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1 Introduction

Let T be a positive number, J = [0,7], R_ = (—00,0), R} = (0,00) and Ry =
R\ {0}. Let n € N and D,, C R*"*! be defined by
Ry xRy xR_xRy+ x---xR_ ifn=2k—-1

D = 4k—1
" Ry xRy xR xRy+ x--- xRy ifn=2k

4k+1

(forn = 1and n = 2 we have D; = Ry xRoxR_ and Dy = Ry xRy xR_xRyxR .,
respectively.
Consider the singular boundary value problem (BVP)

(1)@ (8) = F(t,2(t),. .., 2P @), (1.1)
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x2(0) = 0,
. . . (1.2)
2®(0) = 2@)(T) =0, 0<j<n-—1,

where positive f satisfying the local Carathéodory conditions on J x D,, (f €
Car(J x D,,)) may be singular at the value 0 of all its phase variables in the

following sense: lim,; .o f(t,70,..., %, ...,22,) = 00 for 0 < j < 2n, ae. t € J
and each (zo,...,%j_1,%j41,...,T2,) such that (zo,...,2; 1,2, Tj11,...,2To) €
D,.

We say that a function z € AC?"(J) (the set of functions whose 2n-derivatives
are absolutely continuous on J) is a solution of BVP (1.1),(1.2) if = satisfies the
boundary conditions (1.2) and for a.e. t € J fulfils (1.1).

We recall that the BVP

(_1)nx(2n) (t) = fl (tv x(ﬂv Tt 7x(2n_1)(t))a (13)
2#(0)=2®)(T)=0, 0<j<n-1 (1.4)

is the well-known Lidstone BVP which the special case (for n = 1) is the Dirichlet
BVP. Here the differential equation (1.3) has an even order. The Lidstone BVP
(with general n) have been studied in the regular case e.g. by Agarwal [1],
Agarwal and Wong [9], [10] and Palamides [7] and in the singular case by Agarwal,
O’Regan, Rachtunkova and Stanék [4]. In this paper we consider the differential
equation (1.1) of an odd order together with the Lidstone boundary conditions
(1.4) and the next condition #("(0) = 0. So, we can keep looking at our BVP
(1.1),(1.2) as an ‘expansion’ of the Lidstone BVP.

The aim of this paper is to give conditions guaranteeing the solvability of
BVP (1.1),(1.2). Our approach is based on the general existence principle which
was proved by the authors in [8].

Throughout the paper ||z| = max{|z(t)| : t € J}, ||z]c = Z?ioﬂx(j)ﬂ
and ||z||z, = Ji |z(t)|dt stands for the norm in C°(J), C®"(J) and Ly(J),
respectively. For each measurable M C R, u(M) denotes its Lebesgue measure.

Throughout the paper the following assumptions are used: !

(Hy) f € Car(J x D,) and there exist S € Ry and r € [0,1) such that

S
tTn S f(t,l’o,...,ﬂfgn)

for a.e. t € J and each (zg, ..., T2,) € Dy;

'In the sequel, if some conditions or statements depend on j € N with 0 < j < n — 2, then
those come into force only if n > 2.



(Hy) For a.e. t € J and each (zo,...,x9,) € Dy,

2n n n—1
Ft w0,y wan) < B8 Ja]) + D0 woj([way]) + D wajua (|35 )
=0 =0 j=0

where h € Car(J x [0,00)) is positive and non-decreasing in the second
variable, w; € C°(Ry) (0 < j < 2n) are positive and non-increasing,

1 [T
limsup— [ h(t,Vu)dt <1 (1.5)
u—oo U JO
with
2n+1 iftTr=1
V = 2n+1 (1.6)
T -1
— ifT#1
T _ 1 1 # Y

1
/ waj(s)ds < oo for 0 <j<n-—1,
0

1
/ w2j+1(32)ds <oo for0<j<n-—2,
0

1 1
/ won_1(5*7") ds < o0, / won (s ds < 0. (1.8)
0 0

Remark 1.1. Since w; : Ry — R4 (0 < j < 2n) in (H;) are continuous and
non-increasing, the assumptions (1.7) and (1.8) imply that all these integrals are
convergent also in the case when we write ¢ € R, instead of 1 in their upper
bounds.

As we have written, our existence result for BVP (1.1),(1.2) is proved by the
general existence principle. To formulate that, consider an auxiliary sequence of
regular differential equations

(=1)"z® () = £t 2(t), ..., 2% (t)), (1.9)

where f,, € Car(J x R*™), m € N, together with a general boundary condition
of the form
x € B, (1.10)

where B is a closed subset in C?"(.J). Then the general existence principle of [8]
for singular BVP (1.1), (1.10) is given in the following theorem.

Theorem 1.2. [6, Theorem 1.3] (General existence principle) Let us suppose
that there is a bounded set Q@ C C*"(J) such that

(i) for each m € N, the (reqular) BVP (1.9), (1.10) has a solution z,, € £,
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(ii) the sequence {fm(t, zm(t), ..., 22" ()} is uniformly absolutely continuous

rY'm

on J, that is for each € > 0 there is a 0 > 0 such that
/ Fultszm(®), ... 2@ (@) dt <, meN
M

whenever M C J is measurable and p(M) < 9.
Then we have

(I) there exist x € Q and a subsequence {xy,,} of {xm} such that

i g, — e = 0, (L11)

(IT) of for a.e. t € J

i fi, (625, (1), ., 220 (1) = f(t,2(t), ..., 22D (t)), (1.12)

m—00

then x is a solution of the singular BVP (1.1), (1.10).

In the paper we assume that f € Car(J x D,,) and so it may be singular at
the value 0 of all its phase variables, only. In this case Theorem 1.2 leads to:

Theorem 1.3. (Existence principle for BVPs with phase singularities at 0) Let
fm € Car(J x R*™™) m € N. Assume that for a.e. t € J and all m € N,
(l‘o, Ce ,ZL‘Qn) S Dn

1
fm(t o,y xon) = f(t 2o, .., T2,) if 2] > —, 0<1i< 2n. (1.13)
m
Assume also that there is a bounded set Q C C*"(J) such that

(a) for each m € N, the (reqular) BVP (1.9), (1.10) has a solution x,, € €2,

(b) for each € > 0 there is a § > 0 such that if {(ax,br)}res is an at most
countable set of mutually disjoint intervals (ag, by) C (0,T) and if > pcy(bp—
ai) < 0, then

Z/ |t 2 (1), ..., 22V ()] dt <e, m €N,

Then we have
(A) there exist x € Q0 and a subsequence {xy, } of {x,} satisfying (1.11),

(B) if u(V) = 0, where V is the set of all zeros of the functions x with 0 <
i < 2n, then x is a solution of the singular BVP (1.1), (1.10).
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Proof. We see that conditions (i) and (ii) of Theorem 1.2 are satisfied. Really,
condition (i) coincides with (a) and condition (ii) is equivalent to (b) by Remark
1.4 in [8]. Therefore assertion (A) is true. Now, we prove assertion (B). Let
V C J be the set of all zeros of the functions (¥, 0 <4 < 2n, and let u(V) = 0.
Next, let U1 C J be the set of all t € J such that f(¢,-,...,-) : D, — R is not
continuous. Since f € Car(J x D,,), we have u(U;) = 0. Finally, let Uy C J be
the set of all ¢ € J such that (1.13) falls. Them p(U2) = 0. Choose an arbitrary
fixed to € J\ (VUU, UlUs,). Then |2 (t5)] > 0 for 0 < i < 2n and, by (1.11),
there exists mg € N such that for each m > my

1
K

120 (tg)] > ) (t0)] > 0<i<2n.

1
K
Therefore, by (1.13), if m > mg then

Fion (o, T, (t0), -, 22 (1)) = [ (to, Ty, (Fo), - -, 2 (F0)).

Since ty & Uy, we have

i | fi,, (to, Th,, (to), - 7 (t0)) — f(to, 2(t0), - -, 2" (k)|
= lim [f(to, zs, (to), - -- 22 (to)) — flto, 2(to), ..., 2" (tg))] = 0

Hence, for a.e. t € J the condition (1.12) is fulfilled and so, by assertion (II) of
Theorem 1.2, z is a solution of BVP (1.1), (1.10). O

The paper is organized as follows. In Section 2 we present some properties of
the Green’s function G;(t, s) for the problem (%) (¢) = 0, 2(*)(0) = 2*)(T) = 0,
0 < ¢ < j—1. Section 3 deals with a sequence of auxiliary regular BVPs to
problem (1.1), (1.2) where nonlinearities f,, in the regular differential equations
satisfy conditions (1.13). We give a priori bounds for their solutions x,, and prove
their existence by the topological transversality principle (see e.g. [2], [5], [6]).
In addition, we prove that the sequence {f,,(t, 7, (t), ..., 22" (t))} is uniformly
absolutely continuous on J. In Section 4, applying a modification of general
existence principle for singular BVPs given in Theorem 1.3, the existence result

to BVP (1.1), (1.2) is proved.
2 Lemmas
Given j € N. From now on, G;(t, s) denotes the Green’s function of the BVP

2(%) (t) =0,

1(0) = 2Ty =0, 0<i<i—1.



Then

%(t—T) for 0<s<t<T
Gl(t,S): t
T(S—T) for0<t<s<T

and G(t, s) can be expressed as ([1], [3], [9])

T
Gj(t,s):/o G (t,u)Gyr (u, s) du, § > 1.

It is known that ([3],[9]),

(=1)/G;(t,s) >0 for (t,s) € (0,T) x (0,T).

Lemma 2.1. ([4]) For (t,s) € J x J and j € N, we have

j T
(176, (t5) <

2j—5

301"

(—1)G,(t, s) > HT — s)(T —1).

Lemma 2.2. For each t, & € J, we have

]/;s(T—s)ds\ > %(t-g)?

Proof. Let t,& € J. Then

)/}(T- ) ds| = %|t—§|]3T(t+£) AP 4 e+ &),

Since 3T(t + &) — 2(t* + t& + &%) > T'|t — £|, we see that (2.2) is true.

3 Auxiliary regular BVPs

(2.1)

(2.2)

Here we construct auxiliary regular functions f,, satisfying (1.13). For each m €
N, define X,m, @m, 7m € C°(R), R,, C R and f,, € Car(JxR*"*!) by the formulas

U foruZ%
Xm{t) = L foru< pmlu) =
Xm ifn =2k
T =
om ifn=2k-—1,

{—L for u > —L
m m

u for u < —1,
m



m
and
fm(t,ﬂio,xl,ﬂfg,ﬂjg, e ,xzn,l,xgn) =
f<t7Xm(I0>’x17 @m(xQ)u X3y .- 7$2n—17Tm(x2n))
for (t,xg,.fl,IQ,Ig,...,I'Qn_l,l'Qn) e J xR x Rm X R x Rm X e X Rm x R
m 1
E{fm(tvx(bE?‘r%x&'”7‘r2n—lax2n)<m1 + E)_
A ar - )
—Jm\l, Lo, ——, X2, T3, .-+, T2n—1,L2n )\ T1 — —
0y = P2, T3 o2n—1, L2 L
for (¢, x0,x1, 2, T3, ..., Tp_1, Ton)
€EJXxRx (L, L) xR xR, x -+ xR, xR
m 1
E{fm(ta‘TOaxlax%Ew'wan—laan)(x?)_’_ E)_
1
_fm(t7x07xlax27 _E) R 7x2n—17x2n)(x3 - %)}
for (t, 20,21, T2, T3, ..., Tan_1,T2n) € J X R® x (=2, L) x ... xR, x R
m 1 1
E{fm(@xo,%lam,-'~;E7I2n)(x2n—1 + E)_
il L o) ol
—Jm ,.17 y L1, T 7"'7_7axn Top—1 — —
0, L1, T2 T2 -1
for (¢, o, L1, To, T3, . .., Top_1,To,) € J x R x (-4, 1) xR,
By (Hl) and (HQ),
S
t7 S fm(taxﬂw"axZn)
2n n n—1
<h(t2n+ 14+ Y |ay]) + Y wi(oal) + Y wapa(lzajml) (3.1
§=0 §=0 §=0
for a.e. t € J and each (g, ...,Ts,) € R, Also
S
t7 S fm(tax()v"'ax?n)
2n n n—1
<h(t2n+ 142 |al) + X [wyillaa)]  + D [wayaa(zagnl)]  (3:2)
=0 j=0 j=0

for a.e. t € J and each (zq, ..., 2s,) € R**! where (for 0 < k < 2n)

{ wi(u)  for u € [+, 00)
(

L) foru e [0, =] (3.3)

[wk (U)]m =



To prove the solvability of the sequence of regular BVPs (1.9),(1.2), we first
consider the two parameter family of regular differential equations

(=)@t () = Afo(t, z(t), ..., 2P (1)) (3.4)

depending on the parameters A € [0, 1] and m € N. A priori bounds for solutions
of BVPs (3.4),(1.2) are given in the lemma.

Lemma 3.1. Let assumptions (Hy) and (Hs) be satisfied and m € N. Let x be
a solution of BVP (3.4), (1.2) for some A € [0,1]. Then there ezists a positive
constant L,, independent of X\ such that

|2V < T*"IL,, for 0<j<2n. (3.5)
Proof. Since
t
(—1)"2) (1) = )\/ Fnls,2(5), ..., 2@ (s))ds, te€J (3.6)
0
we have (see (3.2))
AS
2 (1)) > AS/ Sds= S el (3.7)
Now #2)(0) = 22)(T) =0 (0 < j <n —1) give
I(2j+1)<€2j+1) =0 for0 S j S n — 1, (38)

where &y;41 € (0,T) and then using (3.7) and 23"~V (&, 1) = 0 we get

|$(2n—1)(t)| — ‘/ 2n dS Z 1_T’/ 1 rds
AS

= m| — &l
Then from the inequality [t>~" — u*~"| > |t — u|*™" for t,u € J it follows that
AS
(2n—1) I 3 2—r t i ]
| ()|_(1—T)(2—’I")| £2n 1| 3 GJ (39)

Since
(=1)Y 2@ (t) = /()T(—l)”_jGn_j(t, s)(=D)"z®(s)ds, teJ 0<j<n-—1,
Lemma 2.1, (2.1), (3.2) and (3.7) show that (fort € J,0<j <n—1)
(1720 (0) = [ Gt 5)l1a® ()| ds

AST09)5
= (L= r)30mi

tH(T —t) /OT s (T — s) ds.
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Hence
(=172@) () = [ ()] > NHpt (T —t) forteJ, 0<j<n—1, (3.10)

where

ST2(n—i)=5 T,
(1—r)30m=i-1 /0 sTT=s)ds (3.11)

Then (see (3.8) and Lemma 2.2)

, ¢ ,
2D (3)| = ‘/ 2242 (5) ds’ > >\Hzg+2‘/
&2j+1

52]4»1
Hy. 5T
A%(t — &oj41)° (3.12)

fort € J,0 <j <n-—2. Now from (3.2), (3.6), (3.7), (3.9), (3.10), (3.12) and
using the inequalities (for [wg(u)],, see (3.3))

/OT [mﬁl(%(s — §2j+1)2>]mds < 2/0T [mﬁl(’\}[?%ﬂﬂgﬂmds

for0 < j<mn-—2and

r AS -
/0 [w2"_l(m|3_f2n—1| )}mds

T AS 277’
<2/0 PQN(WS )], ds.

ng -

—5) ds‘

>

we have
T 2n ) n .
@] < A [ b(s2n 14 35 120(5)]) + 3 lny (2D )]
7=0 J=0
n—1
+ Z[W2j+1(’95(2j+1)(3)’)]m] ds
=0
T 2n .
- / h(s,2n+1+ 3 |#D]]) + Un(N), (3.13)
0 7=0
where

= @{ Z [ ooty = 5)))mds
—i—/T an %slr)}mds

H. T
+QZ/ W2y+1 Q 2é+2 )}mds

S 2—r
+2/0 [wgn_l(ms )}mds} (3.14)
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for o € [0,1]. Then U,, € C°([0,1]) by (1.7) and (1.8). Set
Ay, = max{U,(p) : 0 < p < 1}. (3.15)

Further ' '
129 < T2 ||2@|| for 0<j <2n—1 (3.16)

which follows immediately using (3.8) and z2)(0) =0 (0 < j < n — 1). Hence
(see (3.13)-(3.16))

T 2n )
|23 g/ h(t,2n + 14 [« Y120 ) dt + Ay,
0 =0

T
— / Bt 20+ 1+ V][2®))) dt + A, (3.17)
0

where V' is given by (1.6). From (1.5) it follows the existence of a positive constant
L,,, such that

I A,
—/lﬁﬂn+1+V@ﬁ+——<1
u Jo u
for any u > L,,, and then (3.17) shows that ||[3"| < L,,. The inequalities (3.5)
now follow from (3.16). O

Lemma 3.2. Let assumptions (Hy) and (Hz) be satisfied. Then BVP (1.9), (1.2)
has a solution for each m € N.
Proof. Fix m € N. Let

Q= {z:2€C"(J) : |2V < T Ly, for 0 < j < 2n}

where L,, is a positive constant from Lemma 3.1 and define the operator F,, :
O, — C*(J) by

Fonlz) = (—1>n/OT (Gl s) /0 fon0,2(0), .2 (0) dv] ds.

Since f,, € Car(J x R*"*1) standard arguments guarantee that F,, is a compact
operator. By Lemma 3.1, z # A\F(z) for x € 0Q,,, and A € [0,1]. Therefore F,,
has a fixed point u in €2, by the topological transversality principle (see e.g. [2],
[5], [6]). From the definition of F,, we see that u is a solution of BVP (1.9), (1.2).

O

Lemma 3.2 shows that BVP (1.9), (1.2) has a solution for each m € N. The
next lemma guarantee a priori bound for solutions of BVP (1.9),(1.2) indepen-
dent of m.

Lemma 3.3. Let assumptions (Hy) and (Hy) be satisfied and let x be a solution
of BVP (1.9), (1.2) for some m € N. Then there exists a positive constant P
independent of m such that

|2V < TP for 0 < j < 2n. (3.18)
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Proof. Applying the same procedures as in the proof of Lemma 3.1 we see that
formulas (3.6)-(3.12) hold with A = 1 and then

T Hy;oT T Hy; 5T .
/0 W2j+1(]T(5 - £2j+1>2) ds < 2/0 w2j+1( J6 82) ds, 0<j<n-2

T S oy T S 2-r
A Won—1 (mls — f?n—1| ) ds < 2/0 Won—1 (ms ) ds.

Hence

20O < [ [b(s, 2041+ 2 1)) + f;)mjux(%)(s)n

=0
n—1
+ 3w (P (s)))] ds
j=0

T 2n ) n—1 .1
< /o h(s,2n+1+Z||x(3)||) +Z/0 woj(Hajs(T —s))ds
=0 =0

N /OTWQ”( 13 ) ds+2ni /[)Tw2j+1(Hzag2T52) ds
T

=0
n 2/0 Wop 1 (MS(Q_T)SQ—T) ds. (3.19)
Set
K = ;Z:/OT waj(Hajs(T — s)) ds + /OT w2n<1€rsl_r> ds
+ 2"2_:2/T w2j+1<H2]g-2T 2) d
7=0
+ 2 /OT Won—1 (mﬁ’ﬂ) ds. (3.20)

By (1.7) and (1.8), K is a positive constant independent of m € N. Thus (see
(3.16), (3.19) and (3.20))

T n .
||| < / h(t, 2n + 1+ |z 3 T2n-3> dt + K
0 ;
j=0

T
:/ h(t.2n+ 1+ V|®|) dt + K, (3.21)
0

where V' is given by (1.6). Using (1.5) we see that

1T K
—/ h(t,2n + 1+ Vu)dt + — < 1
u Jo u
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for any u > P with a positive constant P. Then (3.21) shows that ||z®7| < P
and (3.18) follows from (3.16). O

Lemma 3.4. Let assumptions (Hy) and (Hs) be satisfied and, for m € N, let x,,
be a solution of BVP (1.9), (1.2). Then the sequence

{fu(t.zm(t), ... 2" ()} C La(J)

is uniformly absolutely continuous (UAC) on J.
Proof. By Lemma 3.3, there exists a positive constant P such that

|2 < TP for 0<j <2n,méeN (3.22)
and it follows from (1.2) that (see (3.8))
wgstrl)(fm,sz) =0, 0<j<n-1, meN,

where &, 2;+1 € (0,7). Next, from the proof of Lemma 3.3 it may be concluded
that (see (3.7), (3.9), (3.10) and (3.12) with A = 1)

S
&M (1) > - t'r, teJ, meN, (3.23)

_ S —r
O 2 S G €L mEN, (@21
22D (t)| > Hyt(T —t), teJ, 0<j<n—1 meN (3.25)

and

, Hy; 5T
(0] > =t bma)’, 1€, 0<j<n-2 meN, (3.26)

where Hy; (0 < j <n—1)is given by (3.11). Then (3.1) and (3.22)-(3.26) give
n—1

2n n
< h(t2n+ 1+ 3 39 @0)]) + 3wy (2@ @)]) + 3 waja (27 V(@)
j=0

J=0 Jj=0

n—1 S
S h(t, 2n+ 1+ VP) + Z ng(ngt(T — t)) + u)2n(1 tlfr)

=0 -
n—2 H . T
+ Z w2j+1( 2j6+2 (t— fm,2j+1)2)
=0
S
-1l —————|t — Emon— 2-r
+WQ 1((1—T)(2—T)| 5 ,2 1’ )

for a.e. t € J and each m € N, where V is defined by (1.6). By (Hs), the functions
h(t,2n+ 14V P), waj(Hat(T—t)) (0 < j <n—1) and wa, (St "/(1—r)) belong
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to L1(J), and so to prove the assertion of Lemma 3.4 it suffices to show that the
sequences

{wan-1(Alt = Eman|*)}, {wzjra (D = Emzis)?)}, 0<j <n—2
are UAC on J where we set
Ae 5 A el
1-r)@2-r 7 6
Let {(ag,br)}res be an at most countable set of mutually disjoint intervals
(ak,bk) C (O,T) Set
JE;{-FI = {k ik € J? (akvbk) C (O7£m,2j+1)}7

KA+ ={k:kel, (ak,bk) C (Emais, T)}

form € Nand 0 < j <n — 1. We first prove that {wa, 1(Alt — &nan_1]|*>")} is
UAC on J. For k € J» " and [ € KZ'"! we have

bk b
[ a1t = man a7 = [ s 1(AEmans — D)
ag ag

]. 2_\T/_(§m 2n—1*ak)
= o= WQn,1(527T) dS,
A P AEm 2n—1—by)

b 9 by 2
/ Wan—1 (At = Eman—1|” ") dt = / wWon—1 (At = &mon-1)""")

1 1

{/Z(bl gm 2n— 1)

2 \VZ/ VA(a;—&m,2n—1)

and if {ko} = J\ (J2 P UKZ), that is ag, < Eman_1 < bk, then

wgn_l(SQ_r) ds,

bko 2—r
/ Wan—1(Alt = Emon—1]°"") dt
agg

1 VA (Em 2n-1-axy)
y

7(/ZU7 _gm,anl)
Won_1(s*") ds + /0 " Won—1(s*7") ds]

Z/ wan—1(A|t = Emon_1>") dt

ked
< - TA[/NLL wgn_l(SQ_’”)dst/N%n Wan_1(s*7") ds}

where

NL=¢&LU0 | ( VAEmzna1 — i), "V A(Emon1 — Gk)),

keJ?n—t
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N2 =&2 U U ( 2_\7&(01 —&man—1), 2_\T/K(bl - 5m,2n71))7

leKZn—1
with
) 0 if J=J5 UKy
=
(0, *V/A(Gman1 — ar)) if {ho} =T\ (T UK,
0 ifJ=J2 UKy
£ =
(0, *V/A(bky = Eman-1)) i {ko} =T\ (T UK.

Since u(N" ) < *VA Y e3(br —ar) (i =1,2) and wa,_1(s*77) € Ly([0, *V/AT))
by (1.8), we see that {wa,_1(Alt — &nan1/*"} is UAC on J.

Finally, we will show that {wa;+1(A;(t — &nan-1)?)} (0 < j < n — 2) are
UAC on J. Fix j, 0 < j < n — 2. We can proceed analogously to the proof of
{won_1(Alt = &man_1]*"")} now with 7 = 0 to prove that

Z/ w2]+1 €m72n—1)2) dt
ked
= e T/—A [/ hw2j+1<82)d8+/wn wajia(s?) ds|

where u(M?) < 27/A; Y ei(by—ag), i = 1,2. Then from (see (1.7)) wy;11(s%) €
L1 ([0, 2v/A;T]) we deduce that {wajy1(A; (¢ — &nan_1)?)} is UAC on J. O

4 Existence result

Theorem 4.1. Let assumptions (Hy) and (Hsy) be satisfied. Then there exists a
solution of BVP (1.1), (1.2).

Proof. We will use Theorem 1.3 in this proof. Let the set B in the boundary
conditions (1.10) be defined by B = {x : x € C®"(J), z satisfies (1.2)}. Consider
the sequence of regular BVPs (1.9), (1.2) where f,, in (1.9) is defined in the
beginning of Section 3.

Step 1. According to the definition f,, € Car(J x R*"*') (m € N) and f,,
satisfies (1.13). Lemma 3.2 guarantees that BVP (1.9), (1.2) has a solution x,,
for each m € N. Consider the sequence {x,,}. By Lemma 3.3, there is a positive
constant P such that the inequalities (3.22) are satisfied and, in addition, (3.23)-
(3.26) hold where Hy; (0 < j < n —1) is given by (3.11) and &,,9;+1 € (0,T)
(m €N, 0<j<n—1)is the unique zero of £(2+Y). Define

Q={z:2€C(J), |zllezm <77},
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where r* = P Y2 7?9, Then {z,,} C Q. Finally, {fn(t,zm(t), ..., 22" (1))}
is UAC on J by Lemma 3.4. Therefore the assumptions (a), (b) of Theorem 1.3
are fulfilled. Hence its assertion (A) is true, that is there exists z € Q and a
subsequence {xy,,} of {x,,} such that lim,, .. 21, = x in C**(J). Also without
restriction of generality we can assume that {£,, 2j41 }men 1S convergent for 0 <
J <n—T1and limy, o &k, 2541 = E2j11-

Step 2. Now, we describe the set of all zeros of the functions ), 0 < i < 2n.
Letting m — oo in (3.23)-(3.26) (where we put k,, instead of m) we get

5
(1=r)@2-r)

2D ()] > Hyt (T —t), teJ, 0<j<n-—1

S - n— -
Ul e A C N Ol [t =G, 1€

1—

and

. Hy, 5T
|z (3)] > %(t — &)’ teJ 0<j<n-2.
These inequalities imply that the set of all zeros of 2@, 0 < i < 2n, is finite and
hence, by Theorem 1.3, z is a solution of BVP (1.1), (1.2). O
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