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Abstract

We consider the second order nonlinear di�erential equation with an

unbounded right�hand side and two�point or nonlinear boundary con�

ditions on a compact interval� Using the method of a priori estimates

and the relation between the topological degree of the operators as�

sociated to the above boundary value problems and strict lower and

upper solutions� we get the mutiplicity results for the problems�

� Introduction

In ���� we have studied the boundary value problems for the second order
di�erential equation

x�� � f�t� x� x��� ���

with f continuous and bounded on J �R�� J � �a� b� � R� i�e�

�M � �	��� 
 jf�t� x� y�j � M for all �t� x� y� � J �R�� ���

We have considered the periodic conditions

x�a� � x�b�� x��a� � x��b�� ���

� This work was supported by Grant ����������� of the Grant Agency of the Czech
Republic and by the Council of Czech Government J�������	�������
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the Neumann conditions

x��a� � 	� x��b� � 	� �
�

and the nonlinear conditions

g� �x�a�� x
��a�� � 	� g� �x�b�� x

��b�� � 	� ���

where g�� g� � C�R�� are increasing in the second argument and g� is nonin�
creasing and g� nondecreasing in the �rst argument�

For the problems �����k�� k�f��
g� we have de�ned the associated opera�
tors L and N 


L 
 domL� C�J�� x ��� x��� domL � fx � C��J� 
 x ful�lls �k�g�
N 
 C��J�� C�J�� x ��� �f��� x���� x�����

and for the problem ���� ��� we have de�ned
L 
 C��J�� C�J��R�� x ��� �x��� 	� 	��
N 
 C��J�� C�J��R��
x ��� ��f��� x���� x������ g��x�a�� x

��a��� g��x�b�� x
��b��� �

The problems �����k�� k�f��
��g can be written in the form of the operator
equation

�L�N� x � 	� ���

For more details see �
�� ���� ��	�� In ���� we have proven for the degree dL of
the operator L�N the following results


Theorem ��� Suppose k�f�����g� Let ��� be ful�lled� �	� be the operator
equation corresponding to the problem �
���k� and let ��� �� be strict lower
and upper solutions of �
���k� with

���t� � ���t� for all t � J�

Then
dL�L�N���� � ��

where

�� � fx � C��J� 
 ���t� � x � ���t�� jx
��t�j � c for all t � Jg

with c 	 ��M � r � ���b� a� for k� f���g
and c 	 ��M�r����b�a����r�����b�a� for k��� r � k��kmax�k��kmax�
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Theorem ��� concerns the case of well ordered ��� ��� The case of ��� ��
ordered by the opposite way is described in Theorem ����

Theorem ��� Suppose k�f�����g� Let ��� be ful�lled� �	� be the operator
equation corresponding to the problem �
���k� and let ��� �� be strict lower
and upper solutions of �
���k� satisfying

���t� � ���t� for all t � J�

Then
dL�L �N���� � ���

where
�� � fx � C��J� 
 kxkmax � A� kx�kmax � B�

�tx � J 
 ���tx� � x�tx� � ���tx�g�

with B 	 ��b� a�M� A 	 k��kmax � k��kmax � ��b� a��M for k�f���g�
and B 	 ��b� a�M � k���kmax� A 	 k��kmax� k��kmax � �b� a�B for k���

Here� we extend the results of Theorems ��� and ��� onto di�erential
equations with an unbounded right�hand side f � In the whole paper we
suppose that k� f�� 
� �g� that ��� is the operator equation corresponding
to the problem �����k� and that ��� �� are strict lower and upper solutions of
�����k��

In the mathematical literature there are many existence results via lower
and upper solutions method� It should me mentioned the papers by H� B�
Thompson ��
� ���� where the existence of solutions to the equation ��� with
fully nonlinear two point boundary conditions has been established and many
references and further information can be found� The boundary conditions
���� �
� and ��� in our paper are a speci�cation of those in ��
� ���� However�
thanks to their special properties we need only one�sided growth restrictions
for f instead of two�sided ones which are required in ��
� ���� Moreover� the
crucial assumption in ��
� ��� is the existence of a lower solution �� and an
upper solution �� which are well ordered� i�e� �� 
 ��� But we consider
also the opposite order �� � ��� Our theorems on multiplicity results from
Section 
 combine the both types of ordering of lower and upper solutions and
so they cannot be obtained by the approach presented in ��
� ���� For other
results concerning non�ordered or reverse ordered lower and upper solutions
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we refer to the papers ��� �� �� ��� In the literature we can �nd multiplicity
results reached via proper modi�cations of the Leggett�Williams �xed point
theorem� In this way the existence of three positive solutions of autonomous
di�erential equation with the Dirichlet boundary conditons has been proved
in ���� It should be interesting to apply this method on the nonautonomous
di�erential equation ��� with the boundary conditions ���� �
� or ��� and to
compare obtained results with ours in Section 
�

� Nagumo�Knobloch�Schmitt conditions

Using the method of a priori estimates we can replace the conditon ��� in The�
orem ��� by the Nagumo�Knobloch�Schmitt condition with bounding func�
tions ��� �� 


���� �� � C��K� 
 ���t� �i�t�� 
 ��i�t�� ���t� �i�t�� 	 ��i�t��

f�t� x� ���t� x� �
����t�x�

�t
� ����t�x�

�x
���t� x��

f�t� x� ���t� x� �
����t�x�

�t
� ����t�x�

�x
���t� x��

for i � f�� �g and for all �t� x� � K � J � ����t�� ���t���

���

Theorem ��� Let ��� be ful�lled and let

���t� � ���t� for all t � J�

Further suppose that for k��

��i�b� x�� �i�a� x������
i 	 	� ���

for k��
��i�b� x�� ��i�b������

i � 	� ���

and for k��
g��x� �i�b� x������

i � 	� ��	�

with i � �� �� x � ����t�� ���t���
Then

dL�L�N���� � ��






where

�� � fx � C��J� 
 ���t� � x�t� � ���t��

���t� x� � x��t� � ���t� x� on Kg�

Proof� Put

��t� x� �

���
��

���t� for x � ���t�
x for ���t� 
 x 
 ���t�
���t� for x � ���t�

�

��t� x� y� �

���
��

���t� x� for y � ���t� x�
y for ���t� x� 
 y 
 ���t� x�
���t� x� for y � ���t� x�

�

f ��t� x� y� � f�t� ��t� x�� ��t� x� y���

and consider the auxiliary equation

x�� � f � �t� x� x�� � ����

We can see that f � satis�es ��� with M � maxfjf�t� x� y�j 
 �t� x� y� �
J � ����t�� ���t�� � ����t� x�� ���t� x��g and ��� �� are strict lower and upper
solutions for the problem ������k�� k� f�� 
� �g� Let us de�ne the set

� � fx � C��J� 
 ���t� � x � ���t�� jx
��t�j � c for all t � Jg�

where
c 	 ��M � r � ���b� a� for k� f�� 
g and
c 	 ��M � r � ���b� a� � ��r � ����b� a� for k���
r � k��kmax � k��kmax�

Further� for k�f�� 
g we put
N� 
 C��J�� C�J�� x ��� �f ���� x���� x����� �
for k�� we put
N� 
 C��J�� C�J��R��

x ��� ��f ���� x���� x������ g��x�a�� x
��a��� g��x�b�� x

��b����
Then� by Theorem ����

dL�L �N���� � �� ����

Let us prove that for any solution u of the problem ������k�� k� f�� 
� �g
the implication u � � �� u � �� holds� Put z��t� � u��t� � ���t� u� and
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z��t� � ���t� u� � u��t� and suppose that there exists i � f�� �g and t� � J
such that

maxfzi�t� 
 t � Jg � zi�t�� 	 	�

Then z�i�t�� 
 	 for t� � �a� b�� On the other hand� by ���� z�i�t�� � 	� a
contradiction� Now� suppose that t� � b� For k��� we have u��b� � u��a� and�
by ���� ��i�b� u�b����i�a� u�a�������

i 	 	� thus z��b� � u��b�����b� u�b�� 

u��a� � ���a� u�a�� � z��a�� and z��b� � ���b� u�b�� � u��b� 
 ���a� u�a�� �
u��a� 
 z��a�� So zi�b� � zi�a� and we can put t� � a� For k�
 we have
u��a� � u��b� � 	 and ����a� 	 	� ����b� 
 	� ����a� 
 	� ����b� 	 	� thus� by
���� ���b� u�b�� � ����b� 
 	� ���b� u�b�� � ����b� 	 	 and z��b� � 	� z��b� � 	�
which is a contradiction� For k��� according to ��	�� we have g��u�b�� u

��b�� 	
g��u�b�� ���b� u�b�� � 	 if i � �� and g��u�b�� u

��b�� 
 g��u�b�� ���b� u�b�� � 	
if i � �� In the both cases we get a contradiction� Therefore

���t� u�t�� � u��t� � ���t� u�t�� on K

and thus u � ��� By the excision property of the degree we get from ����

dL�L �N����� � �

and since N � N� on ��� Theorem ��� is proved�

For the constant functions ��� ��� ��� �� Theorem ��� implies

Corollary ��� Suppose that there exist real numbers r� � r�� c� � 	 � c��
such that

f�t� r�� 	� � 	� f�t� r�� 	� � 	� ����

f�t� x� c�� � 	� f�t� x� c�� � 	� ��
�

for all �t� x� � J � �r�� r���
If k�� we suppose moreover that for x � �r�� r��

g��x� ci�����
i � 	� i � �� �� ����

g��r�� 	� 	 	� g��r�� 	� 
 	� ����

g��r�� 	� 
 	� g��r�� 	� 	 	�

Then
dL�L�N���� � ��

where

�� � fx � C��J� 
 r� � x�t� � r�� c� � x��t� � c�� � t � Jg�

�



Now� let us consider the special case of bounding functions depending on
t only


���� �� � C��J�
 ���t� 
 ��i�t�� ���t� 	 ��i�t��

f�t� x� ���t�� � � ���t�� f�t� x� ���t�� � � ���t�� ����

for all �t� x� � J � �s�� s��� where s� �minf���t� 
 t � Jg �
R b
a ��t�dt� s� �

maxf���t� 
 t � Jg�
R b
a ��t�dt� ��t� �maxfj���t�j� j���t�jg�

Theorem ��� Let �
�� be ful�lled and let

���t� � ���t� for all t � J�

Further suppose that for k��

��i�b�� �i�a������
i 	 	� ����

for k��
��i�b�� ��i�b������

i � 	� ����

and for k��
g��x� �i�b������

i � 	� ��	�

with i � f�� �g� x � �s�� s���
Then

dL�L �N���� � ���

where

�� � fx � C��J� 
 s� � x�t� � s�� ���t� � x��t� � ���t�

for all t � J�

�tx � J 
 ���tx� � x�tx� � ���tx�g�

Proof� Put

	�x� �

���
��

s� for x � s�
x for s� 
 x 
 s�
s� for x � s�

�

��t� y� �

���
��

���t� for y � ���t�
y for ���t� 
 y 
 ���t�
���t� for y � ���t�

�

�



f ��t� x� y� � f�t� 	�x�� ��t� y���

and consider the equation ����� We can see that f � satis�es ��� with M �
maxfjf�t� x� y�j 
 �t� x� y� � J � �s�� s�� � ����t�� ���t��g and ��� �� are strict
lower and upper solutions for the problem ������k�� k� f�� 
� �g� Let us
de�ne the set

� � fx � C��J� 
 kxkmax � A� kx�kmax � B�

�tx � J 
 ���tx� � x�tx� � ���tx�g

with B � ��b� a�M � k�kmax� A � k��kmax� k��kmax��b� a�B for k��� 

and B � ��b� a�M � k�kmax � k���kmax� A � k��kmax � k��kmax � �b� a�B
for k���
Further we de�ne the operator N� like in the proof of Theorem ��� and using
Theorem ��� we get

dL�L�N���� � ���

We can follow the proof of Theorem ��� and using ���� � ��	�� we prove for
any solution u of ������k�� k� f�� 
� �g

u � � �� ���t� � u��t� � ���t�� for all t � J�

Integrating the last inequality we get

s� � u�t� � s�� for all t � J�

i�e� u � ��� By the excision property of the degree we get

dL�L �N����� � ��

and since N � N� on ��� Theorem ��� is proved�

Corollary ��� Suppose that there exist real numbers r� � r�� c� � 	 � c��
such that �
�� and�
�� are satis�ed for all �t� x� � J � �r� � c��b � a�� r� �
c��b�a��� If k��� we suppose that �
��� �
	� are satis�ed for x � �r�� c��b�
a�� r� � c��b� a���
Then

dL�L �N���� � ���

where

�� � fx � C��J� 
 r� � c��b� a� � x�t� � r� � c��b� a��

c� � x��t� � c�� � t � J

�tx � J 
 r� � x�tx� � r�g�

�



Example� Suppose f�� f�� f� � C�J�� k�m � N� The function

f�t� x� y� � f��t�x
�k	� � f��t�y

�m	� � f��t�

satis�es the conditions of Corollary ���� if f�� f� � 	 on J� and it satis�es
the conditions of Corollary ��
� if f� � 	� f� � 	 on J and either m � k or
m � k� f��t� � kf�kmax �b� a��k	� for all t � J�

� One�sided growth conditions

Other type of conditions which can be used instead of ��� in Theorem ��� and
Theorem ��� are one�sided growth conditions which were used by Kiguradze
��� in some existence theorems�

�� The one�sided Bernstein�Nagumo condition


�
 � C�R	�� 
 positive�
Z
�

�

ds


�s�
�� and

f�t� x� y� 
 
�jyj� � �� � jyj� ����

��t� x� � J � ����t�� ���t���R�

�� The one�sided linear growth condition


�a�� a� � �	���� 	 � C�J �R�� non�negative and non�decreasing

in the second argument such that

f�t� x� y� 
 a�jxj� a�jyj� 	�t� jxj� jyj� ����

��t� x� y� � J �R��

where
a��b� a�� � a��b� a� � � ����

and

lim
z��

�

z

Z b

a
	�t� z�dt � 	�

Note� Let us remember that if f satis�es ���� it satis�es ���� as well�

First� we will prove lemmas on a priori estimates for solutions of the
problems �����k�� k� f�� 
� �g�

�



Lemma ��� Suppose

���t� � ���t� for all t � J�

Let ��
� be satis�ed� If k��� suppose moreover

lim
y��

g��r�� y� � 	� lim
y���

g��r�� y� � 	� ��
�

r� � min f���t� 
 t � Jg� r� � maxf���t� 
 t � Jg�
Then there exists �� � �	��� such that for any solution u of the problem
�
���k�� the implication

���t� � u�t� � ���t� on J �� ku�kmax � �� ����

is valid�

Proof� Let u be a solution of �����k� and let

���t� � u�t� � ���t� for all t � J� ����

Let us put r � k��kmax � k��kmax� � � maxfju��t�j 
 t � Jg� The condition
���� implies that

u�� 
 
�ju��t�j��� � ju��t�j�� �t � J� ����

�� Let k��� Then we can �nd t� � �a� b� such that u��t�� � 	�From ���� it
follows that there exist ��� �

� � ������ �� � ��� such that

Z ��

�

ds


�s�
� K � �r�

Z ��

�

ds


�s�
� K � �r� ����

�a� Suppose that there exists t� � �t�� b� such that

maxfu��t� 
 t � �t�� b�g � u��t�� � c� � ��

Then we can �nd �� � �t�� t�� such that

u����� � � and u��t� � � �t � ���� t���

Integrating ���� from �� to t� we get

Z t�

��

u���t�dt


�u��t��

 �

Z t�

��

u��t�dt�

�	



thus Z c�

�

ds


�s�

 �r� which gives c� � ���

Therefore u��t� � �� for all t � �t�� b�� u
��a� � ��� Further suppose that there

exists t� � �a� t�� such that

maxfu��t� 
 t � �a� t��g � u��t�� � c� � ���

Then we can �nd �� � �a� t�� such that

u����� � �� and u��t� � �� for all t � ���� t���

Integrating ���� from �� to t� we get

Z c�

�

ds


�s�

 K � �r� which gives c� � ���

Thus we have proven
u��t� � �� for all t � J� ����

�b� Now� we will estimate u� from below� Suppose that there exists t� �
�a� t�� such that

minfu��t� 
 t � �a� t��g � u��t�� � �c� � ���

If we put v��t� � �u��t�� we can prove like in �a� that c� � ��� i�e� u
��t� � ���

on �a� t��� u
��b� � ���� Supposing that

minfu��t� 
 t � �t�� b�g � u��t�� � �c� � ����

we can also use for v� � �u� the same argument like in �a� and get c� � ���
i�e�

��� � u��t� for all t � J� ��	�

�� Let k�
� From ���� it follows that there exists �� � ����� such that

Z ��

�

ds


�s�
� �r� ����

Now� we can use the same considerations like for the periodic problem ��������
but instead of proving the estimate on �t�� b� and then on �a� t��� in the step
�a�� and on �a� t�� and then on �t�� b�� in the step �b�� we can put t� � a� in

��



the step �a�� and get ���� and then put t� � b� in the step �b�� and get ��	��
�� Let k��� Then ��
� guarantees the existence of � � ����� such that for
any solution x of ������� satisfying ����

x��a� � �� x��b� � ��� ����

Otherwise� we could �nd a sequence of solutions fxng
�

� of ������� satisfying
���� with x�n�a� � � or x�n�b� � �� for n � �� So� there exists n� � N

such that g��xn��a�� x
�

n�
�a�� � 	 or g��xn��b�� x

�

n�
�b�� � 	� a contradiction�

Further� from ���� it follows that there exists �� � ����� such that

Z ��

�

ds


�s�
� �r �

Z �

�

ds


�s�
� ����

Then we can argue like for k�
 and using ���� we get ����� in the step �a��
and ��	�� in the step �b��

Lemma ��� Let r�� r� � R� r� � r� and let ���� be satis�ed� If k��� suppose
moreover

lim
y��

g��x� y� � 	� lim
y���

g��x� y� � 	� ��
�

uniformly for x � R	�
Then there exists 
� � �	��� such that for any solution u of the problem
�
���k�� the implication

�tu � J 
 r� � u�tu� � r� �� ku�kmax � 
� ����

is valid�

Proof � Let x be a solution of �����k�� k�f��
��g and let there exist a tx � J
such that r� � u�tx� � r�� Let us put r � jr�j� jr�j� � �maxfjx��t�j 
 t � Jg�
The condition ���� implies that

x���t� 
 a�jx�t�j� a�jx
��t�j� 	�t� jxj� jx�j� �t � J� ����

�� Let k��� We have jx�t�j 
 ��b � a� � r for all t � J and we can �nd
t� � �a� b� such that x��t�� � 	�

�a� Integrating ���� from t� to t � �t�� b�� we get

x��t� 
 A��� t�� b� �t � �t�� b� and x��a� 
 A��� t�� b�� ����

��



where

A��� t�� b� � a����b� a� � r��b� t�� � a���b� t�� �Z b

t�

	�s� ��b� a� �� � r�ds�

Integrating ���� from a to t � �a� t�� and using ����� we get

x��t� 
 A��� t�� b� � A��� a� t�� � A��� a� b� �t � �a� t���

Thus
x��t� 
 A��� a� b� for all t � J� ����

�b� Now� let us integrate ���� from t � �a� t�� to t� 


�x��t� 
 A��� a� t�� �t � �a� t�� and � x��b� 
 A��� a�t��� ����

Finally� using ���� and integrating ���� from t � �t�� b� to b� we have

�x��t� 
 A��� a� t�� � A��� t�� b� � A��� a� b� �t � ft�� b��

Therefore
�x��t� 
 A��� a� b� for all t � J� �
	�

���� and �
	� give
� 
 A��� a� b�� �
��

�� Let k�
� Then we can put t� � a� in the step �a�� and t� � b� in the step
�b�� and get �
���
�� Let k��� We can show like in the proof of Lemma ���� part �� that ����
is valid for any solution x of �������� For proving the estimation of the �rst
derivatives of the solutions we can argue like for k�
 and get

� 
 � � A��� a� b�� �
��

Let us show that there exists 
� � �	��� such that

maxfjx��t�j 
 t � Jg � � � 
�

for any solution x of the problem �����k�� k�f��
��g� Suppose that such con�
stant 
� does not exist� Then we can �nd a sequence of solutions fxng

�

�

of the problem �����k� and the associated sequence of f�ng
�

� such that

��



limn�� �n � �� If k�f��
g� we get� according to �
��� �n 
 A��n� a� b��
i�e�

� 

�

�n
A��n� a� b� � a��b� a�� � a��b� a� �

�

�n
a�r�b� a� �

�

�n

Z b

a
	�s� �n�� � b� a� � r�ds

and if k��� we get from �
��

� 

�

�n
� �

�

�n
A��n� a� b��

Provided �n �� we get for k�f��
��g

� 
 a��b� a�� � a��b� a��

which contradicts ����� So� the implication ���� is valid and Lemma ��� is
proved�

Theorem ��� Let ��
� be ful�lled and let

���t� � ���t� for all t � J�

If k��� suppose moreover �����
Then there exists r� � �	��� such that

dL�L�N���� � ��

where

�� � fx � C��J� 
 ���t� � x�t� � ���t� �t � J� kx�kmax � r�g�

Proof� Let �� be the constant from Lemma ���� Put

r � k��kmax � k��kmax� r
� � r �maxf��� k���kmax� k�

�

�kmaxg�

��s� �� �

���
��

� for 	 
 s 
 �
�� s�� for � � s � ��
	 for s 	 ��

�

f ��t� x� y� � ��jxj� jyj� r��f�t� x� y��

�




and de�ne for k�f��
g

N� 
 C��J�� C�J�� x ��� �f ���� x���� x������

and for k��

N� 
 C��J�� C�J��R��

x ��� ��f ���� x���� x������ g��x�a�� x
��a��� g��x�b�� x

��b����

The di�erential equation
x�� � f ��t� x� x�� �
��

has also ��� �� as its strict lower and upper solutions and the function f �

satis�es ��� withM � ��maxfjf ��t� x� y�j 
 t � J� jxj� jyj 
 �r�g� Therefore�
by Theorem ����

dL�L �N���� � �� �

�

where

� � fx � C��J� 
 ���t� � x�t� � ���t�� jx
��t�j � c �t � Jg

with

c � ��M � r � ���b� a� �
��r � ��

b� a
� r��

We can see that f � ful�ls ���� and thus� by Lemma ���� the implication ����
is valid� It means that any solution u � � of the problem �
����k� belongs to
��� Thus� by the excision property of the degree

dL�L�N����� � ��

and since N� � N on �� Theorem ��� is proved�

Theorem ��� Let ���� be ful�lled and let

���t� � ���t� for all t � J�

If k��� suppose moreover �����
Then there exists r� � �	��� such that

dL�L �N��
� � ���

where

�
 � fx � C��J� 
 kxkmax � kx�kmax � r��

�tx � J 
 ���tx� � x�tx� � ���tx�g�

��



Proof� Let 
� be the constant from Lemma ���� Put r� �minf���t� 
 t �
Jg� r� �maxf���t� 
 t � Jg� r� � 
����b�a�� jr�j�jr�j�k�

�

�kmax�k�
�

�kmax�
Now� we can follow the proof of Theorem ���� de�ne f � and N� in the same
way and� using Theorem ���� we get �

�� where

� � fx � C��J� 
 kxkmax � A� kx�k � B�

�tx � J 
 ���tx� � x�tx� � ���tx�g�

with B � ��b� a�M � r�� A � k��kmax � k��kmax � ��b� a��M�
We can see that f � ful�lls ���� and thus� using Lemma ���� we can �nish

the proof similarly like that of Theorem ����

� Multiplicity results

Let us suppose that ��� �� and �� are strict lower� upper and lower solutions of
�����k�� k�f��
��g� Using Theorem ��� and Theorem ��� we get the following
multiplicity result


Theorem ��� Suppose that

���t� � ���t� � ���t� for all t � J �
��

and that �
�� and� according to k� the condition �

� or �
�� or ���� are
ful�lled for all �t� x� � J � ����t�� s��� where s� � max f���t� 
 t � Jg �R b
a ��t�dt�
Then �
���k� has at least two di�erent solutions u� v satisfying

���t� � u�t� � ���t�� ���t� � v�t� for all t � J�

���tv� � v�tv� � ���tv� for a tv � J� �
��

Proof� Since �������	� is the special case of ������	�� the existence of a
solution u lying between �� and �� follows from Theorem ���� The existence
of the second solution v satisfying �
�� follows from Theorem ���� The in�
equality �� � v on J can be proven in the same way like for u in the proof
of Theorem ����

Similarly� by means of Theorem ��� and Theorem ��
 and the fact that
���� and ��
� are the special cases of ���� and ��
�� we get


��



Theorem ��� Let us suppose that ���� and ���� are ful�lled and� for k���
suppose moreover ����� Then the assertion of Theorem ��
 is valid�

Now� let us consider the dual situation� where �� is an upper solution of
�����k��

Theorem ��� Suppose that

���t� � ���t� � ���t� for all t � J �
��

and that �
�� and� according to k� the condition �

� or �
�� or ���� are
ful�lled for all �t� x� � J � �b�� ���t��� where b� � min f���t� 
 t � Jg �R b
a ��t�dt�
Then �
���k� has at least two di�erent solutions u� v satisfying

���t� � u�t� � ���t�� v�t� � ���t� for all t � J�

���tv� � v�tv� � ���tv� for a tv � J�

Theorem ��� Let us suppose that ���� and ���� are ful�lled and� for k���
suppose moreover ����� Then the assertion of Theorem ��� is valid�

For constant lower and upper solutions we can generalize the theorems
from ����� concerning the multiplicity results of the Ambrosetti�Prodi type
for the periodic problem�

Theorem ��� Suppose k�f���g� Let n � N� n 	 �� c�� c�� s�� r�� ���� rn	� � R

be such that
r� � r� � ��� � rn	�� �
��

c� � 	 � c��

�s� � f�t� ri� 	������
i � 	 for all t � J� i � f�� ���� ng� �
��

and
f�t� x� c�� � 	� f�t� x� c�� � 	 ��	�

for all �t�x�� J � �r�� r
��� where

r� �

�
rn	� for n odd
rn	��maxfjc�j� c�g�b� a� for n even�

����

��



Then there exist s�� s� � ���� s��� s� 
 s�� such that the problem

x�� � f�t� x� x�� � s� �k� ����

has�
�i� at least n di�erent solutions ui� i � �� ��� n� satisfying

r� � ui�t� � r� for all t � J� i � f�� ���� ng� ����

�ii� at least n	�
�

�n
�
� solutions satisfying ���� for s � s� and n odd �even��

�iii� provided s� � s� at least one solution satysfying ���� for s � �s�� s���
�iv� no solution satifying ���� for s � s��

Proof� Let j � f�� ���� n��g� The condition �
�� implies that there exists
s� � s� such that for j odd �even� rj is a strict lower � upper� solution to ����
for s � �s�� s��� Therefore� using Theorem 
�� we get �i�� For s � s� at least
one of the strict upper solutions rj of the problem ���� becames nonstrict
and so two solutions of this problem can identify� In the case where all the
upper solutions became nonstrict for s � s�� all neighbour pairs of solutions
of ���� can be identical� Thus �ii� is true� Suppose that x is a solution of
���� satysfying ����� Put m �minff�t� x� y� 
 �t� x� y� � J� �r�� r

��� �c�� c��g�
Then� integrating the equation ���� from a to b� we get m � s� Thus for
s 
 m the problem ���� has no solution satisfying ����� Suppose that for
some s� � �m� s�� the problem ���� has a solution u�� Then there exists a
solution of ���� for all s � �s�� s��� because u

� is an upper solution and r� a
lower solution of ���� for s � �s�� s��� and u��t� � r� on J� So� we can put
s� � inffs 
 s � s�� ���� has a solution satisfying ����g� Then s� � �m� s���
If s� � s�� we consider a sequence f�ng � �s�� s�� converging to s� and the
corresponding sequence of solutions fung of the problems f����� s��ng� This
sequence is equi�bounded and equi�continuous in C��J� and by the Arzel�a�
Ascoli theorem� we can choose a subsequence converging in the space C��J�
to a solution of ���� for s � s�� Thus �iii� and �iv� are valid�

Similarly we can prove


Theorem ��� If we change the inequality ���� in Theorem ��� onto the
opposite one� i�e�

�s� � f�t� ri� 	������
i � 	 for all t � J� i � f�� ���� ng�

��



and suppose that ���� is ful�lled for all �t� x� � J � �s�� r��� where r� is given
by ��
� and s� � r� � �b � a�maxfjc�j� c�g� then the assertions �i���iv� of
Theorem ��� remain valid�

Using one�sided growth conditions and Theorems ���� ��
� 
�� and 
�
� we
get


Theorem ��� Suppose k�f����g� Let n � N� n � � be odd and let s�� r�� ���� rn	� �
R satisfy ��
� and ����� Further� let ��
� be ful�lled�
Then there exists r� 	 rn	� such that �i���iv� of Theorem ��� are valid�

Theorem ��� Suppose k�f���g� Let n� N� n 	 � be even and let s�� r�� ���� rn	� �
R satisfy ��
� and ����� Further let ���� be ful�lled�
Then there exists r� 	 rn	� such that �i���iv� of Theorem ��� are valid�

Close results concerning the existence of two or three solutions of the
periodic problem can be found also in ��� and �����
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