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Abstract

The paper investigates a fixed point problem in the space (W' ([q, b];RM)**' which
is connected to boundary value problems with state-dependent impulses of the form
Z(t)=f(t,z(t),ae. t € [a,b] CR, z(t+) — z(T) = J;(1;, 2(T))), £(2) = ¢o. Here, the impulse
instants T; are determined as solutions of the equations ;= y,(z(T)), i=1,...,p. We
assume that n,p € N, ¢y € R”, the vector function f satisfies the Carathéodory
conditions on [g, b] x R", the impulse functions J;, i=1,...,p, are continuous on

[a,b] x R", and the barrier functions y;,i=1,...,p, are continuous on R". The operator
£ is an arbitrary linear and bounded operator on the space of left-continuous
regulated on [a, b] vector valued functions and is represented by the Kurzweil-Stieltjes
integral. Provided the data functions f and J; are bounded, transversality conditions
which guarantee that this fixed point problem is solvable are presented. As a result it
is possible to realize the construction of a solution of the above impulsive problem.
MSC: 34B37;34B10; 34B15
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1 Introduction

In the literature most of impulsive boundary value problems deals with impulses at fixed
times. This is the case that moments, where impulses act in state variables, are known
(cf: Section 2). The theory of these impulsive problems is widely developed and presents
direct analogies with methods and results for problems without impulses. Important texts
in this area are [1-6].

A different situation arises, when impulse moments satisfy a predetermined relation
between state and time variables, see e.g. [7-12]. This case, which is represented by state-
dependent impulses, is studied here, where we are interested in a system of n (n € N)
nonlinear ordinary differential equations of the first order with state-dependent impulses
and general linear boundary conditions on the interval [a,5] C R. The main reason that
boundary value problems with state-dependent impulses are developed significantly less
than those with impulses at fixed moments is that new difficulties with an operator repre-
sentation of the problem appear when examining state-dependent impulses (cf Section 4).
Therefore almost all existence results for boundary value problems with state-dependent
impulses have been reached for periodic problems which can be transformed to fixed
point problems of corresponding Poincaré maps in R”. Hence, the difficulties with the
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construction of a functional space and an operator have been cleared in the periodic case.
See e.g. [13-16]. Other types of boundary value problems with state-dependent impulses
have been studied very rarely, see [17, 18].

In this paper we construct and investigate a fixed point problem in some subset Q of
the product space (W-*°([a, b];R"))?*! and we provide conditions for its solvability (cf.
Section 4 and Theorem 14). The existence of such fixed point allows us to construct a

solution of the system of differential equations

Z() =f(t,2(t)), aetelablCR, @)
subject to the state-dependent impulse conditions

2(ti+) — 2(w) = Ji(T z(t,-)), where 7; = y;(2(1))),i=1,...,p, (2)
and the general linear boundary condition

2z) = co. (3)

For nonzero impulse functions J;, i = 1,..., p, this solution is discontinuous on [a, ] and,
since discontinuity points t;, i = 1,..., p, are not fixed and depend on the solution through
(2), such a solution has to be searched in the space G ([a, b]; R"); see the notation below.
Note that conditions which guarantee the solvability of problem (1)-(3) have not been
known before. Some results for special cases of problem (1)-(3) can be found in our pre-
vious papers [19-24].

In what follows we use this notation. Let k, m,n € N. By R”*” we denote the set of all

matrices of the type n x m with real valued coefficients equipped with the matrix norm

m

Al = max ai| for A = (ay)”, e R™™.

Al = max Z || ()t
j=1

Let AT denote the transpose of A € R"*", Let R” = R"*! be the set of all n-dimensional

column vectorsc = (cy,...,¢,) %, wherecy e R,k =1,...,n,and R = R"*!, The (vector) norm

of R" is a special case of the norm of R"*", i.e. it has the form

|x| = max |xx| forx=(x1,...,x,)7 € R".
kefl,...,n}

It is well known that
|Ax| < |A|lx| foreach A e R, x e R".

By C([a, b] x R";R"), C([a, B; R™™) (with —0c0 < & < B < 00), C(R"; R™) we denote the
set of all mappings «x : [a4,b] x R" - R”, x: [o, 8] - R, x : R" — R” with con-
tinuous components, respectively. By ([, b]; R"™™), L!([a, b]; R™™), Gy ([a, b]; R™™),
C([a, b]; R™™), BV([a, b]; R"™), we denote the sets of all mappings F : [a,b] — R
whose components are, respectively, essentially bounded functions, Lebesgue integrable
functions, left-continuous regulated functions, continuous functions and functions with
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bounded variation on the interval [a,b]. Let us note that the norm in the linear space
L>°([a, b]; R™™) is taken as

I1Ello = max Zesssup[ﬁq(t” for F = (fiy)i", € L™ (a, b, R™™),

kefl,..., j=1 tela,b]
especially, in L>°([a, b]; R")

lulloo = max ess sup|ux(t)| foru=(u,...,u,)" € L®([a,b};R").
ke{Lon}  tela,b]

We will make use of the Sobolev space W *([a, b]; R"), which is the linear space of vector
functions, whose components are absolutely continuous having essentially bounded first
derivatives on [a, b], equipped with the norm

letllnoe = lulloo + '], for u e W' ((a, b R").

By Car([a, b] x R”; R") we denote the set of all mappings f : [a, D] x R”" — R” satisfying
the Carathéodory conditions on the set [4,b] x R”. Finally, by x» we denote the charac-
teristic function of the set M C R.

Note that a mapping u : [a4,b] — R” is left-continuous regulated on [a, b] if for each
t € (a,b] and each s € [a, b)

u(t) =u(t-) = tli_)rrtl_u(r) eR”, u(s+) = Tli)nsl+ u(t) e R™.

Gy ([a, b]; R") is a linear space and equipped with the sup-norm || - ||« it is a Banach space
(see [25], Theorem 3.6). In particular, we set

|#]loc = max ( sup ’uk ’) for u = (u,...,u,)T € GL([a,b];R”).
ke{l,...n} \re[a,b]
A mapping f : [a,b] x R" — R” satisfies the Carathéodory conditions on [a, b] x R” if
o f(-x): [a,b] > R" is measurable for all x € R”,
o f(t,-) : R" — R” is continuous for a.e. t € [a, ],
« for each compact set K C R” there exists a function my € IL}([a, b]; R) such that
If(t,x)| <mg(t) fora.e. t € [a,b] and each x € K.
Throughout we assume that

npeN, f € Car([a, b] x R";R"),
co € R”, J: € C([a, b] x R";R™), y; € C(R;R), i=1,...,p,
£:Gy([a, b]; R") — R” is a linear bounded operator, i.e. (4)
U2) = Kz(a) + [P V() dlz()], z € G(la,bl;R"),
where K € R,V € BV([a, b]; R""),k=1,...,n.

Now let us define a solution of problem (1)-(3).

Definition 1 A mapping z : [a,b] — R” is a solution of problem (1)-(3) if for each i €
{1,...,p} there exists a unique t; € (a, b) such that

7 = vi(2(1)),
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a<T <7< < Ty < b, therestrictions z| (4,5, Zl(z,1), - - -» Zl(1,6) are absolutely continuous,
z satisfies (1) for a.e. t € [a, b] and fulfills conditions (2) and (3).

2 Problem with impulses at fixed times

In this section we summarize results from the paper [23], where we investigated boundary
value problems having impulses at fixed times. This is the case that the barrier functions
vi in (2) are constant functions, i.e. there exist ;,...,t, € R satisfyinga <t; <--- <, < b
such that

yix)=¢; fori=1,...,p,x e R”,
and each solution of the problem crosses ith barrier at the same time instant t; = ¢; for

i=1,...,p.
In [23], the following boundary value problem was investigated:

Z(t) = A(t)z(t) +f(t, z(t)), a.e. t€la,b], (5)

2(ti+) - 2(t;) = Ji(2(8)), i=1,....p, (6)

E(Z) =Co, (7)
where

a<ti<---<ty<b, A e LY([a, b];R™™),
f € Car([a, b] x R";R"), Jie CR%;RY), i=1,...,p, (8)
£:Gr([a, b];R") — R” is a linear bounded operator, co € R".

In order to get an operator representation of this problem (¢f. Theorem 4) the Green’s

matrix is constructed.

Definition 2 ([23], Definition 7) A mapping G : [a, b] x [a, b] — R"*" is the Green’s matrix
of the problem

Z(t) = A(t)z(t) fora.e.tc [a,b], £(z) =0, 9)
if
(a) G(+, 1) is continuous on [a, ] and on (t, b] for each t € [a, b],

(b) G(t,-) € BV([a, b]; R"™") for each t € [a, b],
(c) for any g € LY([a, b]; R") the mapping

x(t) = /b G(t,t)q(r)dr, te€la,b]
is a unique solution of the problem
Z(t) = A(t)z(t) + q(t) foraee.t€ [a,b], £(z) = 0. (10)
Lemma 3 ([23], Lemma 8) Assume (8). Problem (10) has a unique solution if and only if

det¢(Y) #£0, (11)
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where Y is a fundamental matrix of the system of differential equations in (9). If (11) is
valid, then there exists a Green's matrix of problem (9), which is in the form

Gt 1) = YOH(T) + xep) Y)Y (), t,Telab], (12)
where H is defined by
b
H(t)= —[z()/)]‘1 ( f V(s)A(s)Y(s)ds - Y(r) + V(r)), T € [a,b], (13)

and it has the following properties:
(i) G isbounded on [a,b] X [a,b],
(i) G(-,7) is absolutely continuous on [a, t] and (t,b] for each t € [a,b] and its
columns satisfy the differential equation from (9) a.e. on [a, b],
(ili) G(z+,t)—G(z,t)=E foreacht € [a,b),
(iv) G(-,7) € GL([a, b]; R"™™") for each T € [a, D] and

€(G(-,7)) =0 foreacht € [a,b).

Theorem 4 ([23], Theorem 11) Let (8) and (11) be satisfied and let G be given by (12)
with H of (13). Then z € GL([a, b];R") is a fixed point of an operator F : GL([a, b];R") —
Gu([a, b];R") defined by

b »
(F2)(@t) = / G(t,s)f(s, z(s)) ds + Z G(t, t,')]i(z(ti)) + Y(t)[E(Y)]7100

i=1

for t € [a,b], if and only if z is a solution of problem (5)-(7). Moreover, the operator F is
completely continuous.

Similar results can be found also in [26, Chapter 6].

Remark 5 Asin [23], we denote

Gi(t, 1) = Y(®)H(T), Ga(t,7) = Y(8)(H(r) + Y (1)),

Gl(t7r)r ﬂftfffl’),
G(t: T) = Gl(t¢ T)X[a,r](t) + G2(tr T)X(r,b](t) =
Gy(t,T), a<t<t<bh.

Remark 6 In the present paper we need the Green’s matrix of problem (9) for A = 0.
Therefore Y (£) = E and £(Y) = K. The existence of the Green’s matrix is then equivalent
with the regularity of K, i.e. with the assumption det K # 0. If this is satisfied, then H from
(13) is given by the formula

H(t)=-KV(1), te€labl,

Page 5 of 17
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and the Green’s matrix takes the form

-K'V (1), a<t<t<b,
—KW()+E, a<t<t<bh.

In this case the matrix functions G;, G, from Remark 5 are written as
Gi(t, 1) =-KV(2), Gy(t,7)=-KWV(t)+E, t,telabl

3 Transversality conditions

Here we formulate conditions which guarantee that each possible solution of problem (1)-
(3) in some region, which will be specified later (cf (21)), crosses each barrier y; at the
unique impulse point 7;, i = 1,...,p. Consider positive real numbers u;, j = 1,...,n, and
denote

A={@n,..ox)" €eR":xgl < pypj=1,...,n). (14)

We assume that

there exist disjoint subintervals [a;, b;] of the interval (a4, b) such that

ar<---<dapa; <yix)<bfori=1,...,pxe A

foreachi=1,...,p,j=1,...,n, there exists ;; € [0, 00) such that
for each x = (x1,...,%.) 5,9 = 1,...,y.)T €A, (16)
yilx) = vl < 207 Aiilag = -

Further we choose positive real numbers p;, j = 1,...,#, and assume that

n
> hjpi<1 fori=1,...,p. 17)
j=1

Under conditions (14)-(17), which we call transversality conditions, we define the set

B={v=1...,va)" € W([a,b;;R") : [vjlloo < s

Vil <ppi=1mf. (18)

In Section 4 we define an operator G (cf (26)) whose fixed point (uy,...,#p.1) is used
for the construction of a solution z of problem (1)-(3) (c¢f. (28)). In order to get a correct
definition of G we need to describe intersection point ¢ of a function v € B with the barriers
vi» i =1,...,p. These intersection points are roots of the functions y;(v(£)) — ¢, and their
uniqueness is stated in Lemma 7.

Lemma?7 Let u; € R, Abegiven by (14), and let Ay, pjand y;,j=1,...,n,i=1,...,p, satisfy
(15), (16) and (17). Finally, let B be given by (18). Then for each v € B the functions

o) =y(v®) -t, telabli=1,...p,

are continuous and decreasing on [a,b] and they have unique roots in the interval (a, b),
i.e forie(l,...,p} there exists a unique solution of the equation

t = yi(v(D)). (19)
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Proof LetveB,ie{l,...,p). By (15),

oi(a) = yi(v(a)) —a >0,

i(b) = vi(v(b)) =b <0
are valid. This together with the fact that o is continuous on [4, b] shows that ¢ has at
least one root in (a,b). Now, we will prove that o is decreasing, by a contradiction. Let

81,82 € (a, b), s1 < sy be such that

o(s1) = 0i(s2),

Vi(v(s1)) = vi(v(s2)) = 1 - 2.
From (16) and (18) we obtain

0 < Is1 — 2] = |y:(v(s1)) — v (v(s2)) |

n n
=< ZM|V;‘(31) - V/(52)| =< Z)»ij
j=1 =1

/ v;@)ds‘

n n
< ZM}”V}HOJSl -5 =< Z)Lijpﬂsl — 5.
=

j=1
This contradicts (17). Therefore (19) has a unique solution. a

According to Lemma 7, for i € {1,...,p} and v € B, there exists a unique point (z;, ¥(t;)) €
[a,b] x [—p;, p;] which is an intersection point of the graph of v with the graph of the
barrier y;. Therefore we define a functional P; : B — (a, b) by

Pv=t, veB,i=1...,p, (20)

where 1; is a solution of (19), i.e. a unique root of the function o; from Lemma 7, for i =

1,...,p.

Since solutions are affected by impulses at the points t;, the functionals P;, i =1,...,p,
are used in the definition of the operator G (cf (26)), it is important to prove their prop-
erties which are presented in Lemma 8 and Corollary 9 and which are necessary for the
compactness of G (¢f Lemma 13).

Lemma 8 Let the assumptions of Lemma 7 be satisfied. Then for each i € {1,...,p} there
exists a constant C > 0 such that for every v,v € B

|Piv—"Piv| < Cllv = Voo
Proof Letie{l,...,p}, v,v € B. Let us denote

T =Py, T="P;

=t
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Then from (16) and (18) we get
7= 1= () = 1 D) = 3 g0 = 58
=
= 2”: hijlvi() = (o) + Zn: i [75(7) = ()]
1 1
/f ") ds

n n
<D kil =Tl + Y Aiplr —El.
j=1 j=1

n n
<D Ml =Tlle + D Ay
j=1 j=1

Subtracting the second term from the right-hand side of the inequality we obtain

n n
T =21= D holt =TI <Y hylv =Tl
j=1 j=1
and using (17) we arrive at

n
oog s —= g
1=2 5 i

which is the desired inequality. O

Corollary 9 Let the assumptions of Lemma 7 be satisfied. Then the functionals P;, i =
L,...,p, which are given by (20), are continuous on B in the norm of W>*([a, b];R").

4 Fixed point problem

The main result of this section is contained in Theorem 11, where we present a connection
between a (discontinuous) solution z of problem (1)-(3) and a fixed point of some operator
G which operates on ordered (p + 1)-tuples (u1,...,u4,,1) of absolutely continuous vector
functions. We work with the product space

X = (W' ([a, b, R"))",

where for u € X we write u = (u1,...,4p.1) and uy = (Ui o k)T k=1,...,p + 1. The

[o S
m=1’

as {u)'}5,_,. The space X is equipped with the norm

sequence of elements of X is denoted as {u#™} and the sequence of its kth components

p+l

||(M1,.--,Mp+1)HX = Z lluxllio  for (ulr-urup+1) eX.
k=1

It is well known that X is a Banach space. For the construction of a fixed point problem
we need the set

Q=B CX, (21)

Page 8 of 17
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where B is defined in (18) with constants u;, pj, j = 1,..., n, satisfying the assumptions of
Lemma 7.
Now, assume that the matrix K from (4) fulfills

detK #0, (22)

and consider an operator F*: Q — (C([a, b]; R"))?*! defined by

b p+l V4
(Fru), (1) = / G(t:8) Y Xwiar) O (5, u(s)) ds + >~ Galt, T (i uil)
a i=1 i=k
k-1
+ 3 Galt )iz uilm) + YO[U(V)] e (23)
i=1
fork=1,...,p+1,t € [a,b], where
1 =Pu; fori=1,...,p, T0=a, Ty = b, (24)

and P;: B— (a,b),i=1,...,p, are continuous functionals from Corollary 9. Here Gj, G,
Y, £(Y) take values from Remark 6. Then (F*u); € C([a, b); R"),fork =1,...,p+1. Assume
in addition that f is essentially bounded, that is,

there exists f € R such that [f(t, x)‘ <f forae.te[a,b)alxeR" (25)

Then the operator 7* maps 2 to X. Unfortunately, F* is not compact on Q. We can
overcome this obstacle by redefining the operator F* by means of an operator G : Q@ — X
given by

(F*u)e(tey) + f;k_lf(s, ui(s))ds fort< 1y,
(Gu)i(®) = § (F*u)(t) forn ., <t<m, (26)
(Fru)r(ty) + ftif(s, ui(s)) ds for t > 1,

where t € [a,b], k=1,...,p + 1, and ¢ are defined by (24). As we will show this will be
enough for our needs (¢f. Theorem 11).

Remark 10 The important property of the operator G is that for u = (uy, ..., Up.1) € Q we
have

(Gu) () =f(t,u(t)) forae.telablk=1,...,p+L

Let us note that for k € {1,...,p + 1} the operator F* satisfies this identity only on the
interval (tx_1, Tx), because
p+l
(f*u)k(t) = Z X(Tifl,fi)(t)f(t, ui(t)) fora.e. t € [a,b].

i=1

This fact obstructs the compactness of the operator 7* in X.

Page9of 17
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Consider A from (14), and assume
y,'(x +]i(t,x)) <vyix) forall(t,x)€[a,b]l x Ai=1,...,p. (27)
Then we are ready to prove the following theorem.

Theorem 11 Let the assumptions of Lemma 7 and conditions (22), (25) and (27) hold. If
u=u,...,Upw1) is a fixed point of the operator G, then a function z defined by

uy (£), tela, Piuml,

2t) = us(t), t € (Pru1, Pous], 28)

cey

Mp+1(t); te (Ppup: b]

is a solution of problem (1)-(3). Here P; : B— (a,b),i=1,...,p,are continuous functionals
from Corollary 9.

Proof Let BB be defined by (18) and Q = 37*!. Further, let u = (u1,...,up.1) € Q be a fixed
point of the operator G. Then for each i € {1,..., p} we have u; € B and hence, by Lemma 7,
there exists a unique solution t; = P;u; of the equation ¢ = y;(u;(¢)). Due to (15) the inequal-
ities

A=Tog< T <Ty< < Tp<Tp1=h

are valid. Let us consider z defined by (28). We will prove that z is a fixed point of the
operator F from Theorem 4, taking

t;=1; and ],-(r,»,z(t,»)) in place of]i(z(ti)), i=1,...,p. (29)
Let us denote
Ty =[a,1l, I, =(u,l, I3 = (12, 3], cees Zpi1 = (1, b].

Let us choose k € {1,...,p + 1} and consider ¢ € Z;. Then

z(t) = ux(2)
Ly )4
=3 / G(t,s)f (s, ui(s)) ds + Y Gt T)i (i, us(Ts))
i=1 Y Ti-1 i=k
k-1

+ 3 Gaolt, wi(mo ui(m) + YO[U)] " eo

i=1

p+l 7 p

-3 [ G (5200) s+ Y Gale i z(e)
i=1 v Ti-1 i=k
k-1

+ Z Ga(t, w)i(Tin2(1)) + Y(t)[e(y)]_lco'

i=1


http://www.boundaryvalueproblems.com/content/2014/1/172

Rachlinkova and Tomecek Boundary Value Problems 2014, 2014:172 Page 11 of 17
http://www.boundaryvalueproblems.com/content/2014/1/172

Of course,

p+l

T b
Z/ G(t,9)f (s,2(s)) ds :/ G(t,9)f (s,2(s)) ds.
i=1 YTl a
Let i € N be such that k <i < p. Then t < ¢ < 7; and therefore Remark 5 yields
Gl(ti ri) = G(t’ Ti)'

Let i € Nbe such that 1 < i<k (such i exists only if k > 1). Then ¢ > 74,_; > 7; and Remark 5

gives
Ga(t, ) = G(t, 7).

These facts imply that

r k-1 r
Z Gi(t, )it 2(1) + Z Ga(t, t)i(i 2(1)) = Z G(t, w)i(tir2(Ty).
i=k i=1 i=1

Consequently, by virtue of Theorem 4, z is a solution of problem (5)-(7) with A =0 and
(29). The function z satisfies (1) a.e. on [a, )] and fulfills the boundary condition (3). In
addition, since z fulfills the impulse conditions (6) with ¢; = 7;, and J;(t;,z(7;)) in place of
Ji(z(t;)), where 1; = yi(u;(t:) = yi(z(t))), i = 1,..., p, we see that z fulfills (2). It remains to
prove that 13,...,1, are the only instants at which the function z crosses the barriers ¢ =
1(®),...,t = yp(x), respectively. To this aim, due to (15) and (28) it suffices to prove that

t #yi(u,ﬂ(t)) forallt € (7;,b],i=1,...,p.

Choose an arbitrary i € {1,..., p} and consider o; from Lemma 7 for v = u;,3, i.e.
oi(t) = yi(win(®) —t, telab.

Since z fulfills (2) we have
uin (ti+) = z(ti+) = 2(7)) + Ji (11, (%))

and according to (27) we get

oi(ti+) = vi(ui (ti+)) — 7 = vi(2(w) + Ji(ti,2(w))) - @

<vi(z() - i = 0i(m) = 0.
Since o; is decreasing on [a, b] we have

oi(t) < oi(ti+) <0 forall ¢ € (1, b]. (]
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5 Existence results

Properties of the operator G which is defined by (23), (24), and (26), in particular its com-
pactness and the existence of its fixed point, will be proved in this section. Then the exis-
tence of a solution of problem (1)-(3) will follow (¢f. Theorem 15). Besides the conditions
from Section 4 we assume in addition that

there exists J;,i = 1,..., p, such that |],v(t, x)| <J; forall (%) € [a,b] x R, (30)
Ve>03§>0Vx,ye A: |x—y|<8 = |Lf(~,x)—f(-,y)Hoo<8, (31)
Ve C(laib;R™™), i=1,...,p. (32)

Here A is from (14) and [a;, b;], i =1,...,p, are from (15).

Lemma 12 Let the assumptions of Lemma 7 and conditions (22), (25), (27), (30), (31), and
(32) be fulfilled. Let G be defined by (23), (24), and (26). Then for each ¢ > 0 there exists
8 > 0 such that each u, i € Q satisfy

p+l

Slt-uille<s = |G- (Gui,., <& k=1..,p+1L (33)
i=1

Proof Consider it = (it1, ..., Upe1), 4 = (Un,..., Ups1) € Q and denote

5’: G’lr»-nj}pﬂ ( (gu)pﬂ)’
y= (YI»-«uypH) = ( (gu)pﬂ);
B = G = (5 > (7)),
=@ xpa) = (Fu)yeo0 (F10),,,0),
where F* is defined in (23). Let us choose a fixed k € {1,...,p + 1}.
STEP 1. According to Remark 10 we have
yi(t) = (Gu) () = £ (¢, (1)),
(34)
V5 (8) = (Gu) (2) :f(t, uk(t)) for a.e. t € [a,b].
By (31) and (34) we have
VE>038>0ViL,ue Qi — il <8 = & —y}(”oo <E. (35)

Denote (cf (24))

fl = Piﬁi: T = ,Piui: i= 1,...,p, 'E() =To =a, fp+l =Tpa1 = b.

By Lemma 8, we have

VE>0>0ViL,ueQ: |ii—tilloo<d = |fi-1l<8, i=1,...,p. (36)
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Choose an arbitrary ¢ > 0. By (35), there exists 8; > 0 such that for each i, u € Q
~ ~/ / €
i —wdloo < = |52l <

For t € [a, b] we have

t t

s ) = ylm) + f Y46 ds,

Tk

Fll) = (20 + /

Tk

and therefore, by (26),

7 (8) = y@®)| < |7k (Fe) = ye(T)| +

/f:ms)ds— /T:y/k(s)ds‘

< () - ()| + / 546) — y4(5)| ds| + f o) ds

Then, using (25) and (34), we get
15k =y llow = [ (E) =2 (@0 + b= )5 =3 o, + 1~ el
Due to (35) and (36) there exists 8, € (0,8;) such that for each i, u € Q
lik —tilloo <82 = (b=a) |5 —yic|l o + 1% — wlf < ;

It remains to discuss the expression |%x(Tx) — xx(7x)|. We have

p+l % 7
) - e (e) = Z( | Gy (suo)ds- [ Glmsirls ) ds)

Ti-1 Ti-1

—_

+ ) (G T)i(Tir :(T)) — Gt T (T wi(Ti)) )

£

>
—

+ ) (Ga (Tt i (T (%)) — G (o To)Ji (T wi(7)) ).

i

I
—_

STEP 2. Treating the first term on the right-hand side of equality (39) we have

[ | G(Es)f (5 uls)) ds - / ' Gle s (5, i) ds)

Ti-1 Ti-1

3l

i=1

p+l T
_ ( / [G(Fos)f (5, 7(6)) - Glzo$)f (5, 14(s)) ] ds
i=1 Ti-1
+ /:TH G(fk,s)f(s, iti(s)) ds + /ri G(fk,s)f(s, 12,'(3)) ds)
p+l

=Z<

i=1

/.Ti G(Tw9)(f (s, ﬁi(s)) —f(s,ui(s))) ds

Ti-1

(37)

(39)
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+ / i (G(7x8) — G, 9))f (s, 1i(s)) d5>

p+l

+ Z(/ G(T 9)f (s, 11i(s)) ds + /Tf G (T, 9)f (s, :(s)) ds).

i

The function G is bounded on [a, b] x [a, b); it follows from (31) that there exists 83 € (0, 5,)
such that for each iz, u € Q

p+l p+l

Z 2t — tilloo <83 = Z/ |G(‘L’k, (s, ii(s)) f(s,ui(s)))|ds< ; (40)

i+1

In view of Remark 6

/‘Gtk:s) fk: ‘dS—/ ‘X[ark Xla,7) )‘d5=|fk_tk|7

and therefore, by (25) and (36), there exists 8, € (0, 83) such that for each i, u € Q

p+l p+l

ZHu, Uilloo <6a = Z/ |G(Tk,s) G(rk,s)Hf(s, S))|ds<— (41)

Similarly, since G is bounded on [4, b] x [a, b] and f fulfills (25), we can find « > 0 satisfying

Pl gy %
> / G(%,,s)f (s, ti(s)) ds + / G(7,8)f (s, ti(s)) ds
i=1 Ti-1 Ti
p+l
<a Z(ﬁi-l — Tl + [T - Tl).
i=1

Consequently, by (36), there exists 85 € (0,84) such that for each iz, u € Q

p+l

D Mt = willoo < 85
i=1

p+l

= Z / G(7,s)f (5, ui(s)) ds + f G50 ) (s n(s)) ds <;. (42)

i

STEP 3. Finally we discuss the second and third term on the right-hand side of equality
(39). According to Remark 6, we have

Gi(T &) - Gi(te, ) = -K V(%) + KV () = -K 7 (V(%) - V(1))

G2 (T, T) = Ga(tio 1)) = =K 'V(E) + E - (-K'V(1)) + E) = =K V(%) - V(1))

Therefore, due to the uniform continuity of J;, i =1,...,p, on [a,b] x A (¢f (4) and (14)),
the uniform continuity of V on [a;,b;],i =1,...,p (¢f (32) and (15)) and by (36), there exists
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8 € (0, 85) such that for each L, u € Q

ptl )4
Z % - tilloo <8 = Z|G1(fk, Ti(T0 (%)) = G t)i (o wi(T2)) | < ;, (43)
i=1 i=k

p+l

k-1
Yli-ulle<s = Y |Galh @i(E (7)) - Galte tli(ro (@) < 5. (40
i=1 i=1

Relations (37), (38), (40), (41), (42), (43), and (44) imply (33). |

Lemma 13 Let the assumptions of Lemma 12 be fulfilled. Then the operator G defined by
(23), (24), and (26) is compact on Q.

Proof First, we prove the continuity of G. Choose ¢ > 0. Then there exists § > 0 such that
each u, i1 € Q satisfy (33). Since ||i; — ;lloo < ||#t — till1,00, i = 1,...,p + 1, each u,it € Q
satisfy

p+l
Z||ﬁi—ui||1,oo<5 = ||(Qﬁ)k—(gu)k”1m<e, k=1,...,p+1.
i=1

Now, we prove the relative compactness of the set G(Q). Let {y""}°°; be a sequence of
elements from the set G(Q). Then there exists a sequence {#}%°, C Q such that y” =
G(u™) for every m € N. Since u" € B, we have (cf (18))

m

L T (T ey

foreachi=1,...,p +1, m € N. This implies

(1) — u}' ()] = < pilhh =t

/tz (u;")/(s) ds

5]

The Arzela-Ascoli theorem and the diagonalization principle give the existence of a sub-
sequence which is convergent in the || - ||oo-norm. Let us denote it as {#"}3,. Then, by
Lemma 12, for each ¢ > 0 there exist § > 0 and vy € N such that for each v € N, v > v, the

inequality Zf:ll lu! — u.° || < 8 holds, and consequently, by (33),

v=v = [(Gu"), - (Gu"), ] <8 k=1...p+L
Therefore there exists a subsequence {y"}52; C {y"}:,_, which is convergent in X. O
Theorem 14 Assume that (25) and (30) hold and that numbers uj, pj, j =1,...,n, satisfy

1= | K| sup |V(s)|f(b—a)+2f(b-a)

s€la,b)

(45)

’

)2 p
+ |I(‘1| S:[lllz]|\/(s)| ij + ij + |K_lco

k=1 k=1

ﬁy Elf, j = 1,...,”.
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Define sets A, B and Q by (14), (18), and (21), respectively, and assume that conditions (15),
(16), (17), (27), (31), and (32) hold. Then the operator G has a fixed point in Q.

Proof Tt suffices to show that G(Q) C Q. Let u € Q and x = F*u, y = G(u) (cf. (23) and (26)).
That is x = (x1,...,%.1) and y = (y1,...,¥p+1), Where y; = Gits-rsyim) T fori=1,...,p + 1.
Chooseje {1,...,n},i€{l,...,p + 1}. Having in mind (24), we get by (23), (26), (45), and
Remark 6

;)| < |yi(®)]
< |K‘1| sup |V(s)[]_‘(b—a) +j_”(b—a)
selab]
r . r
+ K| SFpr]|V(s)| D T+ Y i+ [K e
€l k=1 k=1

<puj—flb-a) fortelri,zl

f S (s ui(s)) ds'

!yi,/(t)| < {J’i(f)| < |xi(ti—1)‘ +

< piltn)| +fb-a) <y fort<riy,

/‘tf(s, u,-(s)) ds

=< |yi(ti)| +j_’(b—a) <wu; fort>t.

[y, (0] < (0] < |wilx)| +

Therefore
Iyijllo <y j=1,..,mi=1,...,p+1
From (25) and Remark 10 we have
i, 0] < 0] = |[f (&) | <f forae. tela,b),
which yields, due to (45),
Yiilo<pop j=Ll.omi=1..p+1.
Consequently, by virtue of (18), y; € Bfori=1,...,p +1, thatis, y € Q. g
Theorems 11 and 14 give an existence result for problem (1)-(3).

Theorem 15 Under the assumptions of Theorem 14 problem (1)-(3) has at least one solu-
tion z such that

llzlloo < max{us,..., Ly}
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