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Abstract. The paper deals with the singular mixed boundary value problem

(' (t)) + t“ f(t,u(t)) =0, lim t"u'(t) =0, u(T)= A,

t—0+

where p € N, p > 2, [0,7] € R, A € [0,00). For sy,...,s. € (0,7] and
J = (0,T]\{s1,-..,s.} we assume that f(¢, ) is continuous on the set J x (0, 00)
and may have singularities at ¢ = 0 and = 0 and integrable discontinuities
at t = s;, 1 = 1,...,r. We provide a new approach giving the existence of
positive solutions of the above singular problem by means of a sequence of its
discretizations. As an application we present new existence results for singular
problems arising in the theory of shallow membrane caps.
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1 Formulation of problem
The paper deals with the differential equation

(th' () 4t f(t,u(t)) = 0, (1.1)
w € N, u> 2, subject to the mixed boundary conditions

. w, ! _ —
tlir&t u'(t) =0, w(T)=A, (1.2)



where [0,7] C R, A € [0,00). We are interested in solutions of (1.1), (1.2) which
are positive on (0,7"). In order to get such solutions, we will investigate possible
discretizations of problem (1.1), (1.2). Due to the positivity of the solutions, we
investigate the function f of (1.1) just on the set [0,7] x [0, c0).
Consider a finite number of points sy,...,s, € (0,7] and denote J = (0,77 \
{s1,...,8:.}. Wewrite f € C(J x (0,00)) if f is continuous on the set J x (0, 00).
Let [a,b] C R. We will also work with the following sets:

e (Cla,b] (C(a,b)) — the set of continuous functions on [a, b (on (a,b));
e A(C(a,b] — the set of absolutely continuous functions on [a, b];
e AC(a,b) — the set of functions f € AC|c,d] for each [c¢,d] C (a,b);

o AC'[a,b] — the set of functions having absolutely continuous first derivative
on [a, b];

e AC*(a,b) — the set of functions f € AC*[c,d] for each [c,d] C (a,b);
e L[a,b] — the set of Lebesgue integrable functions on [a, b].

We say that f € C'(Jx(0,00)) has integrable discontinuities at t = s;, i = 1,...,r,
if for each [a, T] C (0,T] and for each compact set I C (0, c0) there is a function
max € Lla, T| such that

|f(t,z)| < mgx(t) forae. te€la,T]andal ze K.

In what follows we will assume:

att=s;,i=1,...,r, (1.3)

f € C(J x (0,00)) may have integrable discontinuities
f(t,x) may have singularities at ¢ = 0 and = = 0.

Definition 1.1 A function f(t,z) has a time singularity at t = 0, if there exists
x € (0,00) such that

/05 f(t,2)|dt = 00 for £ € (0,T).

A function f(t,z) has a space singularity at x = 0, if

limsup |f(t,z)| =00 forte J.
z—0+

Example 1.2 Let ag > 0, by > 0, v > 1. The function

1 a
f(t,.T) = @ — ;0 — b0t2’y_4 (14)



appears in an equation modelling shallow membrane caps, see [4] and [7]. We see
that f fulfils (1.3) for J = (0, 7] and has a space singularity at = 0. Moreover,
for v € (1,3], f has also a time singularity at ¢ = 0, because [ t*¥~*dt = oo.
Problem (1.1), (1.2) with f of the form (1.4) has been studied for A > 0 in [§]
and [3] and for A = 0 in [10]. An equidistant discretization of this problem has
been investigated in [12].

Example 1.3 Let ¢ € L[0,7] N C(J), q(t) > 0 for t € J. The function
q(t)

fle) =25 (L5)

has a space singularity at x = 0. Problem (1.1), (1.2) with f given by (1.5)
describes a behaviour of symmetric circular membranes and, for A > 0 and
q € C[0, 1], has been studied in [1].

Discretization of problem (1.1), (1.2).
Let n € N. For f satisfying condition (1.3), we can find points

O=to<ti < - <th1<t,=T, (1.6)

such that
f(tx, ) is continuous on (0,00) for k =1,...,n — 1. (1.7)

The points (1.6) cannot be equidistant in general, and so we use variable steps
and denote them by
hk:tk_tk—la kzl,...,n, (18)

and we get the following discretization of problem (1.1), (1.2):

1 th
A (kAuk1> —i—t’,jf(tk,uk) = 0, k= 1,...,n— 1, (19)
thrl hk

Aug =0, wu,=A. (1.10)

Here A denotes the forward difference operator, i.e. Aup_1 = up — Up_1.

The main goal of the paper is to present a new approach giving the existence
of a positive solution of the singular problem (1.1), (1.2) by means of its proper
non-equidistant discretizations. Questions about discrete problems associated
with differential boundary value problems have been also discussed in [5], [9] and
[14].

Definition 1.4 A function y € C[0,7] N AC'(0,T) with y > 0 on (0,7, which
satisfies equation (1.1) for a.e. t € (0,7) and fulfils conditions (1.2), is called a
positive solution of problem (1.1), (1.2).



Definition 1.5 A vector (ug,...,u,) € R""! satisfying equation (1.9), condi-
tions (1.10) and ux > 0 for k& = 0,...,n — 1, is called a positive solution of
problem (1.9), (1.10).

In order to get a positive solution of (1.1), (1.2) we construct the discrete
problems (1.9), (1.10), n € N, and we prove that they have positive solutions. By
means of a sequence of positive solutions of the discrete problems (1.9), (1.10),
n € N, we get a sequence of approximate functions which converges for n — oo to
a positive solution of the singular differential problem (1.1), (1.2). Such approach
was used for equidistant discretization and f(t,z) continuous on (0, 1] x (0, c0)
in [12]. Here we generalize the results of [12] for functions f(t,2) which can be
quickly growing for large = and need not be continuous on (0, 1] x (0, 00) and for
non-equidistant discretizations. Moreover, in (1.2), we consider A = 0 as well as
A > 0. As an application we present new existence results for singular problems
which cover problem (1.5), (1.2). We emphasize that this problem has not been
solved before for A = 0.

2 Solvability of discrete problems

Linear discrete problems.
Assume that n € N and g € L[0,T]. Let us choose the points of (1.6) in such a
way that

g(tk)ER, k=1,....,n—1.

For hy, given by (1.8), consider the linear difference equation

1 th
A (kAuk1> +g(tk) :0, k= 1,...,71— 1, (21)
hk—l—l hk

and the corresponding homogeneous equation

1 th
Al “Au,_1| =0, k=1,...,n—1, (2.2)
heir \ i

subject to the boundary conditions
Aug =0, u(T)=0. (2.3)

Since problem (2.2), (2.3) has just the trivial solution, there exists its Green
function. If we put
k
h;
P(tk)zztj, k:1,...,n,
i=1 "1
then the Green function GG can be written in the form
N P(tk)—P(T) for0<si§tk§T,
Gltk, 5i) = hivs { P(s;)) — P(T) for 0 <t <s; <T,
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where h, 1 = hy, s; = Z§:1 hj, ti, = Z?Zl hj, i,k =1,...,n. We can check that

G(T, Si) = O, AG(to, Si) = O, 1= 1, ey, (25)
1 th .
A fAG(tk_l,&') :5ik7 ’L,k? = 1,...,n— 1, (26)
hi-i—l hk

hold. Moreover, if we denote My = T /t}, we have
—Mohiy1 < G(t,s;) <0, i=1,....n—1, k=0,...,n—1. (2.7)

Lemma 2.1 Problem (2.1), (2.3) has a unique solution (ug, . .., u,) € R""'. The
solution (ug, ..., uy) has the form

n—1
up =~ Glty,si)g(si), k=0,...,n. (2.8)
=1

Proof. Since the homogeneous problem (2.2), (2.3) has just the trivial solution,
the nonhomogeneous problem (2.1), (2.3) has a unique solution. Let us show that
this solution is given by (2.8). By virtue of (2.5) we get

n—1
Uy = — Z G(T,si)g(s;) =0,
i—1

n—1 n—1
Auy = up —upy = — Z G(t1,5:)9(s:) + Z G(to,5:)9(s:)
i—1 i=1

n—1

=—> AG(to,s:)g(s:) = 0.

i=1
Hence (uo,...,u,) satisfies condition (2.3). Further, using equality (2.6), we
obtain

1 t 1 1 th
A h:Auk_l = > hip | —A HAG(tk—laSi) 9(si)

P i1 by = hit1
1 n—1
= — Zhl+151kg(81) = —g(tk), k= 1,...,n— 1.
thrl i=1
Therefore (ug, ..., u,) satisfies equation (2.1). O

Nonlinear discrete problems.
Now, we will study the solvability of the nonlinear singular discrete problem (1.9),
(1.10). To this end we will use lower and upper functions.



Definition 2.2 The vector (aq,...,a,) € R™™ is called a lower function of
problem (1.9), (1.10) if

1 th
A (kAOék1> + tgf(tk, Oék) > 0, k= 1, e, — 1, (29)
hk—‘rl R,

Aag >0, a,<A. (2.10)

Definition 2.3 The vector (3o, ...,3,) € R™™ is called an upper function of
problem (1.9), (1.10) if

1 K
P D,

Afy <0, fn = A (2.12)

The next theorem contains the lower and upper functions method which is
based on the assumption that there exists a well ordered couple of lower and upper
functions to a problem under consideration. This method for regular discrete
problems can be found e.g. in [2], [6], [11] and for singular discrete problems with
equidistant points to, ..., t, in [12].

Theorem 2.4 Assume that conditons (1.3), (1.6) and (1.7) hold. Let (a, ..., ay)
and (Bo, - . ., Bn) be, respectively, a lower and an upper function of problem (1.9),
(1.10) with

0<ap<By k=1,...,n—1. (2.13)

Then problem (1.9), (1.10) has a positive solution (ug, . .., u,) satisfying

Proof. We argue similarly as in the proof of Theorem 3.3 in [12]. For k €
{1,...,n — 1}, x € R define a function

ftr,x) = q fte, v) if ap, < < Gy,

[t o) + 50 e <ay.

We see that f(tk, -):R — R is continuous for £ = 1,...,n — 1 and there exists
M > 0 such that

f(t, )| <M fork=1,....n—1, z €R.

Consider the auxiliary regular difference equation

1 ! ~
A (kAUk_1> +th(tk,vk+A) =0, k=1,....,n—1. (215)
i1 \ e
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Denote E = {v = (vy,...,v,) € R"™ " Avy = 0, v, = 0}, and define |v|| =
max{|vg|:k =1,...,n—1}. Then E is a Banach space with dim E' =n — 1. Let
the function G be given by formula (2.4). Define an operator F: £ — E by

n—1
(Fv)k:_ZG(tk,Si)f(Si,Ui‘l—A), ]’CZO,...,’I’L.
i=1
Estimate (2.7) implies
n—1
’(fV)k|<MOMZhi+1<TMOM, k‘ZO,...,n.
i=1
Therefore, by the Brouwer fixed point theorem, there is a fixed point v* of the
operator F. By Lemma 2.1, the vector v* = (v, ..., v}) is a solution of problem
(2.15), (2.3). Put up = v+ A, k =0,...,n. Then we get (2.14) as in the proof
of Theorem 3.3 in [12]. Consequently the vector u = (uo, ..., u,) is a solution of
problem (1.9), (1.10). O

3 Approximation principle

This section is devoted to the study of sequences of piece-wise linear functions
which approximate solutions of the singular differential problem (1.1), (1.2). We
describe a construction of such functions.

Remark 3.1 We want to point out that for an approximation of problem (1.1),
(1.2) with f satisfying (1.3) we need, for n € N, the isolated time scale (1.6),
where t, ¢ {s1,...,8:}, k =1,...,n — 1. Moreover, since we need to prove an
approximation principle (Theorem 3.3) and, in particular, convergences (3.10)
and (3.11), a choice of t; depends on the fact whether f(¢,z) is unbounded for
t — s; or not. See Remarks 3.2 and 3.4. Consider, for example, the function

3+ 1
ty/(sie1 — )(t — s1)
Then f € C(J x [0,00)) and f is unbounded near each s;, i = 1,...,r.

ft,z) =

for t € (si,8i41), x € [0,00), i =1,...,7r — 1L

In Remark 3.2, we explain a choice of the time scale (1.6) for n € N.

Remark 3.2 Consider a non-negative functions g, € C(J x (0,00)) and go €
C(J x [0,00)) which are unbounded if ¢ — s;, i = 1,...,r, x € (0,00). For
n € N, choose points (1.6) such that t, € J, k=1,...,n — 1, and each interval
(tk, tk4+1) contains at most one s; € {sy,...,s,}. Moreover, if some s; € (tg, tr+1),
then ¢ and t;; are chosen such that

gi(tr,x) < gj(t,x) forte (tg,tgs1), v € (0,00), j=1,2. (3.1)



For each sufficiently large n € N we assume

{conditions (1.6), (1.7) and (3.1) hold, (3.2)
problem (1.9), (1.10) has a positive solution (ug, ..., uy,). '
Denote
tﬂ
v = 2 Au_y, k=1,...,n, (3.3)
hy,
and define
Yy (t):uk—l— (t—tk), te[tk,tk+1], k’:O,...,TL—l, (34)
k+1
() =0, t € [to, 1],
(3.5)

A
A (E) =y, 4+ ok
k+1

(t_tk)a le [tkvtk-i-l]v k’:l,,n—l

The main result of the paper is contained in the next theorem providing an
approximation principle.

Theorem 3.3 Let A = 0 and (1.3) hold. Assume that there exist functions
a,f € Cl0,T], « < B on (0,T), B(T) = 0, and non-negative functions g, €
C(J x (0,00)) and g, € C(J x [0,00)) satisfying

[F(t2)] < gi(t, ) + ga(t, ) for t € J,x € [a(t), 5(1)], (3.6)

where gy 15 nonincreasing in its second variable, g1 and g have integrable discon-
tinuities at t = s;, 1= 1,...,r, and att =0, t = s;, 1 = 1,...,r, respectively,
and

A%mmmmw<m. (3.7)

Further assume that there exists n* € N such that for each n € N, n > n*,
condition (3.2) is fulfilled and that

Jim max{hy =t; —ti-1:k=1,...,n} =0, (3.8)
O<Oé(tk)<uk<ﬁ(tk), k=1,...,n—1. (39)

Then the following approximation principle is valid:
Let the sequences {y™} and {2} be given by (3.4) and (3.5). Then there
exist their subsequences {y™} and {2™} such that

lim ym(t) = y(t) locally uniformly on (0,T), (3.10)
lim () = 2(t)  locally uniformly on [0,T), (3.11)

z(t) = t'y/'(t) and y is a positive solution of the singular differential problem
1.1), (1.2) and
a(t) <y(t) < B(t) fortel0,T]. (3.12)



Proof.

Step 1. Boundedness of sequences {y/"} and {z["}.

Note that without loss of generality we can assume that for x € (0,00) the
functions ¢, (¢, x) and g¢s(¢,z) are unbounded if t — s;, 4 = 1,...,r. Hence, for
n € N, n > n*, we can choose points (1.6) such that (1.7) and (3.1) are valid.
By (3.2) there exists a positive solution (uo, ..., u,) of problem (1.9) and (1.10).
Inserting (3.3) into equation (1.9) we get

1

P41

Avk = —t/]:f(tk,uk), k: 1,...,n— 1 (313)

Since Aug = v1 = 0, equations (3.3) and (3.13) can be written in the form

k .
uk:u0+2h1:—;, ]{7:1,772,, (314)
=1 ?
k
Vg1 = — O hiat! f(t,w), k=1,...,n—1. (3.15)
i—1

By (1.10) and (3.9) we have
max{|ug|:k =0,...,n} <max{f(t):t € [0,T]} =: B.

Since y[™(t) of (3.4) is a continuous piece-wise linear function and y™(t) = wu,
k=0,...,n, we get

max{[y"(t)[:t € [0,T]} < B, neN, n>n" (3.16)

Choose an arbitrary b € (%, T). By (3.8) there is ng € N, ny > n*, such that for
each n € N, n > ny, there is b, € {1,...,n} such that

ty, € (b, T), nhlglo ty, = b. (317)
There is a function m(t) € L[0,T] N C(J) such that
lgo(t, )| < m(t) forte Jxelalt), ()], (3.18)

and due to (3.9), (3.7), (3.1), we can find ng € N such that for each n > ng

bn b
> hipatign(t,u) <1 +/0 tgi(t, a(t))dt =: My,
i—1

bn T

i=1



Clearly M, € (0,00). Let us show that M; € (0,00), as well. Since b € (£,7),
we can write

T

/Obtgl(t,a(t))dt:/oztgl(t,a(t))dt—I—/Tbtgl(t,a(t))dt.

By (3.7) we have

N

/0 tgr(t, a(t))dt < oo.

The assumption that g; is continuous on J x (0, 00) and has integrable disconti-
nuities at t = s, s; € (0, 7], i = 1,...,r yields (see p. 2) that for each compact
set K C (0,00) there exists a function myx € L[L,T] such that

T
lg1(t, )| < my(t) for ae. te [§,T] and all z € K.

Let us put £ = {a(t) : t € [T,b]}. Then, by (3.9), K C (0,00) and moreover K
is compact. Hence

T
lg1(t, ()] < mg(t) for ae. t e [5, b].
So,
b b
/T tgr(t, a(t))dt < b/T my(t)dt < oco.

Therefore ,
[ tarlt.a@)dt < o,
0

and consequently M; € (0,00). Further, by (3.9), (3.6), (3.15) and (3.17), we
have for k =1,...,b,,

k k k
g] <3 hagatf [ £t wa) | < TP hiatign (i, i) + T hiyaga(ti, ug)

=1 =1 =1

b bn
< TS hipatign (B, i) + T hiyigo(ti, ws)

=1 =1
S T'u_lMl + T”MQ = Mg.

Since zI"(t) of (3.5) is a continuous piece-wise linear function and 2" (t;) = vy,
k=1,...,n, 2"(t) = 0 on [to, 1], we get

max{|z"(t)]:t € [0,b]} < Ms, n €N, n>ny. (3.19)
Moreover, by (3.9), there exists M, € (0,00) such that

max{|z"(t)|:t € [0,0]} < My, neN, n* <n <n. (3.20)
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We have proved that the sequence {y™} is bounded on [0,7] and the sequence
{2’} is bounded on [0, b] for each b € (%,T).

Step 2. Equicontinuity of sequences {4} and {zI"}.

Consider n € N, n > n*, b € (%,T) and b,, satisfying (3.17). Choose arbitrary
11,72 € [0,b], 1 < 7o. Then we can find k,¢ € {1,...,b,}, k < £, such that
Ty € [tg—1,tx), T2 € (te—1,t] and, due to (3.5), (3.6) and (3.13),

|27 (1) — 21" (m)|

5 |Avic Avy,— Avy_
< ¥ [S5-o + [ - ) + |2 (-t
i=k+1 hl k hg
-1
= >t f (i wi )| = ti) i | f (b, we) | (8 — 1)
i=k+1
-ty [ f (L1, we—1)| (T2 — to—1)
-1
S Z téll—l (gl (ti—17 ui—l) + gQ(ti_l, ui_l))hi
i=k+1

+75Z_1(g1(75k—1, up—1) + go(tx_1, Uk—l))(tk —7)

+th 4 (91 (te—1,ue—1) + go(te—1, Wq)) (T2 — te—1).
Ifk+1>¢—1,weput Xi—4.; =0. By (3.7), (3.18) and u > 2, for each £ > 0,
there exists n. > n* such that for each n > n,,

|20 (75) — ()| < /: t*(g1(t, a(t)) + m(t))dt +e.

Moreover there exists § > 0 such that if 7 — 7, < d, then |z["(ry) — 2I"(7)| < ¢
forn =n*,... n., and

T2
/t%mwmm+m@ﬁmw.
T1
We have proved that the sequence {z["} is equicontinuous on [0, ].

Choose an arbitrary a € (0,b). By (3.8), there is ng € N, ng > n*, such that
for each n € N, n > ng, there is a, € {1,...,n} such that

ta, € (0,a), lim ¢, = a. (3.21)

Choose arbitrary 71,7 € [a,b], 1 < To. By (3.16) and (3.21), we find k,¢ €
{an,...,bn}, k < ¢, such that 7 € [ty_1,tx), T2 € (te—1,t¢] and, due to (3.4),
(3.3), (3.19) and (3.20),

[y (2) — " ()]

11



Uk

-1
< X

v; Uy
tT: (ti = tima) + || (b = 70) + || (72 = o)
i=k+1 k ¢
L Ms + M.
<a7< 3+ 4)(7’2-7’1).
Having in mind that each function y™ is continuous on [a,b] for n = n*, ..., no,

we have proved that the sequence {y/™} is equicontinuous on [a, b].

Step 3. Convergence of sequences {y"} and {z["}.
Choose arbitrary b € (%, T) and a € (0,b). By Steps 1, 2 and the Arzela-Ascoli

theorem we can choose subsequences {y™} c {y} and {z™} c {z["} such
that
lim y™(t) = y(t) uniformly on [a, b,

m—00

lim 2™ (#) = 2(t) uniformly on [0,b].

m—00

Since a,b € (0,T) are arbitrary, we use the diagonalization theorem (see e.g.
[13]) and get that these subsequences can be chosen in such a way that they fulfil
(3.10) and (3.11). Consequently,

yeC0,T), ze€C[0,T), =z0)=0. (3.22)

Now choose ¢ € (0,7). By (3.8) there is a sequence {t., } C (0,7") which fulfils

im0 te,, = ¢. By (3.9) we have for m € N, m > n*,

Cm

a(te,,) < y[m] (ten) = Ue,, < Blte,,)

and letting m — oo we obtain a(c) < y(¢) < f(c). Having in mind that ¢ € (0,7)
is arbitrary, we get
at) <y(t) < B@t), te(0,T). (3.23)

Step 4. Properties of limits y and z.
By (3.14) and (3.15), we get

i) i) D)
yt) =y 0) + X him—p, k=1,m, (3.24)
=1 7
k

i=1
Assume that 0 < a* < a < b < b* < T. By (3.17) and (3.21), a,, € (a*,a),
by € (b, b*) for each sufficiently large m. According to Step 3, conditions (3.10)
and (3.11) are satisfied, and we have

lim "™ (t,, 1) = yla), lim y™(t, ) = y(b),

m—00 m—0o0

12



lim 2M(t, )= 2(a), lim 2I"(t, 1) = 2(b).

Denote
om = max{|z™(t;) — 2(t;)]:i = am, ..., by}
Then, by (3.11), the equality lim,, .., 0, = 0 holds. Using (3.24), we get

Zm% L) — (1),

1=0m 1=am Z

y[m} (t 7n) = y a'm_l

and letting m — 0o, we obtain

b)—y(a)—i—/abzg)d

Fori=1,...,m —1, let us put

Fn(t) =t (L, g™ (1)), € [ti, L)
By (3.6) and (3.18), we have for each sufficiently large m € N,
()] < (g1, a(t) +m(t) + 1) fort € J.
Further, using (3.10), we obtain
Tim fiu(t) = ¢ f(t,y(t)) forte J.

Since (3.25) yields

bm
Aty 1) = M (te,) = 30 hath f(t Y (t)),

1=am

we get for m — oo, due to (3.7) and the Lebesgue dominated convergence theo-
rem,

2(b) = z(a) — /ab T f (T, y(7))dT.

Since a,b € (0,T) are arbitrary, we can write
t
t) =y(a) +/ 27(—1‘)de te(0,7), (3.26)

A(0) = 2(a) - | i f(ry(r))dr, te (0,T). (3.27)

Equality (3.26) gives ¢/(t) = z(t)/t" for t € (0,T), and then equality (3.27) can
be written in the form
¢

t'y'(t) = a*y(a) —/ f(r,y(r))dr, te(0,7T).

a
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Due to (3.22), we have lim;_ o t"y'(t) = 0, and hence,
t
ty'(t) = —/ f(r,y(r))dr fort e [0,T). (3.28)
0

We have proved that y € AC*(0,T) fulfils equation (1.1) for a.e. ¢ € (0,7) and
satisfies the first condition in (1.2). If we integrate equation (3.28), we get for
te€(0,a)

o0 = yla)+ [ [75 (s, uts)dsdr

Denote
1

— p
hr) = = [ F(s.y(s))ds.
Due to (3.6) and (3.7), we see that h € L[0,a] and so y € C[0,T). Since o, 3 €
C10,T) and o(T) = B(T) = 0, we get by (3.23), limy_r_ y(t) = 0. Therefore,
putting y(7') = 0 yields that y € C[0,T] satisfies the second condition in (1.2).
Finally, by (3.9) and (3.23), y(t) > 0 for t € (0,7"). We have proved that y is a
positive solution of problem (1.1), (1.2). O

In the next theorem, we consider a simplier case, where A > 0 and

att =0, t=s;, i=1,...,r1, (3.29)

f e C(J x (0,00)) may have integrable discontinuities
f may have a singularity at x = 0.

In Remark 3.4 we explain a choice of the time scale (1.6) for n € N.

Remark 3.4 If (3.29) holds, we find a function ¢; € C(J x (0,00)) with inte-
grable discontinuities at t =0, t = s;, ¢ = 1,...,r, which is unbounded if t — s;,
i=1,...,r, z € (0,00), and fulfils

F(t2)] < gultyx) fort e, o € (0,00).
Then, for n € N, we choose points (1.6) satisfying (1.7) and (3.1) for j = 1.

The next theorem states that under (3.29) the convergence interval for {y™l}
and {zl™} can be extended to 7.

Theorem 3.5 Let A > 0 and (3.29) hold. Assume that conditions (3.2) and
(3.8) are fulfilled for j = 1 and g1 of Remark 3.4. Further assume that there
ezist functions «, f € C[0,T] satisfying (3.9) and «(0) > 0. Then the following
approximation principle is valid:
Let the sequences {y™} and {2} be given by (3.4) and (3.5). Then there
exist their subsequences {y™} and {z!™} such that
lim 4™ (t) = y(t) locally uniformly on (0,T), (3.30)

m—00
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lim 2™(t) = t*y/(t) locally uniformly on [0,T], (3.31)

m—00

and y is a positive solution of the singular differential problem (1.1), (1.2) satis-
fying (3.12). Moreover y € AC*(0,T].

Proof. For t € J, put m(t) = sup{|f(t,z)|:z € [a(t),(t)]}. Since a(t) > 0
on [0,7), we get by (3.29) that m € L[0,T]. We argue similarly as in Steps 1
and 2 of the proof of Theorem 3.3 and get that the sequences {y™} and {z["}
are bounded on [0,7]. Moreover, {y™} is equicontinuous on (0,7 and {z"}
on [0,7]. Therefore, we can find their subsequences {y™} and {zI™} which
fulfil (3.30) and (3.31). Consequently, y € C(0,T], z € C[0,T], y(T) = A,
2(0) = 0. The arguments of Steps 3 and 4 of the proof of Theorem 3.3 yield
a(t) <y(t) < B(t) for t € (0,T], and

¢
vy (t) =~ [ T f(ry(r)dr, te 0,T)
0
This implies that AC'(0,T7] is a positive solution of problem (1.1), (1.2). O

4 Solvability of singular membrane problems

Choose A, 1y € [0, 00), assume that ¢ € L[0, 7] N C(J), and consider the problem

(1% (1)) + tq(1) (uf(t) - r0u<t>) =0, (4.1)
Jim ' (t) =0, u(T)=A. (4.2)

This problem is a special case of (1.1), (1.2), where y = 3 and

f(t,z) =q(t) (1 - r0x> fort € J, x € (0,00). (4.3)

T2

We see that f satisfies (3.29). Therefore, we can use Theorem 3.3 or Theorem
3.5 to get a solvability of problem (4.1), (4.2). This problem was studied in [1]
for ro =0, A > 0 and ¢ € C[0,1]. It describes a behavior of symmetric circular
membranes. We prove that corresponding discretizations of this problem are
solvable. We discuss three cases:

A>0,1719>0 or A>0,179=0 or A=0, 7o >0.

Case 1.
Let A >0, rg > 0. Assume

q(t) >0 forte J (4.4)

15



For n € N, choose points 0 =ty <t < --- < t,_1 <t, =T such that
q(ty) € 10,00), k=1,...,n—1, (4.5)

and, for hy = ty — ty_1, consider the following discretization of problem (4.1),
(4.2):

1 t 1
A (kAuk_1> +tq(ty) (2 - rouk> =0, k=1,...,n—1, (4.6)
hk+1 hk Up,

Auy =0, u(T)=A. (4.7)

Theorem 4.1 Let A > 0, ro > 0 and (4.5) hold. Then, there are constants
0 < v < ¢ such that, for each n € N, problem (4.6), (4.7) has a positive solution
(uo, - .., uy) satisfying (3.9), where

alt)y=v, pBt)=c, te€][0,T]. (4.8)

Proof. Let n € N be arbitrary. Choose v € (0, 4], ¢ € [A, ), and consider «,
B given by (4.8). Denote

. = oz(tk), ﬁk = ﬁ(tk), k= 07 o, n. (49)

If 3 < 1/rg and ¢ > 1/rg, we can check that, for each n € N, the vectors
(v, ..., ) and (B, . . ., Bn) are lower and upper functions of problem (4.6), (4.7)
and satisfy (2.13). According to (4.3), (3.29) and (4.5), we can use Theorem 2.4
and get a positive solution (uo, ..., u,) of problem (4.6), (4.7) satisfying (3.9).
O

Case 2.
Let A >0, rg =0. Assume

JK >0: 0<q(t) <K fortelJ (4.10)
For n € N, choose points 0 =ty <t < --- < t,_1 <t, =T such that

q(ty) € [0,K], k=1,...,n—1, (4.11)
and consider the corresponding discretization (4.6), (4.7).

Theorem 4.2 Let A > 0, ro = 0 and (4.11) hold. Then, there is a constant
¢ > 0 such that, for each n € N, problem (4.6), (4.7) has a positive solution
(uo, . .., uy) satisfying (3.9), where

alt)=A, Bt)=A+c(T*-+), te€][0,T). (4.12)
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Proof. Let n € N be arbitrary. Choose ¢ > 0 and consider «, [ given by (4.12)
and use (4.9). We can show that for each sufficiently large ¢ > 0

1
:t‘zq(tk)ﬁzo, k=1,...,n—1,

A k A +t ([(t )72
A —

! A(t’%Aﬂ >+t3 (t )i
i \he ! KAk I65

c t2q(ty)
= (t} ot —th — ) + L
hk+1 ( k+1 k+1Yk k klk 1) (A + C(T2 . t%))Q

K
g—ct2<7—CAQ> <0, k=1,...,n—1.

Note that ¢ does not depend on n. Moreover, Aag = 0, ABy = —ct? < 0,
a, = [, = A. Hence, for each n € N, the vectors («y, . .., ) and (B, . .., 3,) are
lower and upper functions of problem (4.6), (4.7) and satisfy (2.13). According to
(4.3), (3.29), (4.11) and Theorem 2.4, there exists a positive solution (ug, . .., u,)
of problem (4.6), (4.7) satisfying (3.9). O

Case 3.
Let A=0, rg > 0. Assume

Je, K >0: e<q(t) <K forte (4.13)
For n € N, choose points 0 =ty <t < --- <t,_1 <t, =T such that
gty €6 K], k=1,....n—1, (4.14)
and consider the corresponding discretization (4.6), (4.7). Denote
wp =min{tg 1 — ik =0,...,n}, xn=max{ty 1 —tp:k=0,...,n}.
Theorem 4.3 Let A =0, ro > 0 and (4.14) hold. Assume

lim X = ¢, € (0, 00). (4.15)

n—o0 (y,

Then, there are constants 0 < v < ¢ such that, for each n € N, problem (4.6),
(4.7) has a positive solution (ug, ..., u,) satisfying (3.9), where

alt)=vit+v)(T—-1t), [{t)=cvT?>—12, t€]0,T]. (4.16)

Proof. Let n € N be arbitrary. Choose v > 0, ¢ > v and consider «, (3
given by (4.16). We use (4.9) and show that if v is sufficiently small and ¢
sufficiently large, then for each n € N, the vectors (ay, ..., a,) and (B, ..., Bn)
are lower and upper functions of problem (4.6), (4.7). We see that «,, = 3, = 0,
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APy =cy/T? — 12 — T < 0 and, Aag = vt (T — (1 +v)t;) > 0 if v is sufficiently
small. Further, we get for k=1,... ,n—1,

LA (B pay ) + g (& -
th I a1 Ld\lk ak T

tp — i
=v ((T — v =)ty + trate + 7)) — (brgr + 60) (G + 8) — tiit ;)
k+1 — Uk

1
Vz(tk —+ V)Z(T — tk)2

Let 11 < min {%, 1}. Then, for each sufficiently small v,

+t2(](tk) ( — ToV(tk + I/)(T — tk)> =: (,O(tk, V).

ti
VQ(tk —+ V)Q(T — tk)Q

o(te,v) > (=3 (co + V)T + & — P KroT%) > 0.

T

Let £ > min {Z’ 1}. Then, for each sufficiently small v,

TS
VQ(tk —+ V)Q(T — tk)Q

€
o(ty,v) > (—y3(co +8) + 5 I/3K7“0T6) > 0.
Hence, for each sufficiently small v, the inequality ¢(tx,v) >0, k=1,...,n—1,
is valid. This yields that (ay, ..., a;,) is a lower function of problem (4.6), (4.7).

Finally,
1

3 1
Tt <hkAﬂk 1> + tpq(tr) (ﬂ;% - 7’05k>

R let1 + 1k 3 b + tp—1
- k+1 Yk
Pkt V2=, +\T2 - -+ T -8

1
+tiq(te) (CQ(TQ_t%) - T‘(ﬂ\/ﬂ) = )(tg,c), k=1,...,n.

Let t, > % Then, for sufficiently large c,

oaf T4 T~ (P + T )

¢(tk7c) >
hk+1 (VT2 =t + T2 - tg) (Y2 -3+ T2 -1 )
K - ctp  T? -t — (T?% — t,m) K
AT =1) = hep 4T2—2) )T, AI>—1)
< ct? (T TK) 0
T e)yrr-g o N @
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Let t;, < % Then, for sufficiently large c,

bt c) < 2ty th -6 K
U e oo AT 6
- eyt + ety + 1) K 3 4K

<—t3<—><0.
= T2 2(12—2) = \T " 3s72) =

Hence, (fo,...,03,) is an upper function of problem (4.6), (4.7) and satisfies
(2.13). According to (4.3), (3.29), (4.14) and Theorem 2.4, there exists a positive
solution (uy, ..., u,) of problem (4.6), (4.7) satisfying (3.9). O

The main results about solvability of problem (4.1), (4.2) and about approx-
imation of its solution are contained in the next two theorems.

Theorem 4.4 Let A > 0, ro > 0. Assume that (4.4) holds if ro > 0 and that
(4.10) holds if ro = 0. Then there exists a sequence {y™} of continuous piece-
wise linear functions which converges locally uniformly on (0,T] to a function
y € ACY(0,T), which is a positive solution of problem (4.1), (4.2).

Proof. For n € N, we choose points (1.6) by Remark 3.4 and consider the
discrete problem (4.6), (4.7), where q(tx) € [0,00) if 79 > 0, and q(tx) € [0, K]
if ro=0,k=1,...,n— 1. Moreover, the points t¢q,...,t, are chosen such that
(3.8) is valid. By Theorem 4.1 or Theorem 4.2, for each n € N, problem (4.6),
(4.7) has a positive solution (uy,...,u,) satisfying (3.9). Here o and (3 are of
(4.8) for ry > 0 and of (4.12) for 7o = 0. Hence «(0) > 0. Define a sequence
{y™} by (3.4). Then, by Theorem 3.5, there exists a subsequence {y™} c {yl"}
satisfying (3.30), where the limit y € AC'(0,7)] is a positive solution of (4.1),
(4.2). O

Theorem 4.5 Let A =0, ro > 0. Assume that (4.13) holds. Then there exists a
sequence {y™} of continuous piece-wise linear functions which converges locally

uniformly on (0,T) to a function y, which is a positive solution of problem (4.1),
(4.2).

Proof. For n € N, we choose points (1.6) by Remark 3.2 and consider the discrete
problem (4.6), (4.7), where ¢(t;) € [e, K], k =1,...,n— 1. Moreover, the points
t1,...,t, are chosen such that (3.8) and (4.15) are valid. By Theorem 4.3, for
each n € N, problem (4.6), (4.7) has a positive solution (uy,...,u,) satisfying
(3.9), where o and (3 are defined in (4.16). Hence 5(7') = 0. Further we can put

t
g1<t,l') = q‘fi?)a 92(t7x) = TOQ(t)x for ¢ € J7 YRS (07 OO)
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Then ¢g; € C(J x (0,00)), g2 € C(J x [0,00)), g1 and go have integrable discon-
tinuities at t =0, t =s;, ¢ = 1,...,r, g1 is decreasing in x and

T/2 T/2 tq(t) 2K (T/2
tay (t, a(t))dt = / dt < / tdt < oco.
/0 gt a(t) o V(t4+v)2(T—-t)?2 — Tvtl =

According to (4.3), inequality (3.6) holds. Define a sequence {y™} by (3.4).
Then, by Theorem 3.3, there exists a subsequence {y™} c {y"} satisfying
(3.10), where the limit y is a positive solution of (4.1), (4.2). O
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