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Abstract. For each n € N, n > 2 we prove the existence of a positive solution
of the singular discrete problem

L

ﬁAuk_l—l—f(tk,uk):O, k‘:l,...,n—l,

AUO = 0, Up = 0,

where T € (0,00), h = £, t, = hk, f:]0,T] x (0,00) is continuous and has a

n’

singularity at x = 0. We prove that for n — oo the sequence of solutions of the
above discrete problems converges to a solution y of the corresponding continuous
boundary value problem
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1 Introduction

Let T € (0,00), n € Nyn > 2and h = % We investigate the singular discrete
mixed boundary value problem
1
ﬁAQUk_l + fte,ur) =0, k=1,...,n—1, (1.1)

Auy =0, wu,=0, (1.2)



where f:]0,7T] x (0,00) — R is continuous and f(¢, x) has a singularity at z = 0,
i.e. we assume

feC(0,T] x (0,00)), limsup|f(t,z)|=o00 foreachte (0,T). (1.3)
z—0+
Here
tk = hk, Auk,1 = Uk — Uk—1 for k = O7 e, . (14)

Definition 1.1 A vector (ug,...,u,) € R"*! satisfying equation (1.1) and the
mixed boundary conditions (1.2) is called a solution of problem (1.1), (1.2). If
up >0 for k=0,...,n — 1, the solution is called positive.

The continuous version of problem (1.1), (1.2) has the form
y"(t) + f(ty(t) =0, (1.5)
y(0)=0, y(T)=0. (1.6)

Definition 1.2 A function y € C[0,T] N C?[0,T) satisfying equation (1.5) for
t € [0,7) and fulfilling the mixed boundary conditions (1.6) is called a solution
of problem (1.5), (1.6). If y(¢t) > 0 for ¢t € [0,T), the solution is called positive.

Discrete boundary value problems arise in the study of solid state physics,
chemical reaction, population dynamics and in many other areas, see [1], [13], [32].
Besides, they are also natural consequences of the discretization of differential
boundary value problems. Solvability of discrete second order boundary value
problems is investigated in the monographs [1], [4], [5], [19] and in many papers,
e.g. [3], [6], [8], [9], [10], [14], [16], [20], [21], [22]. The lower and upper functions
method for regular discrete problems is used in [7], [11], [12], [17], [25], [30], [31].
In this paper we extend this method for singular discrete problem (1.1), (1.2).
It is of interest to note that singular problems for differential equations have
been intensively studied in literature. For the second order singular differential
equations we can refer to the monographs [18], [23], [26]. However there are only
few results for its discrete analogue, see [2], [5], [24].

Here we provide conditons which imply that for each n € N, n > 2 the
singular discrete problem (1.1), (1.2) has a positive solution (uy,...,u,). Then
we construct an approximate function S e C [0, T satisfying

S["}(tk):uk, k:O,...,TL.

Having the sequence {SI"} we prove that there is a subsequence {SI™} locally
uniformly converging on [0, T') for m — oo to a positive solution y of the singular
continuous problem (1.5), (1.6). Similar results about discrete approximation of
regular problems can be found in [15], [27], [28], [29].
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2 Lower and upper functions method

It is known that if problem (1.1), (1.2) is regular, i.e. f is continuous on [0, 7] xR
and if there exist well ordered lower and upper functions of problem (1.1), (1.2),
then this problem has a solution lying between these functions. Here we extend
this result for the singular problem (1.1), (1.2).

Definition 2.1 The vector (ap,...,a,) € R""! is called a lower function of
problem (1.1), (1.2) if
1
ﬁAQOékfl—i_f(tlmak) 207 k= 17"'7n_17 (21)
Aag >0, a,, <0. (2.2)

Definition 2.2 The vector (B, ...,3,) € R"™ is called an upper function of

problem (1.1), (1.2) if
1
ﬁAQﬁkfl_Ff(tk?ﬁk) < Oa k= 1,...,71— 17 (23)
ABy <0, B, >0, (2.4)

Theorem 2.3 (Lower and upper functions method). Assume that conditon (1.3)
holds. Let (av, ..., a,) and (Bo, ..., Bn) be a lower function and an upper function

of problem (1.1), (1.2) such that 0 < ay, < By, k =1,...,n — 1. Then problem
(1.1), (1.2) has a solution (ug,. .., u,) satisfying

Oékgukfﬁk, k:zO,...,n. (25)
Proof. For k € {1,...,n— 1}, x € R define a function

) f(te, Br) — xf}fil if z > Gy,
f(tk,l‘) = f(tk,x) if ap <z < Bk, (26)

f(tk, ozk) + aji;il if x < .

We see that f(tk, ):R — R is continuous for £k = 1,...,n — 1 and there exists
M > 0 such that

|[f(tk, )| <M fork=1,....n—1, z € R.

Consider the auxiliary difference equation
1 -
ﬁA%Lk_l + f(tg,ur) =0, k=1,...,n—1. (2.7)

Denote
E={v=(v,...,v,) € R Avy =0, v, =0}
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and define ||v|| = max{|vg|:k = 1,...,n — 1}. Then E is a Banach space with
dim £ = n — 1. Define an operator F: E — FE by

n—1

(Fv)i = —ZG(tk,si)f(si,vi), k=0,...,n, (2.8)

i=1

where G is the Green function of the homogeneous linear problem

1
ﬁAQUk_le, Aug =0, wu,=0. (2.9)
Then te—T for0<s; <t,<T
. k— orU<s; ST S 1,
G(tk’sl)_h{si—T for 0 <t, <s <T,

where s; = hi, t, = hk, k=0,...,n,i=1,...,n. Since
—hT < G(t,s;) <0 fori=1,....n—1, k=0,...,n—1,
we get
|Fv| < nhTM = T*M.

Therefore if we denote r* = T?M and consider the closed ball K(r*) = {v €
E:||v| < r*}, we see that F maps IC(r*) into itself. Since F is continuous, the
Brouwer fixed point theorem yields a fixed point u € IC(r*) of the operator F.
So, we have u = Fu and consequently, by (2.8),

n—1
Uk = — Z Gty si)f(si,ui), k=0,...,n
i=1

Since G is the Green function of problem (2.9), the vector u = (ug,...,u,) is a
solution of problem (2.7), (1.2).
Now we will prove estimate (2.5). Let us put z; = a; — uy and assume

max{zg:k=0,...,n} =2 > 0. (2.10)

Then ¢ € {1,...,n — 1} because z, = a, —u, < 0 and Azy = 23 — 29 =
a; — ag — (ug —up) > 0. Consequently 2z, > 2. Since z, is maximal, we have

Zoo1 < Zzg, 20 2 Zey-

Therefore
Aug_y < Aayy,  Auy > Aay.

This leads to

APup g > ANy, (2.11)
On the other hand, by Definition 2.1 and formula (2.6), we obtain
1 1

f(AQOég,l — AQUKfl) =

3 Aoy + f(ts, ug)

h2



_ 1

= — N+ f(t e
h2 aZ1+f(£7ue)+Oég—Ug+1_Zg+1 ’
contrary to (2.11). So, we have proved oy < ug, k = 0,...,n. The estimate
up < Br, k= 0,...,n can be proved similarly. Therefore (uo, ..., u,) satisfies
(2.5) and hence (ug, ..., u,) is also a solution of problem (1.1), (1.2). O
3 Approximate functions
Assume that conditions (1.3) and
a,f€Cl0,T], 0<a(t)<p(t) forte(0,T) (3.1)
hold and denote
ap = oz(tk), ﬁk = ﬁ(tk), k= 07 o, n. (32)

Let us choose n € N, n > 2 and suppose that (ag,...,a,) and (G, ..., 5,) are
a lower function and an upper function of problem (1.1), (1.2). By Theorem 2.3
there exists a solution (uy, ..., u,) of problem (1.1), (1.2) fulfilling estimate (2.5).
By means of the substitution

— =, k=0,....n—1 (3.3)

in equation (1.1) we get

Avg_y
h

= —f(tmw), k=1,....n—L (3.4)

Since Aug = vy = 0, equations (3.3) and (3.4) can be written in the form

uk+1:u0+hivi, k=1,...,n—1 (3.5)
i=1
and i
e =—h>_ fltiw), k=1,...,n—1 (3.6)
i=1
Let us put
SU#) = up + vt —tr), t € [trtrs), k=0,...,n—1. (3.7)
Then

S[n] GC[O,T], S["](tk):uk, k:O,...,TL.



A’Uk
PPy = vy + =2t —ty,), t€ [tetpra], k=0,....n—2,
{ (t) = v+ ==t —ti) [ths tha] n (3.8)
PPI(t) = v, 1, t€ [th_1,tn]
Then
P cCl0,T], P"(ty)=v, k=0,...,n—1.
By (3.5) and (3.6) we get
k
St () = S0) + A PM(E), k=1,...,n—1 (3.9)
i=1
and i
Pt = —h > f(ti, SU), k=1,...,n—1. (3.10)

=1

The main result of the paper is contained in the following theorem.

Theorem 3.1 Assume that conditions (1.3), (3.1) and (3.2) hold. Let for each

n > 2 the vectors (ap, ..., ap) and (Do, ..., By) be a lower function and an upper
function of problem (1.1), (1.2) and let ag > 0, B, = 0. Then for each n > 2
problem (1.1), (1.2) has a solution (ug, ..., u,), a sequence {S™} can be given

by (3.7) and there exists a subsequence {S™} C {S™} which converges locally
uniformly on [0,T) to a solution y € C[0,T] N C?[0,T) of problem (1.5), (1.6).
If, in addition,
[f (&, 2)] < golt, ) + g1(t, ) fort €[0,T], x € (0,00), (3.11)

where go € C([0,T] x (0,00)) is nonincreasing in its second variable with

T
/ ot a(t))dt < oo (3.12)
0
and g, € C([0,T] x [0,00)), then moreover y € C'[0,T).
To prove Theorem 3.1 we use the next two lemmas.

Lemma 3.2 Let the assumptions of Theorem 3.1 hold. Assume that S and
Pl are given by (3.7) and (3.8) and choose an arbitrary interval [0,b] C [0,T).
Then the sequences {S™} and { P} are bounded and equicontinuous on [0,b].

Proof. Let us choose ¢ € (b, T) and denote

A =min{a(t):t € [0, |},



B = max{((t):t € [0,c|},
M = max{|f(t,z)|:t € [0,¢], x € [A, B]}.

There exists ng € N such that for each n > ny we can choose b, € {1,...,n}
such that
tbn,1 <b< tbn < tbn+1 < cC. (313)
Clearly
nh_)Hgo tbn = nh_)Hgo tbn+1 =b. (314)

Further we have
max{]SM(t)Lt € [0,0]} < max{|ug| + |Aug|:k=0,...,b,}

and
max{\P["](t)Lt € [0,0]} < max{|vg| + |Avgl: k= 0,...,b,}.

By (3.1) and (2.5) we get
max{|ug|:k=0,...,b,} < B

and by (2.5) and (3.6) we obtain
T
max{|vg|:k=0,...,0,} < —b,M <TM.
n
Condition (3.3) implies
T 2
max{|Aug|:k=0,...,b,} < ETM <T*M
and condition (3.4) gives
T
max{|Avg|:k=0,...,b,} < —M < TM.
n
Therefore we get for n > ng

max{|S™(t)|:t € [0,0]} < B+ T?M,

max{|P"(t)|: ¢ € [0,0]} < 2T M.

We have proved that the sequences {S™} and {P™} are bounded on [0, b).
Now, choose 71,75 € [0,b], 1 < T5. By (3.13) we can find k,¢ € {1,...,b,},
k < ¢ such that 7 € [tx_1,tx), T2 € (t;—1, ;) and for each n > ng

ST (1) — ™ (m))]

-1
< >0 18M) = SMIE )]+ 18T (t) — ST ()| + 15T () — STty

i=k+1



-1
< N0 vt = tin) + Jvk—1| (G — 71) + Jvemt] (72 — te—1)
i=k+1

< TM(TQ — 7'1).
Ifk+1>¢—1weput i ; =0,
Similarly, due to (3.4),

| P (r) — Pl ()|

-1 A'Ui A’U _ A’U _
<3 |5 (ti—ti_1)+‘ - (tk—n)+‘ = (12— )
i=k+1 h h
< M(TQ —7'1).

We have proved that the sequences { S} and {PI"} are equicontinuous on [0, b].
0J

Lemma 3.3 Let the assumptions of Theorem 3.1 hold. Assume that S and
Pl are given by (3.7) and (3.8). Then there exist subsequences {S™} c {S"}
and { P} c { P} satisfying

lim Sml(t)y = S(t)  locally uniformly on [0,T) (3.15)
and
lim P™(t) = P(t)  locally uniformly on [0,T). (3.16)
Moreover
0<a(t)<S(t)<p(t) fortelo,T). (3.17)

Proof. Choose an interval [0,b] C [0,7). Lemma 3.2 and the Arzela-Ascoli
theorem imply that we can choose subsequences of { S} and of {PM} which
uniformly converge on [0, b]. Since [0, 4] is an arbitrary interval in [0,77), we use
the diagonalization theorem (see e.g. [26]) to get that these subsequences can be
chosen in such a way that they fulfil (3.15) and (3.16).

Now, choose an arbitrary b € [0, 7] and assume that (3.13) holds. By (2.5)
we have

alty,) < S(ty,) < B(ty,)
and letting n — oo we get due to (3.14)

a(b) < 5(b) < B(b).
Since b € [0,T) is arbitrary, estimate (3.17) follows. O

Proof of Theorem 3.1. By (3.15) and (3.16) the functions S and P are con-
tinuous on [0,7). Let b € (0,T), c € (b,T) and let (3.13) hold. By (3.14)—(3.16)
we have

lim St™(t, 1) =S(b), lim P™(t, )= P(b). (3.18)

m—00 m—0o0



Due to (1.3) and (3.17) the function f(¢,S(t)) is continuous on [0,7"). Let us
denote
om = max{|P™(t) — P(t)|:t € [0, ]}

and
o, = max{|f(t, S (1)) — f(t, S(1))]:t € [0, ]}.
Then, by (3.15) and (3.16), we get

lim 9, =0, lim o0, =0

m—00 m—00

and consequently, having h = L, we conclude

m’

T o T
lim — > [PM(t) — P(t;)| = lim —by0, <T lim g, =0, (3.19)
T &
A m Do1F (s ST () = f(t, S(4)]
i=1 (3.20)
. T :
= lim —b,0, <7 lim o, =0.
m—0o0 m m—0o0
Further we have
T - b
lim_ 3 f(t:, S(t) = [ f(r,S(7))dr (3.21)
mTeem i 0
and
T 2 b
lim —f§:zvagzzt/ P(r)dr. (3.22)
m—oo = 0

Equation (3.9) yields
T 2
glm] (ty,+1) = S[m]<0) + — Z plm] (t:).
i=1
Letting m — oo and using (3.18), (3.19) and (3.22), we get
b
amzmm+/P@mﬁ
0
Equation (3.10) yields
T &
Pl(ty,) = =— 3~ f(ti, S™ ().
miz
By (3.18), (3.20) and (3.21) we get for m — oo

mm:—éﬁﬁﬁwmh
9



Since b € (0,T) is arbitrary, we have

S() = S(0) + /0 " p(r)dr,

(3.23)
P(t) = —/0 F(r, 8(r))dr, tel0,T).
Let us put y(t) = S(t) for t € [0,T). Then (3.23) gives
J(t) = P(t) = — /0 " flry(r)dr, te[0,T) (3.24)

and hence y € C?[0,T), v'(0) = 0. According to (3.17) we have
0<alt) <y(t) <pt) fortel0,T).

Conditions (3.1) and (2.2) imply o, = a(T") = 0. Hence the assumption [, =
B(T) = 0 leads to lim;—,r— y(t) = 0. So, if we put y(7') = 0, we get y € C[0,T]
and consequently y is a solution of problem (1.5), (1.6).

Now, assume in addition that inequality (3.11) holds with gy and ¢; described
in Theorem 3.1. Then

|f(t7 y(t))| < gO(t7 a<t)> + gl(tv y(t))

and
[l < [ aolta)t+ [ gt (e)d < oo

Therefore the function [J f(7,y(7))dr is continuous for ¢+ € [0,7] and equality
(3.24) yields y € C*[0,T]. O

Example 1. Assumethat T € (0,00),n € Nyn > 2 h = % and we use notation
(1.4). Consider the singular difference equation

1
A + = - ot =0, k=1,...,n—1, (3.25)
k k

where ag, by, ¢o € (0,00), v € [2,00). Such types of equations appear in the theory
of shallow membrane caps. We see that the function

flt,x) = — — = — ct*1* (3.26)

satisfies (1.3). Choose v, ¢ € (0,00) and define
alt)=vv+t)(T —t), B(t)=cVT?—1t2, tel0,T]. (3.27)
Then for each sufficiently large ¢ the functions a and 3 satisfy (3.1) and

a(0) >0, «(T)=p(T)=0. (3.28)

10



Now, we use notation (3.2) and get

A()ék,1 = Oé(tk) — Oé(tkfl) = V(tk — tkfl)(T — UV — (tk + tkfl))

and T
Aoy =vty(T —v—1t;) >0 foreach v € (O, 2) )
Similarly
ABp-1 = B(tr) — Btr-1) ( — 1 - \/T2 - ti1>
and
Aﬁozc( T2—152 )<0 for each ¢ > 0.

Further, we have

1
ﬁAQ(xk,l:—Zy, k=1,....,n—1
and ;
Qg 0 2v—4
t = - — cot
Pl 00) = a0y ™ atee) O
Qo bo 2y—4
2(w+t)2 (T —te)? vv+t)(T —ty)
1
= t
I/2<I/—|—tk)2<T _ tk)QSO( k7y>7
where

O(tg,v) = ag — bov(v + t) (T — tg,) — cot27_4vz(u + 1) 2T — ty)?

for k=1,...,n—1. We see that

1
Ii t = k=1,....n—1
e ot V2 (v + )3T — tk)QSO( ks V) = 00, ey
Hence for each sufficiently small v > 0 the vector (ay, ..., q,) fulfils (2.2) and
(2.1) with f given by (3.26) and therefore this vector is a lower function of problem
(3.25), (1.2).
Similarly

A’By1 = APy — Abya

=c <\/T2 — 2, T2 - t%) —c <\/T2 — 12— /T2 - tz1>

ti — 1 th =ty
VTP =8+ /T2 - t2 \/T2 — B4\ T* -1,

= —c

11



1 1
N T I R

= —-2cTh

Thus

—2cT \/TQ —ti - \/T2 — lin
h \(Jr2-g,+y1-8) (Jr -8+ /1 - )
< —2c¢T ., — iy < —cT?

ST g,y TR

Moreover

1
ﬁAQﬁH =

b b
F(tr, Br) = Qo Yo 2y—4 agp _ 0 2y—4

"

and

1 5 —cT? 1 ag(T2 — t%_l) 3
ﬁA Br—1 + f(tk, @c) < (T2 _ tiq)?’m (2 B c3T2(T2 _ ti) V 17— U1

—cT? 1 dag/T? -,
— = ’Q/J(C, tk;—l)-

< - —_
(12— )2 |2 AT

We see that
Cllrgow(c,tk_l) =-00 fork=1,...,n—1.

Hence for each sufficiently large ¢ the vector (G, ..., [,) fulfils (2.4) and (2.3)
with f given by (3.26) and therefore it is an upper function of problem (3.25),
(1.2). By Theorem 2.3, for each n € N, n > 2, problem (3.25), (1.2) has a solution
(o, . . ., uy,) satisfying (2.5). If we define v; by (3.3) and S by (3.7), Theorem
3.1 yields that there is a subsequence {S!™} which converges locally uniformly
on [0,T) to a solution y € C[0,7] N C?[0,T) of problem

" a b — /
y'(t) + yz(ot> - ﬁ) — ™™ =0, y(0)=0, y(T)=0.

Example 2. Assume that 7 € (0,00),n € N;n >2 h = % and we use notation
(1.4) and (3.2). Consider the singular difference equation

1 b
ﬁﬁuk_l + (T — t)? (C‘g -2 coti”‘4> =0, k=1,....,n—1, (3.29)

where ag, by, ¢o € (0,00), v € [2,00). Define a and 3 by (3.27). We can check as
in Example 1 that for each sufficiently small v > 0 the vector («ap,...,a,) is a

12



lower function of problem (3.29), (1.2) and for each sufficiently large ¢ > v the
vector (0o, ..., [3,) is an upper function of problem (3.29), (1.2). We see that
a(0) > 0 and B(T) = 0. Therefore, by Theorem 2.3, for each n € N, n > 2
problem (3.29), (1.2) has a solution (uy, ..., u,) satisfying (2.5). As in Example
1 we get a subsequence {S [m]} which converges locally uniformly on [0,7) to a
solution y € C[0,T] N C?[0,T) of problem

a b
PO+ (=t (S = ) —0. (o) =0, u(1) =0
Moreover, the function
_ 2 (a0  bo 2y—4
f(t,l’)—(T—t) (;(j‘Q_gj_COt’y >

satisfies (3.11) with

go(t,x) = (T —t)? <a° + bo) , gt ) = (T —t)?cot™ 2.

Since

/OTgo(t,a(t))dt - /T ( a0 bo(T'= t>> dt < oo,

o \2(r+1t)? vv+t)
we get by Theorem 3.1 that moreover y € C1[0, T7.
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