\S/EJr gx/l?.
0

By Theorem 7, problem (11)—(13) with the data functions given by (53) and

(54), where K1 = 5 and K = 20.531 is a solution of equation (55), has a solution

z such that

sup |z(t)] <20.6, sup [|2'(t)] <5.
t€[0,T] te[0,T]
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