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Abstract. Existence principles for the BVP (¢(u)) = f(t,u,u’), u(0) = u(T), v'(0) = «'(T') are
presented. They are based on the method of lower/upper functions and on the Leray-Schauder
topological degree. In contrast to the results known up to now, we need not assume that they are

well-ordered.
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1. Formulation of the problem and the fixed point
operator

This paper is devoted to the periodic problem with a one-dimensional ¢-Laplacian

(1.1) (p(u)) = f(t,u,u),
(1.2) w(0) =u(T), «'(0)=u(T),
where

(13 0<T < oo, fisan L;-Carathéodory function on [0,7] x R?,
' ¢ : R +— R is an increasing homeomorphism such that ¢(R) = R.

A typical example of the function ¢ is the p-Laplacian ¢,(y) = |y 2y, p > 1.
Recently, the problem (1.1), (1.2) in special cases, when ¢ is a p-Laplacian or the
right hand side does not depend on «/, have been investigated by several authors.
Existence and multiplicity results for the non resonance case have been presented e.g.
by M. Del Pino, R. Mandasevich and A. Murtia [4], J. Mawhin and Mandsevich [9],
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Liu Bing [8] and Yan Ping [18], while the resonance case has been considered e.g.
by C. Fabry and D. Fayyad [5] or Liu Bin [7]. A nice survey of the subject with an
exhaustive bibliography has been provided by J. Mawhin in [10].

The papers which are devoted to the lower /upper functions method for the prob-
lem (1.1), (1.2) mostly assume well-ordered o1 /09, i.e. 01 < o9 on [0, T]. We can refer
to the papers by A. Cabada and R. Pouso [1], by M. Cherpion, C. De Coster and
P. Habets [3] and by S. Stanék [16]. While [1] and [3] concerned the problem (1.1),
(1.2) under the Nagumo type two-sided growth conditions, in [16] only one-sided
growth conditions of the Nagumo type were needed. Making use of the lower /upper
functions method P. Jebelean and J. Mawhin in [6] and S. Stanék in [17] obtained
the first existence results also for singular periodic problems with a ¢-Laplacian.
The paper [2] by A. Cabada, P. Habets and R. Pouso is, to our knowledge, the only
one presenting the lower/upper functions method for the problem (¢(u'))" = f(t,u),
(1.2) under the assumption that o1 > o5 on [0, 77, i.e. lower/upper functions are in
the reverse order. If ¢ = ¢, the authors get the solvability for 1 < p < 2, only.

Our aim is to offer existence principles for the problem (1.1), (1.2) in terms of
lower /upper functions which need not be well-ordered (see Theorem 3.2). Moreover,
we will not impose any additional restrictions on ¢.

As usual, we denote by C the set of functions continuous on [0,7], C' is the
set of functions u € C with the first derivative continuous on [0,7], L; is the set
of functions Lebesgue integrable on [0,77] and AC is the set of functions absolutely
continuous on [0, 7). For x € L, we put

T 1 /7
|2||o = sup ess |z(t)|, |z] = / lz(t)|dt and T = T/ z(s) ds.
0 0

te[0,7)

It is well known that C' becomes a Banach space when equipped with the norm
|z|lct = ||7]|so + ||2']]oe- For R € (0,00) we define B(R) = {u € C' : |lul|c: < R}.
The set of L;-Carathéodory functions on [0,7] x R? is denoted by Car, i.e. Car
is the set of functions f : [0,7] x R? — R having the following properties: (i) for
each z € R and y € R the function f(.,z,y) is measurable on [0,77; (ii) for almost
every t € [0,T] the function f(,.,.) is continuous on R?; (iii) for each compact set
K C R? there is a function mg € Ly such that |f(¢,z,y)| < mg(t) holds for a.e.
t €[0,7] and all (z,y) € K.

If Q2 is an open bounded subset of a Banach space X and the operator F :
cl(Q2) — X is completely continuous and such that F(u) # w for all u € 99,
then we can define the Leray-Schauder topological degree deg(l — F,2). Here I is
the identity operator on X and cl(Q2) and 09 denote the closure and the boundary
of 0, respectively.

For a homeomorphism v : R +— R and ¢ € R we denote

(1.4) {a}y = max{—y(—q),¥(q)}.
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1.1. Definition. A solution of the problem (1.1), (1.2) is a function u € C! such
that ¢p(u’) € AC, (¢(v/(t))) = f(t,u(t),u'(t)) for a.e. t € [0,T] and (1.2) is satisfied.

1.2. Remark. Notice that the condition (1.2) is equivalent to the condition u(0) =
uw(T) = u(0) + u'(0) — (7).

1.3. Definition. A function o € C! is an upper function of (1.1), (1.2) if

(1.5) (p(a'()) < f(t,o(t),0'(t)) for ae.te]0,T],

(1.6) 0(0) = (1), 0'(0) < o'(T),

while 0 € C! is a lower function of (1.1), (1.2) if it satisfies the relations (1.5), (1.6)
but with reversed inequalities.

To transform the problem (1.1), (1.2) into a fixed point problem in C!, we will
make use of some ideas from [9] (see also e.g. [1], [10], [18] or [13]). Having in mind
Remark 1.2, let us consider the quasilinear Dirichlet problem

(1.7) (¢('(1)) = h(t) ae on[0,7], x(0)=uz(T)=d,
with h € Ly and d € R. A function z € C! is a solution of (1.7) if and only if

x(t) =d+ /Ot ¢t <gb(:r;’(0)) + /08 h(T) dT) ds fort e [0,T]

and
/OT = (gb(x’(())) + /0 h(r) dT) ds = 0.

Since ¢ is increasing on R and ¢(R) = R, for each fixed ¢ € C the equation

/OT gzﬁ_l(a —i—ﬁ(t)) dt =0

has exactly one solution a = a(f) in R for each ¢ € C. So, we can define an operator

’CZLchlby

(1.8)  (K(h))(t) = /0 ¢—1<a(/OT h(s)ds) + /DT h(s) ds) dr for a.e. t € [0,7].
Furthermore, let N': C! + LL; and F : C! — C! have the form
(N(w)(t) = f(t,u(t),u'(t)) fora.e. te0,T]
and
(1.9) (F(u))(t) = u(0) +u'(0) — ' (T) + (KN (w)))(t) for t € [0,T].

It follows from the definition of K that # € C! is a solution to (1.7) if and only
if  =d+ K(h). Consequently, u € C! is a solution to (1.1), (1.2) if and only if
F(u) = u. Taking into account [9, Proposition 2.2], we can summarize:

1.4. Lemma. Let F : C' — C! be defined by (1.9). Then F is completely contin-
uous and u € C' is a solution to (1.1), (1.2) if and only if F(u) = .
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2 . Well-ordered case

The main result of this section is Theorem 2.1 which determines the Leray-Schauder
degree of the operator representing the problem (1.1), (1.2) in the case that it has
a couple of well-ordered lower/upper functions.

Beside (1.3), we will work with the following assumptions:

(2.1) o1 and oy are respectively lower and upper functions of (1.1), (1.2),
(2.2) o1 < oy on [0,7]

and with the following class of auxiliary problems:
(2.3) (@) = n() f(t,v,0), ©0(0)=v(T), v'(0)=2"(T),

where 17 may be an arbitrary continuous function mapping R into [0, 1].
For p > 0 we define

(2.4) Q,={ueC': oy <u<oyon[0,7T] and |[[u]x < p}.

2.1. Theorem. Assume that (1.3), (2.1) and (2.2) hold. Furthermore, let there
exist v* € (0,00) such that

25) |V < 7*  for each continuous n: R +— [0,1] and for
each solution v of (2.3) such that oy <v <oy on[0,T].

Finally, let F : C' — C! and Q, be defined by (1.9) and (2.4), respectively. Then
deg(I—F,Q,) =1 foreach p> 1" such that F(u)# u on 0%,

Proof. We will start with the following ”maximum principle” assertion:
CrLAIM. Assume (1.3), (2.1), (2.2) and let f € Car and d € R be such that

( f(t,z,y) < f(t,00(t),0,(t)) for ace. t €[0,T), all x €

(=
and all y € R such that |y — oj(t)] < %

00, 01(t))

(2.6) _
ft,z,y) > f(t,00(t),04(t)) for a.e. t €[0,T], all x € (o3(t),0)
and all y € R such that |y — ab(t)| < q:i;—?;)(t—i)—l
and

(2.7) 01(0) < d < 02(0).
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Then any solution u of the problem

{ (¢ (1)) = F(t,u(®), () a.e. on [0,T],
u(0) =u(T) =d

(2.8)

satisfies the estimate
(2.9) or <u <oy onl0,T].
Proof of CLAIM. Let u be a solution of (2.8) and v = u— 09 on [0, T]. Assume that

(2.10) sup v(t) > 0.
te[0,7

Due to (1.6) and (2.7), we have v(0) = v(T") < 0 and hence there are o € (0,7) and
v

B € (a,T] such that v(a) = supyep 7 v(t), v'() = 0, and
(2.11) v(t) >0 and [V'(t)] < ot >(j)L 1 for ¢t € [a, f].

Using (1.5) and (2.6), we obtain (¢(u'(£)))'—(é(a5 (1)) = F(¢, u(t), /(1) —(6(a5(t)))
> f(t,09(t),05(t)) — (p(ah(t))) > 0 for a.e. t € [, F]. Hence

0< [ (o6 = (@las(s)) ) ds = 6u'0) = oA ()

for all t € (a, B]. Therefore v'(t) = u'(t)—o4(t) > 0 for all t € (v, ]. This contradicts
the fact that v has a maximum at «a, i.e. u < oy on [0, 7.
If we put v = oy —w on [0, 7] and use the properties of oy instead of oy, we prove
that u > o7 on [0, T] by a similar argument and so we complete the proof of CLAIM.
Let r* be such that (2.5) is true and let

(2.12) Q={ueC': 0y <u<oyon[0,T]and ||u[e <r}
and
(2.13) F(x) #x for each z € 0N.

Furthermore, let

(2.14) R =717+ [0l ]leo + [l03loc;
1 for |y| < R¥,

(2.15) ny) =9 2- % for R* < |y| < 2 R*,
0 for |y| > 2 R*

and
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(2.16) g(t,z,y) = n(y) f(t,x,y) for a.e. t € [0,7] and all (z,y) € R?
Then oy /09 are lower /upper functions for the modified problem
(2.17) (¢(u) = g(t,u(t), u'(t), w(0)=u(T), «'(0)=u(T)

and there is an m € L; such that |g(t,z,y)| < m(t) for a.e. t € [0,7] and all
(z,y) € [01(t), 02(t)] x R?. Put

wi(t, ()= sup |f(t,04(t),03(1) = f(t, 04(t), 2))|

z€R, |0} (t)—2[<¢

for ¢=1,2 and (¢,{)€0,7] % [0,00) and

o1(t) — x ,
g(t,o1(t),y) — wilt, m) if ©<oi(t),
flt,wy) = glt,z,y) if x € ou(t), oa(t)],
ot +enlt ) it > o0

Then f € Car,

(2.18)  f(t,x,y) = g(t,z,y) for a.e. t € [0,T] and all (z,y) € [01(t), 02(t)] X R,

there is m € L, such that

(2.19) |f(t,z,y)| < m(t) for a.e. t € [0,T] and all (x,y) € R?,
and the relations (2.6) are valid if f is replaced by g. Define

01(0) for z < 01(0)
(2.20) a(z) =14 for o1(0) <

z < 03(0),
09(0)  for x > 09(0).

Consider an auxiliary problem

(2.21) (o)) = f(t,u,u'), w(0) = w(T) = a(u(0) +v'(0) — w'(T)).

By Lemma 1.4, (2.21) is equivalent to the operator equation F(u) = u, where

F: C!'+ C!is a completely continuous operator defined by

(2.22) F(u) = o(w(0) + ' (0) — /(1)) + K(N (u)
with K : Ly — C?! given by (1.8) and N : C! — L of the form
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(2.23) (N(w)(t) = ft, u(t),u'(t)) for ae. t e [0,T].
Due to (2.19), (2.22) and (2.23), we can find Ry € (0, 00) such that
Q C B(Ry) and F(u) € B(Ry) forall ueC

In particular, |ullc: < Ry for each A € [0,1] and each u € C* such that u = A F(u).
So, the operator I — AF is a homotopy on cl(B(Ry)) x [0, 1]. Hence,

(2.24) deg(I1— F, B(Ry)) = deg(I, B(Ry)) = 1.

Let

(2.25) Q={uecQ: 0(0) <ul0) +u(0) —u(T) < 02(0)}.
Then

(2.26) F =F on cl(Q)

?;(;7) (f(u) —u and ue Q) — ue.

We will prove that the following complementary implication is true as well:
(2.28) Flu)=u = ue

Indeed, let u € C! be a fixed point of F.In particular, we have

(2.29) a1(0) < u(0) = uw(T) = a(u(0) + ' (0) — ' (T)) < 79(0).

By CLAIM, this implies that

(2.30) o1 <u<ogon[0,7T].

In accordance with (2.18), we have

(2.31) ftu(t), v (t)) = g(t, u(t),u'(t)) for a.e. t € [0,T]

Now, we will show that u satisfies also the second condition from (1.2), i.e. that
u'(0) = o/(T) holds. Obviously, this is true whenever

(2.32) 1(0) < w(0) + /' (0) — /(T < o5(0).
If

(2.33) u(0) + u'(0) — u/(T) > 02(0),
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then, by (1.6), (2.20) and (2.29), u(0) = u(T) = 02(0) = 09(T) and v'(0) > /(7).
This together with (2.30) and (2.33) may hold only if ¢5(0) > «/(0) > «/(T") > o) (T
which contradicts (1.6). Similarly we would prove that the relation u(0) 4 u'(0) —
' (T) > 01(0) is true as well. This means that (2.32) and hence also u/(0) = «/(T)
hold. To summarize, u satisfies (2.21), (2.31) and (1.2) and, consequently, it is
a solution to (2.17). Now, by (2.30), (2.15), (2.16) and (2.5), the relation ||u'[|, <
r* < R* follows. Therefore u € cl(Q2) and, due to (2.26) and (2.13), we obtain

uwe and F(u)=u.

Finally, by (2.27), we conclude that u € ), which completes the proof of (2.28).
Making use of (2.27), (2.28) and (2.24) and taking into account the excision
property of the degree, we get

deg(1— F,Q) = deg(I — F,Q) = deg(I — F, Q) = deg(I1 — F, B(Ry)) = 1.

Finally, since according to (2.5) all the fixed points u of F such that o7 < u < 09
on [0, 7] belong to 2, we can conclude that

deg(I—F,Q,) =deg(l - F,Q) =1
holds for each p > r* such that F(z) # x on 09,. O

2.2. Remark. Let us emphasize that up to now for the problem (1.1), (1.2) no result
giving the degree of the related operator with respect to the set determined by the
associated lower and upper functions like Theorem 2.1 is known to us. Implementing
an arbitrary condition ensuring the existence of r* € (0,00) with the property
(2.5) and making use of the standard approximation technique, we could complete
alternate proofs of already known existence results (see e.g. [1, Theorem 3.1] or
[16, Theorem 1]) valid when the existence of a pair oy /09 of lower/upper functions
associated with the given problem and such that o7 < o9 on [0,7] is supposed.
Usually, conditions of the Nagumo type are used to this aim. To our knowledge, the
most general version of such conditions which covers also the case with ¢-Laplacian
is provided by [16, Lemma 2.1] due to S. Stanék. For the purpose of Section 3 the
following simple a priori estimate will be sufficient.

2.3. Lemma. Let ¢ : R — R be an increasing homeomorphism such that (R) = R
and let h € Ly. Then there is r* € (0,00) such that ||u| < 7* holds for each
u € C! fulfilling (1.2) and such that ¢(v') € AC and

(p(u'(t)) > h(t) (or (op(u'(t)) < h(t)) for a.e. t €[0,T).
Proof. Let h € L. By the proof of [11, Lemma 1.1] we can see that ||v|l < ||k|1
holds for each v € AC such that v(0) = v(T"), v = 0 and v'(t) > h(t) (or (V'(t) <

h(t)) for a.e. t € [0,T]. The assertion of the lemma now follows by setting v = ¢(u’)
and r* = {||h||1 }4-1, where we are using the notation introduced in (1.4)). O
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3 . Non-ordered case

Our main result is Theorem 3.2 which is the first known existence principle for pe-
riodic problems with a general ¢-Laplacian and non-ordered lower /upper functions.
We shall start this section with the following auxiliary assertion which will be helpful
for its proof.

3.1. Lemma. Let 1, 09 € C and u € C be such that
(3.1) u(ty) < o1(ty) and u(s,) > o2(s,) for some t,,s, €[0,T].
Then there ezists T, € [0,T] such that
(3-2) min{o(7.), 02(7u)} < w(r,) < max{o1(7u), 02(7a)}-
Proof. If u(0) < min{cy(0), 02(0)} while (3.2) does not hold, then necessarily u(t) <
min{o(t),o2(t)} on [0,7] which contradicts (3.1). If w(0) > max{c(0),02(0)}
while (3.2) does not hold, then u(t) > max{cy(t),09(t)} on [0, 7] which again con-
tradicts (3.1). N
3.2. Theorem. Assume (1.3), (2.1), and
(3.3) o1(1) > o9(1)  for some T € [0,T].
Furthermore, let h € 1Ly be such that
flt,x,y) > h(t) or f(t,z,y) < h(t)) fora.e t€[0,T] and all x,y € R.
Then the problem (1.1), (1.2) has a solution u satisfying (3.2) for some 1, € [0, T].
Proof. Assume e.g. that

(3.4) f(t,x,y) > h(t) forae. t€[0,7] and all z,y € R

is the case and put h(t) = —(|h(t)| + 2) for a.e. ¢t € [0,T]. By Lemma 2.3, there is
r* € (0,00) such that

|t/]|oo < r* for each w e C! fulfilling (1.2), ¢(u') € AC and

(3.5) -
(p(u'(t)) > h(t) forae. te[0,T].

Furthermore, put

(3.6) ¢ = [lo1flo + lloalloc + T
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and define
([ —(|h(t)] + 1) if ©<—(c"+1),

ftz,y) + (x4 ) (WO + 1+ FE 2,y))
if —(c*+1)<z<—c,

(3.7)  flt,x,y) =

f(t7x7y) lf —C*SISC*7
f(tvxay)+(x_0*)|h(t)| lf C>}<<.I‘<C*—|—17
([t z,y) + [h(D)] if z>c¢ +1.

Let us consider an auxiliary problem

(3.8) (6(u) = f(t,u,u'),  u(0) =u(T), w'(0)=u'(T).

The functions o, and oy are respectively a lower and an upper function of (3.8).
Furthermore,

(3.9) F(t,z,y) > h(t) forae. te[0,T]and all 7,y € R.

Moreover,

(3.10) f(t,z,y) <0 fora.e t €0, 7] and all x € (—o0, —c* — 1],y € R,

(3.11) flt,z,y) >0 forae tel]0,T] and all x € [¢" +1,00),y € R.

In particular, o3(t) = —c* — 1 and o4(t) = ¢* + 1 are respectively a lower and an
upper function for (3.8). Let us denote

Q={ueC': o3<u<oyon0,7], |t <7},
G ={ueQ: os3<u<oyon 0,7}, Q={ueQ: o <u<oyon|0,7T]}
and
Q=0 \ cl(Q UDy).

Clearly, € is the set of all u € €y for which the relations ||u/||oc < 7* and (3.1) are
satisfied. N

By Lemma 1.4, the problem (3.8) is equivalent to the operator equation F(u) = u
in C!, where

(3.12) F(u) = u(0) +u'(0) — u'(T) + K(N)(u)

and K : Ly = C! and N : C! — L, are given respectively by (1.8) and (2.23) (with
[ defined now by (3.7)). Next we will prove the following two assertions:

CrAam 1. If F(u) = u and u € cl($d), then u € €.

Proof of CLAIM 1. Let F(u) = u and u € 0€). Since, by (3.5) and (3.9), we have
|t/ || < 7*, this can happen only if

(3.13) u(a) = trer%[%%u(t) =c"+2 or ula)= tlg[lol%]u(t) =—(c"+2)
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for some a € [0,7). In the former case, we have u/(«) = 0 and u(t) > ¢*+1 on |, (]
for some 3 € (o, T]. Due to (3.11), we have also (¢p(v/(£))) = f(t,u(t),(t)) > 0 for
a.e. t € |o, 3], 1.e. W/ (t) > 0 on («, 5], a contradiction. Similarly we can prove that
the latter case in (3.13) is impossible.

CLAM 2. If F(u) = u and u € cl(Q), then ||ulo < ¢*.

Proof of CLAIM 2. Let F(u) = u and u € cl(€). By (3.5) and (3.9) we have
|t ||oo < 7* and, by Lemma 3.1, ||ulloc < ||01]|co + l|o2|loc + T 7" = ¢*.

Now, there are two cases to consider: either F (u) = u for some u € 0N or
F(u) # uon 0. If F(u) = u for some u € 99, then, by CLAIM 2, |Julje < ¢* must
hold, i.e. F(u) = F(u) = u. Hence, by Lemma 1.4, u is a solution to (1.1), (1.2). If
j-:(u) = w on 0F), then, as 02 = 0y U 021 U 02y, we can apply Theorem 2.1 to get

deg(I— F, Q) = deg(I — F,Qy) = deg(I — F,Qy) = 1.
Furthermore, by (3.3) we have ; N Qy = ). Therefore
deg(I— F,Q) = deg(I — F, Q) — deg(I — F, Q) — deg(I — F,Q,) = —1

and there exists u € () such that JE(ul = u. By Claim 2, we have ||u||o < ¢* which,
by virtue of (3.7) and (3.12), yields F(u) = F(u) = u, i.e. u is a solution to (1.1),
(1.2). O

3.3. Remark. Theorem 3.2 combined with techniques introduced e.g. in [15]
enables one to prove some existence results to certain problems with singularities.
In particular, we can derive results similar to those by P. Jebelean and J. Mawhin
6], but without restricting ourselves to p-Laplacians, see our forthcoming paper [14].
For an extension to impulsive periodic problems with ¢-Laplacian, see our preprints

13).
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