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Abstract

The paper investigates the singular differential equation (p(t)u’)" =
p(t) f(u), having a singularity at ¢ = 0. The existence of a strictly increas-
ing solution (a homoclinic solution) satisfying u'(0) = 0, u(oo) = L > 0 is
proved provided f has two zeros and a linear behaviour near —oo.
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Introduction

Having a positive parameter L we consider the problem

w'(0) =0, wu(oo)=1L,

under the following basic assumptions for f and p

f € Liploc<(_oo7 L])v f(O) = f(L) =0,
f(z) <0 forze(0,L),
there exists B < 0 such that f(x) > 0 for = € [B,0),
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F(B) = F(L), where F(z)= —/Ow f(z)dz, (6)
p € C([0,00)) N C'((0,00)), p(0) =0, (7)

/ - p'(t)
P> 0, e (0,00, Jlim P

Then problem (1), (2) generalizes some models arising in hydrodynamics or in
the nonlinear field theory (see [4]-[7],]9]). Equation (1) is singular at ¢ = 0
because p(0) = 0.

~0. (8)

Definition 1 If ¢ > 0, then a solution of equation (1) on [0, ] is a function
u € C([0,c]) N C%((0, c]) satisfying equation (1) on (0,c]. If u is a solution of
equation (1) on [0,c] for each ¢ > 0, then u is a solution of equation (1) on
[0, c0).

Definition 2 Let u be a solution of equation (1) on [0, 00). If u moreover fulfils
conditions (2), it is called a solution of problem (1), (2).

Clearly, the constant function w(t) = L is a solution of problem (1), (2).
An important question is the existence of a strictly increasing solution of (1),
(2) because if such a solution exists, many important physical properties of
corresponding models can be obtained. Note that if we extend the function
p(t) in equation (1) from the half-line onto R (as an even function), then any
solution of (1), (2) has the same limit L as t — —oo and ¢ — oo. Therefore we
will use the next definition.

Definition 3 A strictly increasing solution of problem (1), (2) is called a ho-
moclinic solution.

Numerical investigation of problem (1), (2), where p(t) = t*> and f(u) =
4X%(u+ 1)u(u — L), A > 0, can be found in [4], [7]-[9]. Problem (1), (2) can be
also transformed onto a problem about the existence of a positive solution on the
half-line. For p(t) = t*, k € N and for p(t) = t*, k € (1,0), such transformed
problem was solved by variational methods in [2] and [3], respectively. Some
additional assumptions imposed on f were needed there. Related problems were
solved e.g. in [1] and [10].

Here, we deal directly with problem (1), (2) and continue our earlier consid-
erations of papers [12] and [13], where we looked for additional conditions which
together with (3)—(8) would guarantee the existence of a homoclinic solution.

Let us characterize some results reached in [12] and [13] in more details.
Both these papers assume (3)—(8). In [12] we study the case that f has at least
three zeros Lo < 0 < L. More precisely, conditions

f(Lo) = 0, there exists § > 0 such that f € C((—9,0)), 111(1)1_ f(z) <0, (9)

pe (0,00, Jim 2 o (10




are moreover assumed. Then there exist ¢ > 0, B € (Lo, 0) and a solution u of
equation (1) on [0, ¢] such that

w(0) =B, '(0)=0 (11)

and
uw'(t) >0 forte (0,c, wu(c)=L. (12)

We call such solution an escape solution. The main result of [12] is that (under
(3)-(8), (9), (10)) the set of solutions of (1), (11) for B € (Lo, 0) consists of
escape solutions and of oscillatory solutions (having values in (Lg, L)) and of
at least one homoclinic solution. In [13] we omit assumptions (9) and (10)
and prove that assumptions (3)—(8) are sufficient for the existence of an escape
solution and also for the existence of a homoclinic solution provided p fulfils

b ds

If (13) is not valid, then the existence of both an escape solution and a homo-
clinic solution is proved in [13] provided f satisfies moreover

f(z) >0 forz<0 (14)

and
x|

P 7 @)

Assumption (14) characterizes the case that f has just two zeros 0 and L in the
interval (—oo, L]. Further, we see that if (15) holds, then f is either bounded
on (—oo, L] or f is unbounded above and has a sublinear behaviour near —oo.

This paper also deals with the case that f satisfies (14) and is unbounded
above on (—oo, L]. In contrast to [13], here we prove the existence of a homo-
clinic solution for f having a linear behaviour near —oo. The proof is based on
a full description of the set of all solutions of problem (1), (11) for B < 0 and
on the existence of an escape solutions in this set.

Finally, we want to mention the paper [11], where the problem

o (' (1) = f(t u(t), p(t)u' (1))
w(0) = po € (=1,0), limyoou(t) = € € (0,1), (16)
limy 00 p(£)u'(t) = 0

(15)

is investigated under the assumptions that f is continuous, it has three distinct
zeros and satisfies the sign conditions similar to (3.4) in [12]. In [11], an approach
quite different form [12] and [13] is used. In particular, by means of properties of
the associated vector field (u(t), p(t)u’(t)) together with the Kneser’s property of
the cross sections of the solutions’ funnel, the authors provide conditions which
guarantee the existence of a strictly increasing solution of (16). The authors
apply this general result to problem

tnl_l (") = 4X2(u + u(u — &),
limg_op t" 2/ (t) =0, limy_oou(t) =&,

(17)



and get a strictly increasing solution of (17) for a sufficiently small . This
corresponds to the results of [12], where £ € (0,1) may be arbitrary.

2 Initial value problem

In this section, under the assumptions (3)—(8) and (14) we prove some basic
properties of solutions of the initial value problem (1), (11), where B < 0.

Lemma 4 For each B < 0 there exists a maximal ¢* € (0, 00| such that problem
(1), (11) has a unique solution w on [0,c*) and

u(t) > B forte[0,c"). (18)
Further, for each b € (0,c*) there exists My > 0 such that

p'(s)
p(s)

Proof.  Let u be a solution of problem (1), (11) on [0,¢) C [0,00). By (1), we
have

b
()| + /()] < My, t < [0,8)], /0 W(s)[ds < My, (19)

u'(t) — f(u(t)) =0 fort e (0,c),

and multiplying by v’ and integrating between 0 and t, we get

/2t t o
0 [ as+ Fu) = FB), e 0.0, (20)
2 o p(s)

Let u(t1) < B for some ¢; € (0,¢). Then (20) yields F(u(t1)) < F(B), which
is not possible, because F' is decreasing on (—o0,0). Therefore u(t) > B for
te0,c).

Let n > 0. Consider the Banach space C([0,7]) (with the maximum norm)
and an operator F : C'([0,n]) — C([0,n]) defined by

S

(Fu)(t) = B-l—/o ﬁ/o p(7) f(u(r))dr ds.

A function u is a solution of problem (1), (2) on [0,7)] if and only if it is a fixed
point of the operator F. Using the Lipschitz property of f we can prove that the
operator is contractive for each sufficiently small 7 and from the Banach Fixed
Point Theorem we conclude that there exists exactly one solution of problem
(1), (2) on [0,7n]. This solution u has the form

t 1 s
u(t):BJr/O p(S)/O p(7) f(u(r))drds (21)

for ¢t € [0,n]. Hence, u can be extended onto each interval [0,b] where w is
bounded. So, we can put ¢* = sup{b > 0 : u is bounded on [0, b]}.



Let b € (0,¢*). Then there exists M € (0,00) such that |f(u(t))| < M for
t € [0,b]. So, (21) yields

/ v t s)ds
(0] < 8 / p(s)ds, e (0,0, (22)
Put
_ L t ) ) B b p/(S) s )
o) = [ oas v = [ BE [ peyaras e
Then

0<(t)<t forte(0,bl], (23)

and, by ”per partes” integration we derive lim; o4 ¥ (t) = b—¢(b). Multiplying
(22) by p'(t)/p(t) and integrating it over (0, b), we get

b b 1
o p(t) o P*(t)
Estimates (19) follow from (22)—(24) for
My, = Mb+ |B| + MV

/0 p(s)dsdt = M(b— o(b)). (24)

O

Remark 5 The proof of Lemma 4 yields that if ¢* < oo, then lim;_. .. u(t) = oco.
Let us put

7 0 for x> 1L,
)= { f(x) for <L (25)
and consider an auxiliary equation
(p(t)u') = p(t) f (u)- (26)

Similarly as in the proof of Lemma 4 we deduce that problem (26), (11) has a
unique solution on [0, c0). Moreover the following lemma is true.

Lemma 6 ([13]) For each By < 0, b > 0 and each ¢ > 0, there exists 6 > 0
such that for any By, Ba € [Bo,0)

By — Ba| <0 = |ui(t) —u2(t)] + [u)(t) —ub(t)] <€, t€[0,b]. (27)
Here u; is a solution of problem (26), (11) with B = B;, i = 1,2.
Proof. Choose By < 0,b >0, ¢ >0. Let K > 0 be the Lipschitz constant for

fon [By,L]. By (21) for f = f, B=B;, u=u;, i = 1,2,
s (£) — us(t)] < By — Ba| + / ]%) / ()| Fur(r)) — Flua(r))] drds

t
<|Bi - By| +Kt/ lun (7) — un(7)] dr
0

t
< |Bi - By +Kb/ lus (7) — us(7)|dr, ¢ € [0, 1]
0



From the Gronwall inequality, we get
lui () — ua(t)| < |B1 — BoleXY’, t € [0,b)]. (28)

Similarly, by (21), (23) and (28),
l I 1 k 3 3
luy () — us(t)] < p(t)/o p(s)|f(ui(s)) — f(uz(s))|ds
1 t
< Ko [ Pl () — (o) as

< Kb|B; — By|eX¥" | t € [0,0].

If we choose § > 0 such that
€
< — -
< (1 + Kb)ekb?’
we get (27). O
Remark 7 Choose a > 0 and C' < L, and consider the initial conditions

u(a) =C, u/(a)=0. (29)

Arguing as in the proof of Lemma 4 we get that problem (26), (29) has a unique
solution on [a,00). In particular, for C = 0 and C' = L, the unique solution
of problem (26), (29) (and also of problem (1), (29)) is v = 0 and u = L,
respectively.

Lemma 8 Let u be a solution of problem (1), (11). Assume that there exists
a > 0 such that

u(t) <0 fort>a, u'(a)=0. (30)
Then u/'(t) > 0 fort > a and
tlim u(t) =0, tlim u'(t) = 0. (31)

Proof. By (14) and (30), f(u(t)) > 0 on [a,00) and thus p(¢t)u'(t) and ()
are positive on (a,00). Consequently there exists lim; .o, u(t) = By € (u(a),0].
Further, by (1),

u’(t) + ];((tt))u’(t) = f(u(t)), t >0, (32)
and, by multiplication and integration over [a, t],
v 2(t) +/ Z/((j))u’Q(s) ds = F(u(a)) — F(u(t)), t > a. (33)

Therefore

0< lim / ) ) ds < Flula)) - F(BL) < oo,

t—o0o



and hence lim; ., u'?(t) exists. Since u is bounded on [0, 00), we get

Jim u?(t) = Jim u'(t) = 0.
By (3), (8) and (32), lim; o u”’(t) exists and, since v’ is bounded on [0, 00),
we get lim;_.o u”(t) = 0. Hence, letting ¢ — oo in (32), we obtain f(B;) = 0.
Therefore B; = 0 and (31) is proved. O

Lemma 9 Let u be a solution of problem (1), (11). Assume that there exist
a; >0 and Ay € (0,L) such that

u(t) >0 for all t > a1, u(ay) = Ay, v (a1) =0. (34)
Then v/ (t) < 0 for all t > ay and (31) holds.

Proof. Since v fulfils (34), we can find a maximal b > a; such that 0 < u(t) < L
for t € [a1,b) and consequently f(u(t)) = f(u(t)) for t € [a1,b). By (62) and
(34), f(u(t)) < 0 on [a1,b) and thus p(t)u'(t) and u'(t) are negative on (a1, b).
So, wu is positive and decreasing on [a1,b) which yields b = co (otherwise we
get u(b) = 0, contrary to (34)). Consequently there exists lim; . u(t) = Ly €
[0, A1). By multiplication and integration (32) over [a1,t], we obtain

u'? to s
Z(t) +/ I;((S))UQ(S) ds = F(Al) _ F(u(t)), t > ai.

By similar argument as in the proof of Lemma 8 we get that limy_, o, u'(¢) = 0
and Ly = 0. Therefore (31) is proved.
O

3 Damped solutions

In this section, under assumptions (3)—(8) and (14) we describe a set of all
damped solutions which are defined in the following way.

Definition 10 A solution of problem (1), (11) (or of problem (26), (11)) on
[0,00) is called damped, if

sup{u(t) : t € [0,00)} < L. (35)

Remark 11 We see, by (25), that u is a damped solution of problem (1), (11)
if and only if u is a damped solution of problem (26), (11). Therefore, we can
borrow the arguments of [13] in the proofs of this section.

Theorem 12 If u is a damped solution of problem (1), (11), then u has a
finite number of isolated zeros and satisfies (31); or u is oscillatory (it has an
unbounded set of isolated zeros).



Proof. Let u be a damped solution of problem (1), (11). By Remark 5 we have
c¢* = oo in Lemma 4 and hence

u(t) > B for t € [0,00). (36)

STEP 1. If w has no zero in (0, 00), then u(t) < 0 for ¢ > 0 and, by Lemma 8, u
fulfils (31).

STEP 2. Assume that 6§ > 0 is the first zero of u on (0,00). Then, due to
Remark 7, w/(6) > 0. Let u(¢) > 0 for ¢ € (6, 00). By virtue of (4), f(u(t)) <0
for t € (0,00) and thus p(t)u'(t) is decreasing. Let v’ be positive on (6, 00).
Then v/ is also decreasing, u is increasing and lim; ., u(t) = L € (0,L), due
to (35). Consequently, lim; ,o u/(t) = 0. Letting ¢t — oo in (32), we get
lim; o u”(t) = f(L) < 0, which is impossible because v’ is bounded below.
Therefore there are a; > 6 and A; € (0,L) satisfying (34) and, by Lemma 9,
either v fulfils (31) or w has the second zero 6; > a; with w/(f;) < 0. So u
is positive on (#,61) and has just one local maximum A; = wu(ay) in (6,61).
Moreover, putting a = 0 and ¢ = a; in (33), we have

“p'(s) _ _
0</0 wu (s)ds = F(B) — F(4y),

and hence

F(Ay) < F(B). (37)
STEP 3. Let u have no other zeros. Then u(t) < 0 for ¢ € (f1,00). Assume that
u’ is negative on [f1,00). Then, due to (18), lim;_ u(t) = L € [B,0). Putting
a = ay in (33) and letting t — oo, we obtain

0< lim [“/22(’5) + / t 1;/ ((j)) u'?(s) ds] = F(A,) — F(L).

Therefore lim; ., u/?(t) exists and, since u is bounded, we deduce that

lim u'(t) = 0.

t—o0
Letting t — oo in (32), we get lim;_ o u”(t) = f(L) > 0, which contradicts
the fact that u’ is bounded above. Therefore v’ cannot be negative on the
whole interval [0y, 00) and there exists by > 6 such that «'(b;) = 0. Moreover,
according to (36), u(by) € [B,0).

Then, Lemma 8 yields that v fulfils (31). Since «’ is positive on (b1, 00), u

has just one minimum By = u(by) on (#1,00). Moreover, putting a = a; and
t = by in (33), we have

by, s
0< / 7;((3))u'2(5) ds = F(Ay) — F(By),
which together with (37) yields



STEP 4. Assume that u has its third zero 6 > 6. Then we prove as in Step 2
that « has just one negative minimum By = u(b;) in (01, 62) and (38) is valid.
Further, as in Step 2, we deduce that either u fulfils (31) or u has the fourth zero
03 > 0a, u is positive on (62, 03) with just one local maximum As = u(az) < L
on (0q,03), and F'(Az) < F(By). This together with (38) yields

F(Ay) < F(B,) < F(A,) < F(B). (39)

If u has no other zeros, we deduce as in Step 3 that u has just one negative
minimum By = u(b2) in (03,00), F(B2) < F(Az) and wu fulfils (31).

STEP 5. If u has other zeros, we use the previous arguments and get that either
u has a finite number of zeros and then fulfils (31) or u is oscillatory. O

Remark 13 According to the proof of Theorem 12 we see, that if u is oscilla-
tory, it has just one positive local maximum between the first and the second
zero, then just one negative local minimum between the second and the third
zero, and so on. By (38), (39), (4)-(6) and (14), these maxima are decreasing
(minima are increasing) for ¢ increasing.

Lemma 14 A solution u of problem (1), (11) fulfils the condition
sup{u(t) : t € [0,00)} =L (40)
if and only if u fulfils the condition

tlirglo u(t)=L, u/'(t)>0 forte (0,00). (41)
Proof. Assume that u fulfils (40). Then there exists 6§ € (0,00) such that
u(f) =0, u/'(t) > 0 for t € (0,60]. Otherwise sup{u(t) : t € [0,00)} = 0, due to
Lemma 8. Let a3 € (6,00) be such that «/(t) > 0 on (0,a1), v/(a;) = 0. By
Remark 7 and (40), u(a1) € (0, L). Integrating the equality (1) over (ai,t), we
get
1t
u'(t) = —/ p(s)f(u(s))ds, forall t > aj.
p(t) Ja,
Due to (4), we see that u is strictly decreasing for ¢ > a; as long as u(t) € (0, L).
Thus, there are two possibilities. If u(t) > 0 for all ¢ > a1, then from Lemma 9
we get (31), which contradicts (40). If there exists 61 > ay such that u(6;) = 0,
then in view Remark 7 we have u/(6;) < 0. Using the arguments of Steps 3-5 of
the proof of Theorem 12, we get that u is damped, contrary to (40). Therefore
such a1 cannot exist and w’' > 0 on (0, 00). Consequently, lim;_.. u(t) = L. So,
u fulfils (41). The inverse implication is evident. O

Remark 15 According to Definition 3 and Lemma 14, u is a homoclinic solu-
tion of problem (1), (11) if and only if w is a homoclinic solution of problem
(26), (11).

Theorem 16 (On damped solutions) Let B satisfy (5) and (6). Assume that
u s a solution of problem (1), (11) with B € [B,0). Then u is damped.



Proof. Let u be a solution of (1), (11) with B € [B,0). Then, by (4)—(6),
F(B) < F(L). (42)

Assume on the contrary that w is not damped. Then u is defined on the interval
[0,00) and sup{u(t) : t € [0,00)} = L or there exists b € (0,00) such that
u(b) = L, v/'(b) > 0 and u(t) < L for t € [0,b). If the latter possibility occurs,
(32) and (42) give by integration

u?(0) [P P(), _ _
0< 5 —|—/0 p(s)u (s)ds =F(B)— F(L) <0,

a contradiction. If sup{u(t) : ¢ € [0,00)} = L, then, by Lemma 14, v fulfils (41).
So w has a unique zero 6 > 0. Integrating (32) over [0, 6], we get

and so
u?(0) < 2F(B). (43)

Integrating (32) over [0, ], we obtain for t > 0

u/2(t) u/Z(a) t@ o — Flu Ry Py
0 +/0 o () ds = Fu(0) = F(u(t)) = —F(u().

Therefore, u'2(0) > 2F(u(t)) on (#,00), and letting t — oo, we get u'?(0) >
2F(L). This together with (43) contradicts (42). We have proved that u is
damped. O

Theorem 17 Let M, be the set of all B < 0 such that corresponding solutions
of problem (1), (11) are damped. Then My is open in (—o0,0).

Proof. Let By € My and ug be a solution of (1), (11) with B = By. So, ug is
damped and g is also a solution of equation (26).

(a) Let ug be oscillatory. Then its first local maximum belongs to (0, L). Lemma
6 guarantees that if B is sufficiently close to By, the corresponding solution u
of (26), (11) has also its first local maximum in (0, L). That means that there
exist a; > 0 and A; € (0, L) such that u satisfies (34). Now, we can continue as
in the proof of Theorem 12 using the arguments of Steps 2—5 and Remark 11 to
get that u is damped.

(b) Let up have at most a finite number of zeros. Then, by Theorem 12, wug
fulfils (31). Choose ¢g € (0, F'(L)/3). Since uy fulfils (32), we get by integration
over [0, t]

u62(t) _’_/0 p/(s) u62(s) ds = F(Bo) — F(uo(t)), t>0.

10



For ¢t — oo we get, by (31),

F(S)
ug (s)ds = F(By). 44
| B as = F(sy (14)
Therefore we can find b > 0 such that
Oop,(s) 2
ug (s)ds < ¢p. (45)
/b p(s) "
Let M, be the constant of Lemma 4. Choose € € (0, 267"17) Assume that B < 0

and u is a corresponding solution of problem (26), (11). Using Lemma 4, Lemma
6 and the continuity of F, we can find § > 0 such that if |B — Bg| < ¢, then

|F(B) — F(Bo)| < co, (46)

moreover |ug(t) —u'(t)| < e for t € [0,b] and

b p/(s) 12 12 !/ !/ b p/(s) /! !/
| B ) = o) ds < o pute) =o' 0] [ ZE Qo) + o () s

p(s) p(s)
Co
<e-2M, < —2My, = cg.
S € b<2Mb b= Co
Therefore, we have
b,/
P'(s) 2
ug (8) —u“(s)|ds < cgp. 47
| B ) =) (a7

Consequently, integrating (26) over [0,t] and using (44) — (47), we get for t > b

F(B) — F(u(t)) = /0 P'(s) u'?(s)ds + v () > /0 p/(s)u’z(s) ds

p(s) 2 p(s)
b/ s by S

> [t @as= [ EE ) - i) ds
b5 (s) 1 e [P e

+/0 p(s)uO(S)d8> OJF/O 2(5) o (s)d

=—c h p’(s)u,2 s)ds — p’(s)u,2 s)ds
~at [ Geas= [
> 7CO+F(B())760:7260+F(Bo)7F(B)+F(B)
> 3¢y + F(B).
We get F(u(t)) < 3¢y < F(L) for t > b. Therefore F(u(t)) = F(u(t)) for t > b

and, due to (4)—(6),
sup{u(t) : t € [b,00)} < L. (48)

Assume that there is by € (0,b) such that u(by) = L, u/(by) > 0. Then, since
(p(t)u'(t)) =01if t > by and u(t) > L, we get v'(t) > 0 and u(t) > L for ¢t > by,
contrary to (48). Hence we get that u fulfils (35). O

11



4 Escape solutions

During the whole section we assume (3)—(8) and (14). We prove that problem
(1), (11) has at least one escape solution. According to Section 1 and Remark
5, we work with the following definitions:

Definition 18 Let ¢ > 0. A solution of problem (1), (11) on [0, ¢] is called an
escape solution if
u(lc) =L, u'(t)>0 forte(0,c. (49)

Definition 19 A solution u of problem (26), (11) is called an escape solution,
if there exists ¢ > 0 such that

u(c)=1L, u'(t)>0 forte (0,00). (50)

Remark 20 If u is an escape solution of problem (26), (11), then w is an escape
solution of problem (1), (11) on some interval [0, ¢].

Theorem 21 (On three types of solutions) Let u be a solution of problem (1),
(11). Then w is just one of the following three types

(1) u is damped;
(II) w is homoclinic;
(II1) w is escape.

Proof. By Definition 10, v is damped if and only if (35) holds. By Lemma
14 and Definition 3, w is homoclinic if and only if (40) holds. Let w is neither
damped nor homoclinic. Then there exists ¢ > 0 such that u is bounded on
[0,¢], u(c) = L, v'(c) > 0. So, u has its first zero 6 € (0,¢) and u/(¢t) > 0 on
(0,6]. Let us assume that there exists a; € (6, ¢) such that u(a;) € (0,L) and
u'(a1) = 0. Then, by Lemma 9, either u fulfils (31) or u has its second zero
and, arguing as in Steps 2-5 of the proof of Theorem 12, we deduce that u is a
damped solution. This contradiction implies that u'(¢) > 0 on (0, ¢]. Therefore,
by Definition 18, w is an escape solution. O

Theorem 22 Let M, C (—00,0) be the set of all B such that the corresponding
solutions of (1), (11) are escape solutions. The set M. is open in (—o0,0).

Proof. Let By € M, and ug be a solution of problem (1), (11) with B = By.
So, g fulfils (49) for some ¢ > 0. Let g be a solution of problem (26), (11) with
B = By. Then ug = g on [0,¢] and 4 is increasing on [c,00). There exists
e > 0 and ¢y > ¢ such that @g(cp) = L + . Let u; be a solution of problem
(26), (11) for some By < 0. Lemma 6 yields § > 0 such that if |B; — By| < 9,
then wui(co) > @o(co) — e = L. Therefore u; is an escape solution of problem
(26), (11). By Remark 20, u; is also an escape solution of problem (1), (11) on
some interval [0, ¢;] C [0, ¢o). O

To prove that the set M, of Theorem 22 is nonempty we will need the
following two lemmas.
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Lemma 23 Let B < 0. Assume that u is a solution of problem (1), (11) on
[0,b) and [0,b) is a mazimal interval where u is increasing and u(t) € [B, L] for
t €10,b). Then

t
1
/ 2F (u(s))p(s)p () ds = F(u(®)p*(t) + 5p*(u (1), te (0,0).  (51)
0
Proof.  STEP 1. We show that the interval (0,b) is nonempty. Since u(0) =
B < 0 and f satisfies (3), (14), we can find 6 > 0 such that

u(t) <0 and f(u(t)) >0 forte (0,6).
Integrating equation (1) over (0,¢) we obtain

() = t s)f(u(s))ds or
W) = o [ o) ful)as >0 fort e 0.0

So, u is an increasing solution of problem (1), (11) on [0, 0] and u(t) € [B, 0] for

t € [0,0]. Therefore the nonempty interval [0,b) exists.
STEP 2. By multiplication of (1) by pu’ and integration over (0,¢) we obtain

12 Ulz = t u\s ’LL,S 25 S
5P (0w (1) /Of(()) (s)p™(s)ds, t€(0,0). (52)

Using the “per partes” integration, we get for ¢ € (0,b)

| ) ()52 (5)ds = ~F((e) + [ 28 (u(s)p(o) (5)ds
0 0
This relation together with (52) implies (51). O

Remark 24 Consider a solution u of Lemma 23. If u is an escape solution, then
b < 0o. Assume that u is not an escape solution. Then both possibilities b < co
and b = oo can occur. Let b < co. By Theorem 21 and Lemma 8, u(b) € (0, L),
uw'(b) = 0. Let b = co. We write u(b) = lim—oo u(t), v'(b) = lims—, oo v/ (t).
Using Lemmas 14 and 8 and Theorem 21, we obtain u/(b) = 0 and either
u(b) = 0 or u(b) = L.

Lemma 25 Let C < B and let {B,}5°; C (—o0,C). Then for each n € N

(i) there exists a solution u, of problem (1), (11) with B = B,

(i) there exists b, > 0 such that [0,b,,) is the mazximal interval on which the
solution u,, is increasing and its values in this interval are contained in [By,, L],
(iil) there exists vy, € (0,by,) satisfying un,(yn) = C.

If the sequence {7V, }5%, is unbounded, then there exists ¢ € N such that u, is an
escape solution.

Proof.  Similar arugmets can be found in [13]. By Lemma 4, the assertion (i)
holds. The arguments in Step 1 of the proof of Lemma 23 imply (ii). The strict
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monotonicity of u, and Remark 24 yield a unique ~,. Assume that {7, }>2, is
unbounded. Then
lim v, =00, v, <b,, neEN, (53)

n—oo

(otherwise we take a subsequence). Assume on the contrary that for any n € N,
Uy, is not an escape solution. Choose n € N. Then, by Remark 24,

un(by) € [0,L] and wul,(b,) =0. (54)
Due to (54), (2) and (ii) there exists ¥, € [V, by) satisfying
uy, () = max{uy, () : t € [yn,bn)} (55)

By (i) and (ii), u, satisfies equation

ul () +

Integrating it over [0, t] we get

w20 v P60
3+ Flun(t) = F(B) = [ Bz as, te b)), (56)
Put
(1)
Bty = "0 4 P @), 1€ (0,0,). 67)

Then, by (56),
dE.(@) _ _p'()
= — t) <0, te(0,b,). 58
R 0 (0.bn) (58)
We see that E,, is decreasing. From (4) and (6) we get that F' is increasing on
[0, L] and consequently by (54) and (57) we have

En(vn) > F(un(vn)) = F(C), En(bn) = F(un (b)) < F(L). (59)

Integrating (58) over (v, b,) and using (55), we obtain

by
Eulon) = Ealt) = [ B2 0)dt < (3,)(L - O)F,
where
K, = {p/(t) t b 0
n = Sup o) € [V, bn) ¢ € (0,00).
Further, by (59),
F(C) < En(yn) < F(L) +up, () (L — C) Ko, (60)
and F(C)—F(L) 1
(L):C( ) g < ()



Conditions (8) and (53) yield lim,,_, K, = 0, which implies

lim wu, (9,) = oc. (61)

n—oo

By (57) and (60),

w? (Yn)

5 < En(’_Yn) < En(’Yn) < F(L) + uln('_Yn)(L - C)Km

and consequently

) (3 0) = (L= O)F, ) < F(L) < 0, n e

which contradicts (61). Therefore at least one escape solution of (1), (11) with
B < B must exist. g

Theorem 26 (On escape solution) Assume that (3)—(8) and (14) hold and let

e |2
0 < liminf —— < oo. (62)
a——o0 f(x)
Then there exists B < B such that the corresponding solution of problem (1),
(11) is an escape solution.

Proof. Let C < B and let {B,}2%, {un}2,, {b,}2; and {7,}5°, be
sequences from Lemma 25. Moreover, let

lim B, = —oc. (63)
By (63) we can find ng € N such that B,, < 2C for n > ng. We assume that for
any n € N, u, is not an escape solution and we construct a contradiction.
STEP 1. We derive some inequality for u/,. By Remark 24 we have
un(bn) €[0,L], ul,(by)=0, neN, (64)

n

and, by Lemma 25, the sequence {v,}52 is bounded. Therefore there exists
I' € (0, 00) such that
Y <T, meN. (65)

Choose an arbitrary n > ng. According to Lemma 23, u,, satisfies equality (51),
that is

/0 2F (un(s))p(s)p' (s) ds = F(un(t))p? () + %pz(t)u;z(t), t€(0,bn). (66)

Since u, (0) = B,, < 2C < 0 and w,, is increasing on [0, b, ), there exists a unique
An € (0,7x) such that

1
Up () = §Bn < C = up(yn)-
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Having in mind, due to (4)—(8), that the inequality
Fun(t))p(t)p'(t) = 0 for t € [0,by,)

holds, we get

/ 2F (un(s))p(s)p'(s)ds > /’Yn 2F (un(s))p(s)p'(s)ds, t € [vn,bn).
0 0

By virtue of (6) and (14), we see that F is decreasing on (—o0,0), which yields

min{F(u, (1) : 1€ [0,7a]} = Fun(3n)) = F@)

Hence
[ ortuomen @ > £(2)#G), i) o0
0

Since up(yn) = C and uy(b,) € [0, L], the monotonicity of u, yields u,(t) €
[C, L] for t € [y, by], and consequently

max{F (u,(t)): t € [yn,bn)} = F(C). (68)

Therefore (66) and (67) give

& p2(’7n) 1’1/2
F( 5 > 20 < F(C)+ 5 (), te [y, bn). (69)

STEP 2. We prove that the sequence {%,,}°2, is bounded below by some positive
number. Since u,, is a solution of (1) on [0, b,,), we have

(P()un ()" = p(t) f (un(t)), € (0,%n).
Integrating it we get

=L [ ) f(un(s))ds o — v
) = o [ s () as < fle BT te @A), (70)

where o,, € [1,1] satisfies f(0,B,) = max{f(z) : = € [B,, 3B} and P(t) =
fgp(s) ds. Having in mind (8), we see that p is increasing and 0 < % <t for
€ (0,00). Consequently

. ¢ P(s) .
lim /0 ds =0. (71)

t=0+Jo p(s)

Integrating (70) over (0,%,), we obtain

1 ™ P(s)
iBn - B, < f(Uan)/O p(s) d57
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and hence

By (62) we get

lim inf 1 = liminf —

n—oo 2 f(Uan) n—oo 20y, f(Uan)

which, due to (72), yields

’77Z
lim inf/ P(s) ds > 0.
n—oo Jo o p(s)

So, by virtue of (71), there exists o > 0 such that ¥, > o for n > ng.
STEP 3. We construct a contradiction. Putting 7o in (69) we have

B\ P*(10) 1,
F<2> pg(to) - F(C) < iun (t), te [’anbn)- (73)

Due to (62), lim,_,_ f(x) = co. Therefore lim,_, o F(x) = oo, and conse-
quently, by (63),
n—oo

lim F(B;”> = 0. (74)

In order to get a contradiction, we distinguish two cases.
CASE 1. Let limsup,,_, ., b, < 00, that is we can find by > 0, n1 € N, n; > ny,
such that

bngbo fornGN,nan.

Then, by (74), for each sufficiently large n € N, we get

F(B"> S P200) oy 1 L)

2

Putting it to (73), we have
1 B\ p*(0) L
SR 22 _F SU2(E), tE [y by).
9 < < 9 >p2(b0) (C) < suy, (1), €[ )

Therefore 1 < u/, (b,), contrary to (64).
CASE 2. Let limsup,,_, . b, = co. We may assume lim,, ., b, = 0o (otherwise
we take a subsequence). Then there exists ny € N, ny > ng, such that

I'+1<b, forneN, n>ns.

Due to (74), for each sufficiently large n € N, we get

Bn p2(F+1) 1 _ 2
F<2> >y FO+ 5= 0.
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Putting it to (73), we have

%(L —0)? < F(%)m — F(C) < =u?(t), t€ [y, T +1].

Therefore L — C < u} (t) for ¢ € [y,, ' 4+ 1]. Integrating it over [y,,I" + 1], we
obtain

(L-C)YTH4+1—-7v) <up(T+1) —up(yn) =u,(T'+1) = C,

which yields, by (65), L < u,(I'+1) and also L < uy(by,), contrary to (64). The
above contradictions obtained in both cases imply that there exists £ € N such
that uy is an escape solution. O

5 Homoclinic solution

The next theorem provides the existence of a homoclinic solution under the
assumption that the function f in equation (1) has a linear behaviour near —oo.
According to Definition 2, a homoclinic solution is a strictly increasing solution
of problem (1), (2).

Theorem 27 (On homoclinic solution) Let the assumptions of Theorem 26 be
satisfied. Then there exists B < B such that the corresponding solution of
problem (1), (11) is a homoclinic solution.

Proof.  For B < 0 denote by up the corresponding solution of problem (1),
(11). Let M, and M, be the set of all B < 0 such that up is a damped
solution and an escape solution, respectively. By Theorems 16, 17, 22 and
26 the sets My and M, are nonempty and open in (—o0,0). Therefore the set
My, = (—00,0)\ (MgUM.,) is nonempty. Choose B* € M,,. Then, by Theorem
21, ug~ is a homoclinic solution. Moreover, due to Theorem 16, B* < B. O

Example 28 The function

coxr for z< Oa
f(d?) = { :EO(:E — L) for =z S [O,LL

where ¢y is a negative constant, satisfies the conditions (3)—(6), (14) and (62).
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