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Abstract

The paper investigates the structure and properties of the set S of
all positive solutions to the singular Dirichlet boundary value problem
u(t) + $u'(t) — mu(t) = f(t,u(t),u'(t)), u(0) = 0, u(T) = 0. Here a €
(=00, —1) and f satisfies the local Carathéodory conditions on [0,7] x D,
where D = [0,00) x R. It is shown that S, = {u € § : W/(T) = —c} is
nonempty and compact for each ¢ > 0 and § = U.>¢S.. The uniqueness
of the problem is discussed. Having a special case of the problem, we
introduce an ordering in § showing that the difference of any two solutions
in S¢, ¢ > 0, keeps its sign on [0,7]. The application on the equation
V(1) + Eu'(t) = () +g(t,v(t)), k € (1,00), is given here.
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1 Introduction
We consider the singular Dirichlet boundary value problem
! (8) + T (8) = u(t) = F(tu(t), (1)), 1)

w(0) =0, u(T) =0, 2)

where a € (—o00,—1). For D = [0,00) x R we assume that f satisfies the local
Carathéodory conditions on [0,7] x D (f € Car(]0,T] x D)), that is
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(i) f(,z,y) : [0,T] — R is measurable for all (z,y) € D,

(ii) f(t,-, ) : D — R is continuous for a.e. t € [0, 7],

(iii) for each compact set Y C D there exists a function my, € L'[0,T] such
t

lf(t,z,y)| < my(t) forae. t€[0,T] and all (z,y) € U.

Equation (1) has a time singularity at ¢ = 0 due to the differential operator on
its left hand side. This operator has an equivalent form (¢~%(tu)")" and, after the
substitution z(t) = t“u(t) it takes the form (t~%2)’. It is shown in [18], that such
type of operators appears cf. in the study of phase transitions of Van der Waals
fluids [4], [10], [16], [25], in population genetics, where it appears in models for
the spatial distribution of the genetic composition of a population [8], [9], in the
homogenenous nucleation theory [1], in relativistic cosmology for description of
particles which can be treated as domains in the universe [20], in the nonlinear
field theory [11], in particular, when describing bubbles generated by scalar fields
of the Higgs type in the Minkowski spaces [7].

We say that u : [0,7] — R is a positive solution of problem (1),(2) if u €
ACY0,T], w > 0 on (0,7T), u satisfies the boundary conditions (2) and (1) holds
for a.e. t € [0,T].

Clearly, for each positive solution u of problem (1), (2) there exists ¢ > 0 such
that

W' (T) = —c. (3)

We denote the set of all positive solutions of problem (1), (2), (3) by S, and prove
that S, is nonempty and compact for each ¢ > 0.

In literature, there is a lot of results about the existence of solutions of various
singular problems, for monographs see e.g. [2], [3], [14], [15], [21], [22], [23]. Here,
we provide besides the solvability of problem (1), (2), the deeper study of the set
of all its positive solutions. Our main goal is to prove the properties of the
set & = Ue>0S.. In particular, having a special case of (1), we introduce some
ordering in § showing that the difference of any two solutions in S,, ¢ > 0, keeps
its sign on [0, 7. Then we prove that there exist minimal and maximal solutions
Uemins Ue,maz € Se for each ¢ > 0. If the interior of the set {(¢,2) € R?:0 <
t < T, Uemin(t) < & < Uemaz(t)} is nonempty, we prove the interesting result
that this interior is covered by graphs of other solutions of S, for each ¢ > 0.
The uniqueness of solutions of problem (1), (2), (3) is discussed and we prove two
uniqueness results. The first one is generic and need not the Lipschitz continuity
of f. At the end of the paper we provide the application of the results obtained for
solutions of problem (1), (2) onto the equation v” + %v" = ¥ (t)+g(t, v), satisfying
v(T) = 0. In contrast to the literature, [12], [13], [17], [19], [24], our solutions are
unbounded at the left end point ¢ = 0 of [0, 7] (see condition (25)).

We work with the following conditions on f in (1).

(Hy) f € Car([0,T] x D), where D = [0,00) x R.



(H,) There exists ¢ € L'[0,T] such that

0<o(t) < f(t,z,y) forae. t€[0,7] and all (z,y) € D.

(H3) For a.e. t € [0, 7] and all (x,y) € D the estimate

ft,z,y) < h(t,z,y]),

is fulfilled, where h € Car([0,T] x [0,00)?), h(t,z, z) is nondecreasing in
the variables z, z, and
1 /T
lim — [ A(t,z,z)dt = 0.

Let us by L0, T] denote the set of functions which are (Lebesgue) integrable
on [0, T] equipped with the norm ||z, = f] |z(¢)| dt. Moreover, let us by C[0, T
and C'[0,T] denote the set of functions being continuous on [0,7], and hav-
ing continuous first derivative on [0, 7], respectively. The norm on C[0,7] and
C'0,T7] is defined as ||z]|o = maxieor |2(t)] and ||z|/e + [|2/]|c, Tespectively.
Further, we denote by AC'[0,T)] the set of functions which have absolutely con-
tinuous first derivatives on [0, T, while ACL (0,77 is the set of functions having
absolutely continuous derivatives on each compact subinterval of (0,7]. Finally,
for J C R we denote by PC'(J) the set of functions continuous on J and having

piecewise continuous derivatives on J.

The paper is organized as follows. Section 2 is devoted to the study of three
operators associated to problem (1), (2). In Section 3 we prove the existence and
properties of positive solutions of (1), (2). Section 4 deals with the special case
of problem (1), (2) and presents the structure and further properties of the set of
all positive solutions. Section 5 contains some blow-up results. Throughout the
paper a € (—oo, —1).

2 Operators

In order to prove the properties of the sets S and S., ¢ > 0, we will introduce
three operators H, Ky, 4 and L, acting on C'[0,T]. To do this we will need an
auxiliary function f : [0, 7] x R* — R given by the formula

~ ) ftzy) ifr >0
f(t’x’y)_{f(t,o,y) itz < 0.

Under conditions (H) — (Hs), f satisfies
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(Hy) f e Car([0,T] x R?).

(H,) There exists ¢ € L'[0,T] such that
0 < @(t) < f(t,z,y) forae. te0,T]and all (z,y) € R%
(Hs) For a.e. t € [0,7] and all (z,y) € R* the estimate

ftz,y) < h(t, |z], |y]),

is fulfilled, where h is given in (Hj).

Now, we put

T T ~
R e A (CRGRIGLY PR
Further, for each ¢ty € (0,7) and A > 0 we define

t T—a—l o t—a—l

(Kuga) (1) = 1 mamy—mamg ma(0, 4 = (M) (1) + (M) 1),
and for each ¢ > 0 we define
cTott
(Lox)(t) =t (T — 771 + (Ha) (1)

la + 1|

The following lemmas will be needed in our proofs.

Lemma 1 Let p € LY0,T]. Then the inequalities

t—a—l T a+1 d < T d
[t p(s)ds| < [ o) ds,

[ (e ac) as

are fulfilled fort € [0,T].

1 T
< |a—|—1|/t Ip(s)| ds

Proof. Inequality (7) follows from the relation

—a—1 r a+1 —a—1 T a+1 T
t s“Tp(s)ds| <t s p(s)|ds < Ip(s)| ds.
t t t

Since

[ (e ac) as
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and integration by parts gives (note that a + 1 < 0)

[ ([ eptenag) as= S [T s = [ (o) ds
\ ) D T a1 p(s pis
1 T d 1 T d
< — =
< a+1/t Ip(s)| ds |a+1|/t [p(s)]ds,
we see that (8) holds for ¢t € [0, 7. O

Lemma 2 Let (Hy), (Hy) hold. Then
(a) H: C10,T] — C10,7],
(b) H is completely continuous.

Proof.
(a) Let z € C[0,T]. We see that (Hz) € C'(0,T]. Since f fulfils conditions
(Hy) and (H,), the functions

o= [ ([ et o). a'€) ae) as

0= [ e n(€),4(€) de

are continuous, positive and decreasing on (0, 7']. Hence there exist lim; o4 1(t),
limt—>0+ QDQ(t) and? by (7)7 (8)7

. LT ,
0 Jim (0) < gy [ F(E2(©), 7).

0< lim 7 a(t) < [ FE0(6),4(€)) de

Since (Hx)(t) = tp1(t) and (Hz)'(t) = @1(t) — t7Lpo(t) for t € (0,T], we
conclude that (Hz) € C[0,T].

(b) We start to prove that H is continuous. To this end let {z,} C C*[0,T]
be convergent to z in C*[0,T]. Denote

—_

ra(t) = f(t, 2, (t), 2, (1)) — f(t,z(t),2'(t)) for a.e. t €[0,T] and all n € N.

Then (7), (8) yield

a7 e Tzl
()0) - (o)) <t [ 5o [T eostn©lag) as < T

(-0 < [ 5o ([T e inienac) aseee [ ) as
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1
< + 1| ||ry

for ¢t € [0,T] and n € N. In particular,

[Han — Halo < T”rn”l,
la + 1|

/ !/ 1
I = ()l < (o +1) Il

for n € N. If we prove that lim, . ||r,[1 = 0, then the above inequalities
guarantee that H is a continuous operator. From the fact that f € Car([0,7] x
R?) and {z,} is bounded in C*[0,T7, it follows that

|f(t, (), 2 ()| < p(t) for ae. t € [0,T] and all n € N,

where p € L'[0,T]. Since

lim f(t,zn(t), 2 (t)) = f(t,z(t),2'(t)) for ae. t e [0,T],

Y
n—oo n

the Lebesgue dominated convergence theorem yields lim,,_,« ||7,|[1 = 0.

Now, we choose a bounded set 2 C C'[0,T] and prove that the set H(f2) is
relatively compact in C'[0,7]. The boundedness of ) implies the existence of
p € LY[0,T] such that

|f(t,x(t),2' ()] < u(t) for ae. te[0,T] and all z € Q.
Therefore, by (7), (8), we get

1|l
la + 1|

ool <e [ s ([ e ae) as <

Gty o) < [ 57 ( [ e dg) s+t [ u(s) ds

1
< +1
< (g +1) o

for t € [0,7] and = € Q. We have proved that the set H(2) is bounded in
C'[0,T]. We now show that the set {2’ : z € H(Q)} is equicontinuous on [0, T].
For a.e. t € [0,T] and all x € Q2 we have that

T T
(Hz)"(t)] <t~ /t st pu(s) ds + |a + 1]t /t s () ds + p(t).

Since, by (8),
T
ta? (/ st p(s) dS) e L'[0, T,
t

6



there exists a majorant function y* € L'[0,7T] such that |(Hz)"(t)] < p*(t) for
a.e. t € [0, 7] and all x € Q. As aresult the set {2’ : © € H(Q)} is equicontinuous
on [0, 7] and consequently, the set H () is relatively compact in C'[0, T] by the
Arzela-Ascoli theorem. a

Lemma 3 Let (H,), (Hy) hold. Then

(a) the operator Ky, 4 : C*[0,T] — C[0,T] is completely continuous for each
to € (0,7) and A > 0;

(b) the operator L. : C'0,T] — C0,T] is completely continuous for each
c>0.

Proof.

(a) Let us choose ty € (0,7) and A > 0. Since H is completely continuous
by Lemma 2, it suffices to prove that an operator Q : C*[0,T] — C*[0,T] given
by

t T,a,1 _ t,a,1
= T e max{0, A — (Hz)(to) }

0

is completely continuous. The continuity of Q follows from the inequality
| max{0, A — (Hz)(to)} — max{0, A — (Hy)(to)}| < [(Hz)(to) — (Hy)(to)]

for z,y € C'0,T]. Let Q C C'[0,T] be bounded. Then the set {(Hx)(to) : = €
(1} is bounded in R, and therefore there exists a positive constant S such that
0 <max{0,A — (Hx)(to)} < S for z € Q. Hence the relations

(Q)(t)

T-*S
02 (Q00) < oo
Qe (0] = | s (0.4~ ()t}
T Ylal +1)S

(Tt — ¢y’
alty; " =17
to(T—a=1 — 5% 1)

Jalltz " —771S

T to(T-o 1t — ¢y

|(Qz)'(t2) — (Qu)' (1) =

max{0, A — (Hl')(tO)}'

hold for t,t1,t3 € [0,7] and = € 2. As a result the set {Qx : x € Q} is bounded
in C''[0, T, and since the function ¢t~*~! is continuous on [0, 7] and therefore it is
uniformly continuous on this interval, the set {(Qz)" : © € Q} is equicontinuous
on [0,T]. By the Arzela-Ascoli theorem, the set {Qx : x € Q} is relatively
compact in C*[0, 7.

(b) The assertion is a consequence of Lemma 2. a



Lemma 4 Let (Hy) - (H3) hold. Then for each ty € (0,T) and each A > 0, the
set

M= {z € C'0,T]: x = A4, ax for some X € [0,1]}

18 bounded.

Proof. Let us fix t, € (0,7) and A > 0 and let x = MCy, ax for some A € [0, 1].
Then

Tfafl + atia*l
to(T—a=1 — 5% 1)

() = A max{0, A — (Hz)(t)}

i [Cse ([ e et ) ae) as

— At /T s f(s,2(s),2'(s))ds, t€[0,T].

t

Since f fulfils (Hs), we get

01 < e (s [ ([Tenne el o ac) )

(Tt =17 to

+ /tT g2 (/ST EIR(E, |2 ()], |12/ (€))) dg) ds

T
+t’“*1/ s h(s, |z(s)], |2'(s)|) ds, t€[0,T).
t

Hence, by (7) and (8),
R (! T ,
01 < e (4 o [ 6 el 1) )

1
la + 1]

+

T
[ A ol 1))

T
+ [ B(E I2llos 21} A€, t € 0,71,

Therefore, since x(t) = [ 2'(s) ds implies ||2]|oo < T||2’||o, We have

1 T Yla] + 1) T r
s a L e T )
= 7 ls [tO(T_a_l_taa—l) + la+1] Jo (& T2l oos 12"]|00) A§

1 T / /
+<m+u+ﬁﬁfﬁﬂwwwmwg%]




Since

h(t, w,w) if T <1,
h(t, Tw,w) <
h(t,Tw,Tw) if T > 1,
and since, by (Hs),
1 /T
lim —/ h(&, vw,vw)dé =0 for all v > 0,
we have
1 /T
lim f/ h(€, Tw, w) d€ = 0.
w—00 1 0
Consequently,

.1 [ T Yla] +1) T T
lim — A h(&,T d

1 T
1) [ nte Tw,wyag| <o,
(e ) £ e
which implies that there exists S > 0 such that

1 [ T (la] + 1) T
e (4 e g

1 T
1 / (¢, Tw, w)d
This gives that

w

<1 for each w>S.

|70 < S, ||Z|le < ST for each z € M.

Lemma 5 Let (Hy) - (Hs) hold. Then for each 0 < Q < oo, the set
N ={z € C'0,T): x = \L.x for some X € [0,1] and some c € [0, Q]}
is bounded in C*[0,T].

Proof. Let us fix 0 < @ < oo and let = A\L.x for some A € [0, 1] and some
¢ € [0,Q]. Then

CTa—l
la + 1|

i [ (e e eac) as

2(t) = A (T~ g at™h)

— At /tT s f (s, x(s),2'(s))ds, te0,T].
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By (7) and (8) and since f fulfils (Hs), we get

Qe[+ 1)
T?|a + 1]

[ (1)] <

1 T
1/h, ol de, te [0, 7.
(1) [ W6 el ) a6, e 0T
Since ||z]|co < T'||7||0o, We have

o1 [Q(|a|+1)+< 1

= @l [ T?la + 1] ja +1]

T / /
#1) [ e T s 1) ]

Due to (Hj), we deduce as in the proof of Lemma 4, that there exists W > 0
such that
12']|l0 < W, ||2|lo < WT for each z € N.

From Lemma 5 it follows immediately

Corollary 1 Let (Hy) - (H3) hold. Then for each ¢ > 0, the set
N.={x € CY0,T]|:z= N for some X € [0,1]}

is bounded in C[0,T).

3 Structure of the set of positive solutions of
problem (1), (2)

We are now in the position to prove the existence of a positive solution of problem
(1),(2),(3). This result is proved by the following nonlinear alternative of Leray-
Schauder type which follows for example from [6, Corollary 8.1].

Lemma 6 Let X be a Banach space and let F : X — X be a completely continu-
ous operator. Then either the equation A\Fx = x has a solution for each \ € [0, 1]
or the set

{r € X : \Fx =x for some X\ € (0,1)}

15 unbounded.
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Theorem 1 Let (Hy) — (Hs) hold. Then for each ¢ > 0 there exists a positive
solution of problem (1), (2), (3).

Proof. Fix ¢ > 0 and put X = C'[0,T], F = L.. By Lemmas 3(b), 6 and by
Corollary 1, the operator £, has a fixed point u € C1[0, T]. That is

CTa+1

t) =t Tt — et
ult) =t )

+y[5%%l%“%@w&w@mﬁdatemfl

Hence u(0) = 0, u(T) = 0 and, due to (Hs), u(t) > 0 for t € (0,T). Therefore

Ftu®), ' (t)) = f(t,u(t),u'(t)) forae. tel0,T].
Consequently,

cTa—i—l

" Jat 1

u'(t)

(Tfafl + atfafl)

+ /tT a2 </ST§G+1f(§,U(§),u'(§)) d{) s

et [T (s uls) i (5)) ds, 1€ 0,7

which yields (3). Since

W (8) = a2 e [ w(©), W () de + St u(0) (1) (9)

for a.e. t € [0,T], inequality (8) gives u” € L'[0,T], and the direct computation
shows that u satisfies equation (1) for a.e. ¢ € [0,7]. Thus w is a positive solution
of problem (1), (2), (3). O

Recall that S. is the set of all positive solutions of problem (1), (2),(3). By
Theorem 1, for each ¢ > 0, the set S, is nonempty. Due to § = U.>0S,, the
cardinality of the set § is continuum. The following result gives the important
property of solutions of problem (1), (2), (3) that is used in further investigation
of the set S.

Lemma 7 Let (Hy) - (H3) hold. Then for each 0 < K < @ < oo, the set
Uk<e<q Se is compact in C[0,T7.
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Proof. Let us choose 0 < K < @ < oo. We start to show that u € S, (i.e., u
is a positive solution of problem (1), (2),(3)) if and only if u is a fixed point of
operator L..

(=) Let u be a fixed point of L.. Then, due to the proof of Theorem 1, u is
a positive solution of problem (1), (2),(3).

(<) Let u be a positive solution of problem (1), (2), (3). Since v > 0 on (0,7,
we have

Ftu(t), ' (t) = f(t,u(t),d'(t)) for ae. t e [0,T].
We can check that
Y\
<t“+2 (ui)) > = tot! <u”(t) - %u’(t) - ;Mt)) for a.e. t € 0,77,
and therefore the following equality

/

<t”’+2 (Mt))/) = 19T f(tu(t), W/ (t) for ae. t € [0,T]

t
holds. We get by integration and by (2), (3) that

e (“<t>> =7 [T e (g u(e), w(©)de, 1 0,71,

t
since .
at? (u(t)) — oo
t ) ier
The next integration over [t,T] yields that
cToet!
u(t) =t Tt —¢ert
) = )

ve[[se (e e o) as e

Therefore u is a fixed point of operator L.

Now, we are in the position to prove that the set Ux<.<g Sc is compact in
C[0,T]. Since S, is the set of all fixed points of the operator L., the boundedness
of Ug<e<q Se in €10, T follows from Lemma 5 with A = 1 in /. Therefore (H)
gives that there exists u* € L'[0,T] such that

|f(tu(t), W' (1) < p(t) forae te[0,T)andallue |J S (10)

K<e<Q

Since (9) holds for u € S., we have by (10),

T
W' (t)] < QlalT* 7% + \a!t’“”/t EHpr(€) A€ + 1 (1)

forae. t€[0,T] andallue |J S.
K<c<@Q
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By inequality (8),
T
e [ et gy dg e L'0.7)
t
and hence there exists a majorant function p* € L'[0, T such that

W'(t) <p*(t) forae te[0,T]andallue [J S..
K<e<Q

As a result, the set {u’ tu € Uk<e<q SC} is equicontinuous on [0,7]. We have
proved that Ug<.<o S is relatively compact in C*[0, T7.

It remains to prove that Ux<.<g S is closed in C''[0, T]. To this end consider
a sequence {u,} C Ug<.<qSe converging in C'[0, 7] to a function v € C*[0,77.
Note that u, € Ug<.<qS. implies u, € S, for some ¢, € [K,Q] and so, by the
definition of the set S, ¢, = —u,,(T"). Thus

o (T)Te !

W) = —t n T—a—l _t—a—l

T —a—2 T a+1 /
et [ [ u(©),u(€) d ) ds, t € [0,7], nE N,

Letting n — oo and using (10) and the Lebesgue dominated convergence theorem,
we get
u/(T)Ta—H

u(t) = —t
*) la + 1

(Tfafl o tfafl)

b [ s ( [ e (e @), (@) df) ds, te[0,T)

Since —u! (T) € [K,Q], we have —u/(T) € [K, @], and therefore it follows from
the last equality that v € S_/ (1) C Ug<e<gSe. Consequently Ug<.<g Sc is
closed in C*(0,T). O

If K =@ = cin Lemma 7, then the following result holds.

Corollary 2 Let (Hy) - (H3) hold. Then for each ¢ > 0, the set S. is compact
in C'0,T).

In view of Corollary 2, we can define a bounded function

B(t) = max{u(t) : u € So} fort e [0,T]. (11)
We prove that for each ¢y € (0,7)
{u(ty) :u e S\ So}D(B(t), >0). (12)

This result is done in the next theorem.
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Theorem 2 Let (Hy)— (H3) hold. Then for each ty € (0,T) and each A > [((to)
there exists a positive solution u of problem (1), (2) satisfying u(ty) = A.

Proof. Fix ty € (0,T) and choose A > 3(tg). Put X = C'[0,T], F = Ky,.4. By
Lemmas 3(a), 4 and 6, the operator Ky, 4 has a fixed point u € C*[0,T]. That is
t T—a—l _ t—a—l

u(t) = P max{0, A — (Hu)(to)} + (Hu)(t) t€[0,T],

where H is given in (4). We will consider two cases.

Case 1. Let max{0, A — (Hu)(to)} = 0. That is A < (Hu)(to). Then u(t) =
(Hu)(t), which yields u € Sy, according to the proof Theorem 1. So, by (11),
u(to) = (Hu)(ty) < B(ty) < A, a contradiction.

Case 2. Let max{0, A — (Hu)(to)} > 0. That is A > (Hu)(ty). Then

t Tfafl - tfafl
u(t) = L (A (R (1) + (M), 1€ [0,T)
0 — b
Hence u(t) > 0 for t € (0,7), u(0) = 0, u(T) = 0 and u(ty) = A — (Hu)(to)) +
(Hu)(to) = A. Further,

B T—a—l + at—a—l
(T 1)

u'(t) (A= (Hu)(t)) + (Hu)'(t), t€[0,T],

_a(—a—1)t7?
= T = )

u” (t) (A= (Hu)(to)) + (Hu)"(t) for a.e. t € [0,T].

Since the direct computation gives

! (6) 4+ S (8) = u(t) = (Hu)"(t) + 5 (Hu) () = 55 (Hu)(0)

= f(t,u(t), ' (t) = f(t,ut),u'(t)) forae. tel0,T],

a
2

u is a positive solution of problem (1), (2) satisfying u(ty) = A. O

Remark 1 Note that, due to Corollary 2, for each ¢ty € (0,7) and each ¢ > 0
the set {u(ty) : u € S.} is a compact set in R.

Example 1 Let us choose a,n € [0,1) and for a.e. t € [0,7] and all z €
[0,00), y € R, define a function f by

f(tvxa y) = hl(t> + h2(t7 Imy)xa + hg(t,x,y)|y|”

Here hy € L'[0,T], hi(t) > 0 a.e. on [0,T7], hg, hs are nonnegative, bounded and
continuous on [0,7] x [0,00) x R. Then f satisfies conditions (H;) — (H3). To
check it we take M; = sup{h;(t,z,y) : t € [0,T],z € [0,00),y € R}, i = 2,3,
o(t) = hi(t) a.e. on [0,T], h(t,z,y) = @(t) + Myx® + Myy" for t € [0,T],
x € [0,00), y € [0, 00).
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In order to prove that the set S. contains only one solution of problem
(1),(2),(3) we will use the assumption

(Hy) f(t,,") € Lipioe(D), for a.e. t € [0,T],

which means that for each compact set U C D there exists a function £, € L'[0,T]
such that

|f(t,901,$2) —f(t yhy? ’ < éu Z|$z z

for a.e. t € [0,7] and all (z1,x3), (y1,y2) € U.

Theorem 3 Let (Hy) — (Hy) hold. Then the set S, is one-point for each ¢ > 0.

Proof. Choose an arbitrary ¢ > 0. Theorem 1 guarantees that the set S. is
nonempty. Condition (H,) implies that a solution u of equation (1) on [0, 7]
satisfying conditions u(T") = 0, v/(T") = —c is unique. O

Example 2 Let h; € L'[0,T], hi(t) > 0 a.e. on [0,7], i € {1,2,3}. For a.e.
t €]0,7] and all z € [0,00), y € R, define a function f by

[tz y) = ha(t) + ha(t)g1(2) + ha(t)g2(y),

where ¢g; and g, satisfy

g1 € PC'[0,00), g2 € PC'(R),

Then f satisfies conditions (Hy) — (Hy).

4 Special case of problem (1), (2)

In this section we consider the special case of equation (1), where the function f
does not depend on v/, that is f(¢,x,y) = f(t,x) and

u'(t) + %u’(t) - %u(zﬁ) = f(t,ult)). (13)

Now we will work with the following assumptions on f:
(H) f € Car([0,T] x [0, 00)).
(H}) 0 < f(t,x) for a.e. t € [0,T] and all x € [0, c0).

15



(H3) f(t,z) is increasing in z for a.e. ¢t € [0, 7] and

1 [T
lim — [ f(t,z)dt =0.

T—00 0

Conditions (Hy)— (Hj) guarantee that assumptions (H;) — (Hj) are fulfilled with
o(t) = f(t,0) for a.e. t € [0,T]. Therefore all results of Section 3 are applicable
on problem (13),(2). For simplicity we denote again by S the set of all positive
solutions of problem (13),(2) and by S. the set {u € S : v/(T') = —c}, where
¢ > 0. Note that if u € S, then

CTa+1

u(t) =t
*) la + 1|

(T—a—l o t—a—l )

+t/tT 502 (/ST§“+1f(§,u(§))d§> ds, te[o,T].

Lemma 8 Let (HY) — (H3) hold. Assume that ¢y > cg > 0, u; € S.,, i = 1,2.
Then
ur(t) > ug(t) forte (0,7).

Proof. Since ¢; > ¢, u)(T) = —c1, ub(T) = —co and uy (T') = uz(T") = 0, there
exists 0 > 0 such that u;(t) > us(t) for t € (T'— 6, T). Assume that there exists
ty € (0,7 — §] such that ui(t1) = ua(ty) and uy(t) > us(t) or t € (t1,7). Then

tlTa+1

la + 1

pr [La ([ @m0 n(©) - e @) ac) as

t1

0 = (u1 —u2)(ty) = (cr —e) (T =%

Since
tl Ta+ 1

la + 1

(Cl — CQ)(Tiail — tliail) >0

and, by (H3),

o e ( [ € (e m(©) - £ w(©) d§> ds > 0,

we get a contradiction. O
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Lemma 9 Let (HY) — (H}) hold. Assume that ¢ > 0, u; € S, i = 1,2. Let
uy(to) > us(ty) for some ty € (0,T). Then either uy(t) > us(t) fort € [0,T] or
there exists t* € (to,T] such that uy(t) > ua(t) for t € (0,t*) and uy(t) = ua(t)
fort e [t*,T)].

Proof. There exist (1,0, € [0,T], {; < ty < {5 such that u;(¢;) = us(ly),
Ul(gg) = U2(€2> and
ul(t) > UQ(t) fort € (51762). (14)

Case 1. Let £, > 0 and ¢; < T. Then
0= (Ul — Ug)(ﬁl)

—a L ([ e ) - semepac)as.

0= (w1 — uz)(la)

! ’ 16
:EQ /@2 s_a—Q </s €“+1(f(£,u1($)) —f(f,ug(f)))d§> ds. ( )

Further,

0 < (ur — u2)'(61)
- [ ([ enuen© - fewone) e ag
o [ a() — (s, ua(s)) ds,

0> (uy — ug)'(fa)

T

= [[o ([ eriten©) - sem@nac)as g
[ s () — (s ua(s) s
Using (15) and (16) we deduce from (17) and (18)

0 < (up —us)'(41) B (w1 — u2)'(£2) — _ /ng 3“+1(f(5,u1(8)) — f(s,uz(s)))ds

—a—1 —a—1
{ l;

[ s (Fsoun(s)) — £(s ua(s))) ds

1)

= " (s, wa(s)) — (s, ua(s))) ds < 0,

151

a contradiction.
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Case 2. Let /4 > 0 and ¢, = T. Then we get a contradiction immediately
from (15) since (due to (14) and (Hj) )

0 /g:[ g2 </ST§a+1(f(§7u1(§)) — f(fﬂh(f)))df) ds > 0.

Case 3. Let ¢1 = 0 and ¢, < T'. Assume that there exists v € (f2,7") such that
u1(y) # uz(y). Consequently we can find ¢1,ts such that lo <t; <y <ty <T,
U1<t1) = Ug(tl), ’U/I(tz) = Ug(tg) and

(ug — ug)(t) - sgn(u; — uz)(y) >0 for ¢ € (t1,t2).

Now, we can derive a contradiction as in Case 1. Therefore uy(t) = us(t) for
t € [l2,T] and the assertion is valid with t* = (5.
Case 4. Let ¢4 = 0 and ¢5 = T. Then the assertion is valid. O

Let ¢ > 0 and let Z : S. — R be a functional defined by

I(z) = /0 L) dt.

Then 7 is continuous and since S, is compact by Corollary 2, there exist Uc min, Uemaz €
S, such that

T(Uemin) = min{Z(z) : x € 8.}, T(Uemar) = max{Z(z):z € S.}.

It follows from Lemma 9, that if uj,us € S. and uy # ug, then Z(uy) # Z(usz).
This together with the fact that Z is increasing imply

Uemin(t) < u(t) < Upmaz(t) fort € 10,7, u e S.. (19)

Besides, by Lemma 8, ¢, max(t) < U, min(t) for ¢t € (0,7) and ¢; > ¢ > 0. In
particular, ¢;, ¢; € [0,00), ¢; # ¢; and S,,, S, are not one-point sets imply

(tesmin(t) Ue,maz () N (e, gmin(t), Ue, maa(t)) = O for t € (0, 7). (20)

If Uemin = Uemaz O [0, T] for some ¢ > 0, then problem (13),(2),(3) has a
unique solution. If it is not that case, the structure of the set S. is described in
the next theorem. Note that, by Lemma 9, if Ucmin 7# Ucmaz, two possibilities
can occur. Either e min(t) < Uemas(t) for t € (0,T) or there exists t* € (0,7")
such that

uc,min(t> < uc,max<t)a t S (07 t*>7 uc,min<t> == uc,mam (t), t € [t*a T]

In particular, if for some ¢ > 0 the interior of the set {(t,z) € R* : 0 < t <
T, Uemin(t) < T < Uemas(t)} is nonempty, then it is covered by graphs of other
functions of S.. This is contained in Theorem 4.
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Theorem 4 Let (Hy)— (Hj) hold. Assume that there exists ty € (0,T) such that
Uemin(to) < Uemaz(to) for some ¢ > 0. Then for each A € (Uemin(to), Uemaz(to))
there exists u € S, satisfying u(ty) = A.

Proof. Since the function § given by (11) is equal to g mas, We have that
A > B(ty). Therefore, by Theorem 2, there exists a positive solution u of problem
(13), (2) satisfying u(tg) = A. We prove that u € S, by contradiction.

Let ¢; > c and u € S.,. Then, by Lemma 8, u(t) > ucmas(t) for t € (0,7),
which contradicts that u(ty) = A < Uemaz(to)-

Let 0 < ¢y < candu € S.,. Then, by Lemma 8, u(t) < temin(t) fort € (0,7),
which contradicts that u(to) = A > Uemin(to)- O

Remark 2 Let us note that if the interior of the set {(t,z) € R* : 0 < t <
T, o min(t) < & < Ugmax(t)} is nonempty, then we cannot apply Theorem 4 and
the description of this set is an open problem.

The next two theorems give results on a unique solution of problem (13), (2), (3).
The first theorem uses only the basic assumptions (H;) — (H3) while the second
one needs the additional assumption

(Hy) f(t,-) € Lipie[0,00) for a.e. t € [0,T].

Theorem 5 Let (HY) — (Hj) hold. Then problem (13), (2), (3) has a unique
solution for each ¢ € [0,00) \ T, where T' C [0, 00) is at most countable.

Proof. Since problem (13),(2),(3) has a unique solution for some ¢ € [0, 00) if
and only if 4 min = Ucmaz, We need to prove that the set I' := {c¢ € [0,00) :
Uemin 7 Uemaz ) 1S at most countable.

For t € (0,T) we define

U(t) = {c € (0,00) : Uemin(t) < Uemaz(t)}-

By Lemma 9, U(t;) D W(ty) for 0 < t; < to < T. It follows from Theorem 2
and Lemma 8 that {u(t) e R:u e S\ So} = (6(t),00) for t € (0,T"). Therefore
Lemmas 8 and 9 and Theorem 4 yield 3 = g e, and

{u(t) eR:ue | Sc} = (0. maz(t), N maz(t)] for t € (0,7), N € N. (21)

0<c<N

For t € (0,7), N € N and ¢ > 0 let us put

Un(t) = {c€(0,N]: Uemin(t) < Uemax(t)},
Un(t) = {c€(0,N]: Uemaz(t) — Uemin(t) > e}
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We claim that Wy .(¢) is finite for t € (0,7"), N € N and € > 0. Suppose, contrary
to our claim, that there exist to € (0,7), Ny € N and gy > 0 such that Uy, ., (to)
is infinite. Then there exists a sequence {c,} C Un,,(to), ¢ # ¢; for i # j.
Since e, max(to) — Ue, min(to) > €o for n € N, we have

hE

(ucn,maw(t[)) - ucn,min(t())) = o0,

Il
—

n

which contradicts (cf. (20))

o0

Z(ucn,max(t[)) - ucn,min(t0)> S uNo,max(tO) - uO,maz (tO) < o0

n=1
by (21) (for t =ty and N = Ny). Hence the set Uy (t) is at most countable
for t € (0,7) and N € N which follows from the equality Wy (t) = UpZ; ¥y 1(t).
Since U(t) = UF-; Yn(t) we see that W(¢) is at most countable for ¢t € (0,7).
Let {t,} C (0,T) be decreasing and let lim, t, = 0. We now show that

I\ {0} = f_jlwn)' (22)

Let us choose ¢ € '\ {0}. Then wcmin 7 Uemar and therefore there exists v € N
such that Uemin(t) < Uemaz(t) for t € (0,t,) by Lemma 9. Hence ¢ € U(¢,) and
since 02, U(t,) C '\ {0}, equality (22) holds. Using the fact that W(t,) is
at most countable for all n € N it follows from (22) that the set I' is at most
countable. a

Theorem 6 Let (HY) — (H;) hold. Then problem (13), (2), (3) has a unique
solution for each ¢ € [0, 00).

Proof. Since the assumptions (Hy) — (H}) guarantee that the assumptions
(Hy) — (Hy) of Theorem 3 are fulfilled, there exists a unique solution of problem
(13), (2), (3) for each ¢ € [0, c0). O

The following result deals with the existence of a positive solution u of problem
(13), (2) satisfying the extra condition max{u(t) : t € [0,T]} = A. Note that for
positive solutions u of problem (13), (2) we have ||u|lo = max{u(t):t € [0,7T]}.

Theorem 7 Let (Hf) — (H3) hold. Then for each A > ||t maz||co there exists a
positive solution u of problem (13), (2) such that ||ul|s = A.

Proof. Suppose the assertion of the theorem is false. Then there exists A >
|40 maz||so such that
|ul]|oo # A for all u € S\ So. (23)

20



Put
U = {0 S\So: vl < A}, Us = {ue S\ Sy Julle > A},
Then S\ So=U_UU,; andU_NU, = . Let
A_ =sup{||v|lw:velU_}, Ay =inf{||ul|e :u Ui}

Then A- < A < A, and there exist sequences {v,} C U_ and {u,} C U, such
that {||vn.||e} is increasing, {||u,|loo} is decreasing and lim, . [|vn]0 = A-,
limy, oo ||tn]lco = A4. Hence, by Lemmas 8 and 9, the inequality v, < v,1; <
Upt1 < uy, is fulfilled on [0, 7] for each n € N. Then

0> v\(T) > v, (T) >y (T) > 0l (T) forn €N,
which yields

Un,up € |J ScforneN, where K := —v{(T) >0, Q := —u|(T) > K.
K<ce<@Q

Since Ug<.<q Se is compact in C*[0, T'] by Lemma 7, there exist v, u € Ug<ecq Se
such that lim,,_.. v, = v, lim, o u, = v in Cl[O, T). Hence v, u are solutions of
problem (13), (2) and ||v]|cc = A, ||t]|lc = A+. In view of relation (23) we have
A < A< A Since u(0) = u(T) = 0 and ||ul|o = Ay, there exists to € (0,7)
such that u(ty) = Ay and u < Ay on [0,%), u < Ay on (to,T]. Let us choose
B € (A_,A;). Then, by Theorem 2, there is a solution w of problem (13), (2)
satisfying w(tg) = B. Lemmas 8 and 9 guarantee that v < w < u on (0, %] and
v <w < wuon (ty,T]. In addition, w(t) < u(t) on a right neighbourhood of t = ¢,
because w(ty) < u(typ). Consequently, |[w|l € (A—, Ay), which contradicts the
definition of A_ and A,. O

Example 3 Let us choose a € [0,1) and for a.e. ¢ € [0,7] and all z € [0, 00),
define the function f by

ft,x) = hy(t) + ho(t, z)z®,

or

F(t,x) = hi(t) + ha(t, x)m,

where hy € LY0,T], hy > 0 ae. on [0,T], hy is nonnegative, bounded and
continuous on [0,7] x [0,00) and increasing in x. Then f satisfies conditions
(Hy) — (H3). To check it we take M = max{hy(t,z) : t € [0,T],z € [0,00)}, and
then we get

T—0 T—00

1/ (T T
0< lim - (/ hl(t)dt+xa/ hQ(t,m)dt> < TM lim %' = 0,
0 0
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or

0 < lim - /Th(t)dter/Th(t:c)dt <TM lim ——— —0
- o In(z+2)Jo 2V - e

T—00 I z—oo In(z + 2)

Example 4 Let h; € L'[0,T], h; > 0 a.e. on [0, 7], i € {1,2}. For a.e. t € [0,T]
and all z € [0, 00), define a function f by

f(t,x) = hi(t) + ha(t)g(x),

where g € PC'[0,00) is increasing and lim, .. @ = 0. Then f satisfies con-
ditions (Hy) — (Hj). We can choose for example g(z) = z® for = € [0, 1] and
g(x) = a" for x € (1,00), where a € [1,00) and 1 € (0, 1).

5 Blow-up results

In this section we provide new blow-up results for positive solutions of the equa-
tion

V(1) + /(1) = (e g, 0(0), (24)
where k € (1,00) and v, g satisfy the following assumptions.
(Hy) tk € LY0,T) and v > 0 a.e. on [0, 7).
(HS) g € Car([0,T] x [0,00)).
(HS) 0 < g(t,x) < ¢(x), for a.e. t €[0,T] and all z € [0, c0),

where ¢ € C[0, 00) is nondecreasing on [0, 00), and

lim @ =0.

T—00

In particular, we consider the boundary conditions

lim v(t) = 00, o(T) =0, (25)

t—0+

and define a positive solution of problem (24),(25) as a function u € ACL_(0,T)
such that « > 0 on (0,7), u satisfies the boundary conditions (25) and (24) holds
for a.e. t € [0,77.
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Theorem 8 Let (HY) — (HS) hold. Then for each ¢ > 0 there ezists a positive
solution v of problem (24), (25) satisfying

V(T) = —c. (26)

Proof. Since equation (24) has an equivalent form (t*v) = t*(¢(t) + g(t, v)), we
see that, after the substitution

k=—a, wv(t)=1t"u(t) forte (0,T], (27)
equation (24) transforms to the equation

(™ (tu(t))) =t (®(t) + (L, t"u(t)), (28)

and consequently to equation (13) with

flt,x) = (0 (t) + g(t, t"2)) = t" (Y (t) + g(t,t™"w))

(29)
for a.e. t € [0,7] and all = € [0, c0),
where a € (—o0, —1).

We check that f satisfies conditions (H;) — (Hj3), where we put f(t,z) instead
of f(t,x,y). Clearly f(-,z) : [0,7] — R is measurable for all x € [0,00) and
f(t,-) : [0,00) — R is continuous for a.e. t € [0,7]. Assumption (HS) implies
that there exists A > 0 such that ¢(x) < ¢(A) + « for all x > 0. Consider a
compact set U C [0,00) and put By := max{x : € U}. Then for a.e. t € [0,
and all z e U

F(tx) <) + ot ) < (W(1) + 6(A)) + & < H () + 6(A)) + Bu,
where t5(1(t) + ¢(A)) + By =: my; € L*[0,T]. Hence f fulfils (H;). Assumptions
(H?) and (Hg) yield 0 < tF)(t) < f(t,z) for a.e. t € [0,T] and all z € [0, c0).
So, f satisfies (Hz). Finally, by (H3),

ft,z) < h(t,z):=t*((t) + ¢(t*z)) for a.e. t €[0,T] and all x € [0, c0),

and for any £ > 0 there exists S > 0 such that ¢(z)/x < ¢ for all x > S. If we
put V = T*S, then

t™he >T % >89 forall x> V,

tr T (t*
ot ") <e and / il x>dt <eT foralz>V.
t~kg o tFx

This yields

T H(t7F
lim/ i kx)dtzo,
T
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and consequently,

1 (T 1 (T T —k
lim & [ hto)dt = tim & [ @+ i [ 2

z—oo 1 Jo z—oo 1 Jo z—co Jo  tTky

dt = 0.

We have proved that f satisfies conditions (Hy) — (H3).

Therefore results of Section 3 are valid for problem (28), (2) and we will modify
them for problem (24), (25). Denote again by S the set of all positive solutions
of problem (28),(2) and let

Sc={ueS:u(T)=—c}, ¢>0.

Put ¢g = ¢TI~ and choose u € S.,. Then v from (27) is positive on (0,7)
and satisfies equation (24) for a.e. t € [0,7]. Further, v(T) = T*u(T) = 0,
V(T) = aT* 'u(T) + TU(T) = =Ty = —c. Hence v satisfies (26) and the
second condition in (25). It remains to prove the first condition in (25). According
to the proof of Lemma 7, we have

CgTa+1

=1
la + 1|

ul) (Tt = o)

br [l ( [ e e ue) d£> ds, e[0T,

and hence

U) Co

m — = + /OT §7o2 (/ST EF(E u(€)) d§> ds =:ag € (0,00),

t
i =
=0+ ¢t la + 1|

due to (8), (29), (Hy)—(H5). Therefore
(t)

lim v(t) = lim u—~ta+1:a lim
0
t—0-+ t—0+ ¢ t—0+

1t = 0.

Denote the set of all positive solutions of problem (24), (25) by R and put
Re={veR:v(T)=—c}, ¢>0.

Then the proof of Theorem 8 yields the following lemma.

Lemma 10 Let (HY) — (Hs) hold. Assume that functions u and v fulfil (27).
Then v € R, if and only if u € S, for co =T and c > 0.
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Theorem 9 Let (H{) — (H3) hold. Then the set R. is nonempty for each ¢ > 0.
If in addition g(t,-) € Lip;.|0,00), then the set R, is one-point for each ¢ > 0.

Proof. The assertion follows from Theorem 8, Lemma 10 and Theorem 3. |

Due to Lemma 10 we can define a function

v(t) = max{v(t) : v € Ro} = max{t®u(t) : u € So} fort € (0,T]. (30)

Theorem 10 Let (HY)—(HS) hold. Then for eachty € (0,T) and each B > ~y(to)
there ezists a positive solution v of problem (24), (25) satisfying v(ty) = B.

Proof. Choose ty € (0,7) and B > 7(tg). Put A =1t¢;*B. Then A > ty%y(to) =
to “max{v(tyg) : v € Ry} = ty* max{tiu(ty) : u € So} = ((ty) and, by Theorem
2, there exists a positive solution u of problem (13),(2) satisfying u(ty) = A.
Consider v satisfying (27). By Lemma 10, v is a positive solution of problem
(24),(25). Clearly v(to) = tiu(ty) =t2A = B. O

Example 5 Let us choose k € (1,00), « € [0,k + 1), n € [0,1) and define the
functions v, g by

W(t) = hi ()™, g(t,x) = ho(t,x)z", t€[0,T], x€]0,00),

where hy € C[0,T], hi(t) > 0 for a.e. t € [0,T] and hy € C([0,T] x [0,00)) is
nonnegative and bounded. Then ¢ satisfies condition (H7) and ¢ satisfies (HS)
and (H3) with ¢(z) = Mz, where M = sup{hy(t,z) : t € [0,T],z € [0,00)}.

Now, assume moreover
g(t, x) is increasing in x for a.e. t € [0,T].
Hy t is i ing i fi tel0,T

Conditions (Hy)—(HY) guarantee that the function f of (29) satisfies conditions
(H}) — (H3) as well as conditions (H;) — (Hs) with o(t) = tk(t) for a.e. t €
[0, 7). Therefore now, all results of the both Sections 3 and 4 are valid (with the
exception of Theorem 6) for problem (28), (2) and can be modified for problem
(24), (25). For example, Lemma 10 and Theorem 4 yield next two assertions.

Lemma 11 Let (Hy)—(Hyg) hold. Assume thatc > 0. Then there exist Ve min, Ve,maz €
R. such that

Vemin(t) < 0(t) < Vemaz(t)  fort € (0,T], v € R.. (31)
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Proof. Consider e, min; Uey.maz € Seps Where ¢g = T %c. According to (19)
we have

Ucomin(t) < u(t) < Ugymaz(t) for t € [0,T], u € Se. (32)

If we put
Ve,min = tauco,m'my Ve,max = tauco,max7 v = taua (33>
we get by Lemma 10 that vemin, Vemaz, v € Re and (32) yields (31). O

Theorem 11 Let (Hy)—(HY) hold. Assume that there exists to € (0,T) such
that Ve min(to) < Vemaz(to) for some ¢ > 0.
Then for each B € (Vemin(to), Vemaz(to)) there exists v € R, satisfying v(ty) = B.

Proof. Choose B € (Ve min(t0), Ve,maz(to)) and put A = t;*B. Put
co=T7%, Ugymin(t) =1t Vemin(t), Ucy.maz(t) =t Vemaz(t), t € (0,T].
By Lemma 10, ey min, Uey,maz € Sep- SlNCE
Ueymin(t0) = to “Vemin(to) < A <ty Ve maz(to) = Uegmaz(to),

Theorem 4 gurantees that there exists u € S, satisfying u(ty) = A. Put v = t"u
for t € (0,7]. Then v(ty) = tdu(ty) = t¢A = B. Lemma 10 yields v € R.. O

Remaining assertions of Section 4 can be modified for problem (24), (25) sim-

ilarly.

Example 6 Consider the functions 1, g of Example 5 and assume moreover that

the function hs is increasing in x for a.e. t € [0,T]. Then 1, g satisfy conditions
(Hy)—(H3).
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