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ABSTRACT. In this paper we investigate the nonlinear system of differential equations
u'(t) = f(t,u(t)), ae. t € [a,b] CR,
subject to the state-dependent impulse condition
u(t+) —u(t—) = v(u(t—)), where g(t,u(t-)) =0,
and the linear boundary condition
Au(a) + Cu(b) = d.
Here f and ~ are given continuous vector-functions, g is a continuous scalar function, A, C are constant
matrices, and d is a constant vector. The impulse instants ¢ € (a,b) are unknown and they depend
on a solution u, because they are determined by the equation g(¢,u(¢t—)) = 0. We discuss not only
the existence of solutions of the problem but also present an approximate construction of solutions.

Note that we have found no previous numerical results for state-dependent impulsive boundary value
problems in the literature.

1. INTRODUCTION

We consider the nonlinear system of differential equations

(1.1) u'(t) = f(t,u(t)), ae. t € [a,b] CR,
with continuous f : [a,b] x R" — R"™. Equation (1.1) is subject to the state-dependent impulse condition
(1.2) u(t+) — u(t—) = y(u(t—)), where g(t,u(t—))=0.

Here v : R™ — R™ and ¢ : [a,b] x R™ — R are continuous, and the impulse instants ¢ € (a,b) in (1.2) are
unknown. These instants are called state-dependent because they depend on a solution u through the
equation g(¢,u(t—)) = 0. Impulsive problem (1.1), (1.2) is investigated together with the linear boundary
condition

(1.3) Au(a) + Cu(b) = d,
where d is a constant vector, and A, C are constant matrices which can be singular and which satisfy
rank[4, C| = n.

For classical monographs about impulsive problems see [4,17,37]. Studies of real life problems with
state-dependent impulsive effects can be found in [15,19, 20, 38,40]. Many papers are devoted to state-
dependent impulsive initial value problems, where the existence, stability and other asymptotic properties
of solutions have been studied, e.g. [1-3,9-11, 14, 16]. We can also refer to state-dependent impulsive
periodic problems, e.g. [5-7,12,18,21]. In contrast to that there are only few papers dealing with other
types of state-dependent impulsive boundary value problems, see [8,13,22-26]. Namely, most of the results
in the literature devoted to boundary value problems concern fixed-times impulses. A reason for the lack
of results for state-dependent impulsive boundary value problems lies in the fact that state-dependent
impulses significantly change properties of boundary value problems, which is explained in more details
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in [25]. In addition, we have found no numerical results for state-dependent impulsive boundary value
problems. This is our motivation for the investigation of problem (1.1)—(1.3).

Definition 1. A left-continuous vector-function u : [a,b] — R™ is called a solution of problem (1.1)—(1.3)
if there exist p € N and ¢; € (a,b), i = 1,...,p, such that:

a<t <ty<...<t,<b,

the restrictions ul(q¢,], Ul(¢,,2]5 - - > Ul(z,,5) have continuous derivatives,

u satisfies (1.1) for ¢ € [a,b],t # t;, i =1,...,p,

u satisfies (1.2) for t = ¢;, i.e. u(t;+) — u(t;) = y(u(t;)), g(ti,u(t;))=0,i=1,...,p,

u fufils the boundary conditions (1.3).

The set
(1.4) G ={(t,z) € [a,b] x R" : g(t,z) = 0}
is called a barrier.

Wee see that if u satisfies condition (1.2) for t =¢; € (a,b), then u has an intersection point (¢;,u(t;))
with the barrier G, and in addition, v has a jump of the size y(u(t;)) at the point ¢;.

We focus our attention to the case where p = 1, that is u has a unique intersection point with the barrier
G, and then we use the technique suggested in [27], which makes possible to discuss the solvability of
problem (1.1)—(1.3) as well as to find approximate solutions. This approach is based on a construction of
two simple parametrized model problems (3.3), (3.4) and (3.5), (3.6). We give conditions which guarantee
that if the parameters t1,z, A, belong to some bounded sets (cf. Section 3), then solutions of these
parametrized model problems can be obtained as limits of uniformly convergent sequences of successive
approximations (3.8) and (3.17). Equations in the parametrized model problems contain functional
perturbation terms which essentially depend on the parameters and which together with the original
boundary conditions (1.3) and the barrier (1.4) generate a system of algebraic determining equations
(4.2). Numerical values of the parameters should be found from (4.2) in the bounded sets mentioned
above. A solution of problem (1.1)—(1.3) is then constructed (see (4.1)) by means of such solutions of
problems (3.3), (3.4) and (3.5), (3.6) which have the values of parameters satisfying (4.2). Consequently,
the infinite-dimensional problem (1.1)—(1.3) is reduced to the finite-dimensional algebraic system (4.2).

In practice, we investigate system (4.2), where explicitly determined successive approximations are
written instead of their limits (cf. (5.1)). Then the solvability of (4.2) can be checked more easily and we
get approximate solutions of problem (1.1)—(1.3) and error estimates using for example Maple 14. By our
knowledge this is the first numerical-analytic method for this type of impulsive problems. This method
can be applied on problems with linear as well as with nonlinear boundary conditions which has been
demonstrated on problems without impulses in [27-30,32-34]. In addition, we can work with barriers in
the form g(¢,2) = 0. Note, that the papers [22-26] are applicable only to problems with barriers in the
form t = g(z). Example in Section 6 shows that the method provides also multiplicity results.

2. NOTATION AND SYMBOLS

In the sequel, for any vector & = col(x1, ...,x,) € R™ the obvious notation |z| = col(|x1], ..., |xxs]) is
used and inequalities between vectors are understood component-wise. The same convention is adopted
implicitly for operations ’max’ and 'min’. The symbols 1,, and 0,, stand respectively for the unit and
zero matrix of dimension n, and r(K) denotes the maximal, in modulus, eigenvalue of a square matrix

K.

Definition 2. For any non-negative vector o € R™ under a component-wise p-neighbourhood of a point
z € R™ we understand

B(z,0) :={{ € R": [ —2[ < o}
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Similarly, for a compact connected set {2 C R™, we define its component-wise p-neighbourhood by putting
B(Q,0):= U B(&, ).
(©,0) = Y B(&0)

Definition 3. For two compact connected sets D, C R™ and D, C R", introduce the set

(2.1) Dop:=(1—-0)z+0n, z€ D,,n € Dy, 0 €[0,1],
and its component-wise p-neighbourhood
(2.2) D := B(Dgp, 0) -

For a compact set D C R”, a closed interval [a,b] C R , a continuous function f : [a,b] x D — R™, and
an n x n matrix K with non-negative entires, we write
(23) f € Lip(K, D),
if the inequality
|f(tau) —f(t,?])| < K|’U,—U|
holds for all u,v € D and ¢t € [a,b]. In addition, we introduce the vector

1

2.4 0 == t - i t .
(2.4) fa.0},0(f) 2 Lt,x)gl[%]fo( ) (t,x)IErféI,})]fo( ’x)]

We recall some subsidary statements which are needed below. Let us put ag(t;a,b) =1 for t € [a,b],
and for m € N, define

B t B b
(2.5) am(t;a,b) = (1 1 a) / Qm—1(8;a,b)ds + ZJ am—1(s;a,b)ds, t € [a,bl.

b—a —a J,
Clearly
(2.6) a1(t;a,b) =2(t —a) (1 - Z:Z) , laa(t;a,b)] < b—Ta’ t € la,b].
Lemma 4. ( [29], Lemma 3.16). Functions au, from (2.5) are positive, continuous and fulfil the estimate
(2.7) am(t;a,b) < % (3(b10 a)>m_1oz1(t;a,b), t € [a,b], m € N.

Lemma 5. ( [29], Lemma 3.13). Let f : [a,b] — R" be a continuous function. Then
t

(2.8) / f(r) - bia /bf(s) ds | dr| < %cn(t;a,b) (max f(s) = min f(s)) , t€la,bl.

s€la,b] s€la,b]

3. PARAMETRIZED MODEL PROBLEMS

Consider a parameter t; € (a,b), choose compact convex sets D,, Dy, _, Dy C R™, and define the set
Dy, ={xz+~(®): x€Dy_}.

Note, that the set Dy, , is obtained from D, by a ”shift” using the given vector of ”jump” ~ from (1.2).
According to (2.1) and (2.2) we introduce the set

Doy, =(1-0)z+60\, ze€D,, €Dy ,0€]0,1],
and its component-wise g*-neighbourhood
(3.1) D* := B(Dg,_,0%).
Similarly we introduce the set

Diypi= (1 =0)A+7(N)+0n,  (A+7(N) € Diyysn € Dy, 0 €10,1],
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and its component-wise g¥-neighbourhood
(3.2) DY := B(Dy, p,0").
Now, we consider the scalar parameter ¢ € (a,b) together with vector parameters z € Dy, A € Dy,

71 € Dy, and instead of the impulsive boundary value problem (1.1)—(1.3) we will study the following two
auxiliary parametrized boundary value problems on the intervals [a, t;] and [t1, ], respectively:

(3.3 () = f () 4 (A= [ fsa(s) ds |
(3.4) z(a) =2z, z(t1) = A,
and

1 b
(3.5) V(O =1 t®) + 5= (1= 020 - [ Feue)ds).
(3.6) y(t) = A +v(A),  y() =n.

Definition 6. A vector function x € C'[a, ;] is called a solution of problem (3.3), (3.4), if x is a solution
of the initial value problem

Eq. (3.3) for t € [a,t1], z(a) =z,
and in addition z satisfies z(¢t;) = X\. A vector function y € C*[t1,b] is called a solution of problem (3.5),
(3.6), if y is a solution of the initial value problem

Eq. (3.5) for t € [t1,b], y(t1) = A+ ~y(N),
and in addition y satisfies y(b) = n.

I. Let us connect problem (3.3), (3.4) with the parametrized sequence of functions

t—a t—a
7 t:t A)=1[1- A t t
(3 ) .%'()(,1,27 ) < tl—a)z+t1—a ) E[av 1]7
t
(3.8) T (E5 81, 2, N) :Z—|—/f(s,zm_l(s;tl,z,)\))ds

ty
t_
/f(s,xm_l(s;tl,z,)\))dert @

t—a

(A—2), te€la,ts], meN.

tl—a 1—a

The following statement establishes the uniform convergence of sequence (3.8) to some parametrized
limit function x(¢;t1, 2, A).

Theorem 7. Assume that:

(i) K, and Q. are matrices with non-negative elements such that
3(b—

39) Q) <1, Q=

(

(ii) t; € (a,b), z € D, and X\ € Dy,_ are arbitrary fized parameters.
(iii

(

ili) There exists a non-negative vector o* such that f € Lip(K,, D®), where D* is from (3.1).
iv) o* satisfies the inequality

L b-
(3.10) o>

Ofa,5], D= (f),
where 6[q.4), p=(f) is from (2.4) with D* in place of D.
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Then the following assertions are valid:

1. The functions ., in (3.8) are continuously differentiable on [a,t1], they have values in the domain
D® and satisfy the two-point separated boundary conditions (3.4).

2. The sequence of functions x,, in (3.8) converges uniformly on [a,t1] to the limit function x:

(3.11) Too (81,2, \) = liin T (L3 t1, 2, N).
3. The limit function x s a unique solution of problem (3.3), (3.4).
4. The following error estimate holds:

|xoo (t;tlvz,A) —Tm (t;tlazv)‘”

10 _
(3.12) < gal(t;aﬂfl)Qm (1n = Q) ' Oapp=(f), t€lats], meN,
where oy (t;a,ty) is from (2.6) with t in place of b.

Proof. We can argue similarly as in [27]. Assume that t; € (a,b), z € D, and X € Dy, _ are fixed. It is
easy to see from (3.7) that xo(¢;t1, 2, 1) belongs to Dy, for t € [a,t1] as a convex combination of z and
1. We use estimate (2.8) of Lemma 5 with ¢; in place of . Then (3.8) for m = 0 implies that

‘xl (t7t1aZ7A) — o (t,tl,Z,)\)‘

(313) < al(t;avtl) max f(57$0 (S;tlazv)‘)) — min f(SaxO (s;tl,za)‘))

s€la,tq] s€la,tq]

|~

—a

b
< ai(t;a,t1)0(q,p), 0= (f) < Sjap),0=(f), t€la,ta],

which means, according to (3.1) and (3.10), that x; (¢;¢1, 2, A) belongs to D for ¢t € [a,t1]. Using this

and arguing by induction we can establish that
b—a

|Im (t;tla Z, >‘) — Zo (ta t17 2, /\)‘ S T(S[mb],DT' (f)7 te [a7t1]7 m e N7
which yields that all functions in (3.8) are contained in the domain D*.
Introduce the notation
(3.14) Tmt1(E 1,2, A) = [Tmp1 (G581, 2, A) — 2 (8581, 2, N)|, T € [a,t1], m e N.
Then, by (3.8),

T‘g(t;tl,z,)\) =

(-2 (Pl (st 1,2 0) — Flsuzo(ss b2, ) d

tlfa

t—a

, te€ [a,tl].

/tl(f(s,xl(s;tl,z7)\)) — f(s,xo(s;t1,2,A)))ds

Using the recurrence relation (2.5) with ¢; in place of b, the assumption f € Lip(K,, D*) and inequalities
(2.7), (3.13), we get

tl—a

t1
a
/al(s;a,tl)ds Sja,b), 0= (f)

1—a
t

t— ¢ t—
TZ(t;cha)\) S Kaf <1 - - >/ al(s;avtl)d5+ t

t1—a

< Kpaa(tya,ti)d)a),px(f) < %OQwal(t;avtl)(s[a,b],D‘”(f)’ t € la,t1].
By induction we can establish that
Tmt1(tite, 2, A) < K a1 (8 a,t1)0(0,0), 00 (f)
< %Q?al(t;a,tl)(S[a’b]wa (f), te€la,t1], meN.
Therefore, in view of (3.14), choosing j € N, we have
(3.15) [T (B 1, 2, A) — T (8581, 2, A)|
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J J
10 m-ti—
< ZT77L+i(t;tlvz7A) < 5041(15;&7151) ZQx 6 ,0),00 (f)

=1 i=1

10 =
= goultio ) 3 Qo or (1) ¢€lartil me N

Since, due to (3.9), the maximum eigenvalue of the matrix @, does not exceed the unity, we have

Jj—1
Y Q< (1—Qu) 7, lim QF =0,
m—r 00

i=0
Therefore, we conclude from (3.15) that the sequence {@, (t;t1,2, )} -_, from (3.8) uniformly converges
in the domain (¢, 1, 2, A) € [a,t1]x[a, b]X Dy X Dy, _ to the limit function z (¢; 1, 2, A). Since all functions
of sequence (3.8) satisfy the boundary conditions (3.4) for all values of the introduced parameters, the
limit function z (¢;t1,2, ) also satisfies these conditions. Passing to the limit as m — oo in equality
(3.8) we see that the limit function z, satisfies on [a, t1] the integral equation

t
tq

t—a
1—a

; A=2).

z(t) = 2 + / F(s.(s))ds — -— / F(s.(s)) ds +

Consequently, z is a solution of problem (3.3), (3.4). Since z is a solution on [a, 1] of the initial value
problem (3.3), x(a) = z, the uniqueness follows from f € Lip(K,, D®). Passing to the limit as j — oo
in (3.15) we get estimation (3.12). O

I1. Let us connect problem (3.5), (3.6) with the parametrized sequence of functions

t—t t—t
(3.16) yoltiti, An) = (1= —— ) (A +y(\) +—n, € [ts,b],
b—tl b_tl
t
(3.17) Ym(tit1, Am) = (A +v(N)) + /f(syym—1(3§t1a)‘7"7))d3
t1
b
t—t t—t
_b*tl f(Saym—l(*S;th)\,n))dS"'bi 1(77_()\—’—7()\))’ te[thb}? mEN
ty

By analogy with Theorem 7 we establish the uniform convergence of sequence (3.17) to some parametrized
limit function yuoo (¢;t1, A, 7).

Theorem 8. Assume that:
(i) Ky and Q, are matrices with non-negative elements such that

4@;1QKQ

3
T(Qy) < 17 Qy = 10
(ii) t1 € (a,b), A € Dy, and n € Dy are arbitrary fixed parameters.
(iii) There exists a non-negative vector ¢¥ such that f € Lip(K,, DY), where DY is from (3.2).
(iv) oY satisfies the inequality
b—a

o’ > Sja,b),0v (f);

where O(q,5), pv(f) is from (2.4) with DY in place of D.
Then the following assertions are valid:

1. The functions y,, in (3.17) are continuously differentiable on [t1,b], they have values in the domain
DY and satisfy the two-point separated boundary conditions (3.6).
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2. The sequence of functions ym, in (3.17) converges uniformly on [t1,b] to the limit function yso
(3.18) Yoo (Git1, Aym) = Ty, (£521, A, 7).
m—0o0

3. The limit function ys is a unique solution of problem (3.5), (3.6).
4. The following error estimate holds:

Yoo (t5 L1, A1) — ym (E3t1, A1)

10 _
(3.19) < gal(t;th DYQT (1, — Qy) ™' Sjapy,pn(f), tE[tr,b], meN,

where oy (t;t1,b) is from (2.6) with t1 in place of a.
Proof. We argue similarly as in the proof of Theorem 7. In particular, we show that the limit function
Yoo satisfies on [t1,d] the integral equation
t b
t—1
o(0) = Ot 90 + [ Floutods - =5 [ Fls.us)ds +
ty

t1

t—1t1
b—t

(= A+7(N)-

4. SYSTEM OF ALGEBRAIC DETERMINING EQUATIONS

Let us find a relationship between the limit functions @ (¢;%1,2,A), Yoo (¢;t1, 2, A) from Theorem 7
and Theorem 8 and a solution of the original impulsive boundary value problem (1.1)—(1.3).

Theorem 9. Let the assumptions of Theorem 7 and Theorem 8 be fulfilled and let o (t;t1,2,\) and
Yoo (t;t1, 2, A) be the limit functions given by (3.11) and (3.18), respectively. Then the function

_ r (it 2, A)  dift€fa ],
(4-1) u(t) _{ Yoo (t;tll,A,n) ifte (tl,ll)L

is a solution of problem (1.1)—(1.3) with exactly one impulse point t1, if the parameters t1, z, A,  satisfy
the system of algebraic ”determining” equations

ty
)‘_Z_ff(saxoo(s;tlasz))dSzoa
a

(12) (1= 4 200) = [ 5.0 561,000 s =0
Az+Cn=d, 1
g(th)\) = 07

and in addition
(4.3) 9(t, Yoo (tit1, A1) #0, £ € (t1,0].

Proof. Let u be given by (4.1). Assume that the parameters t; € (a,b), 2 € Dy, A € Dy, and 5 € D,
satisfy (4.2). Then, according to Theorems 7 and 8, equations (3.3), (3.5) and by the first two equations
in (4.2), we get that the restrictions w|q,,], u| (s 5 have continuous derivatives and

u'(t) = f(t,ult), tela,b], t#t.
Further, (3.4) and (3.6) yield
ula) =z, ulti—)=ultr) =X, ulti+)=A+~v(A), u(d)=n.

We see that u(t1+) — u(ti—) = y(u(t1—)), where g(t1,u(t;1—)) = 0 due to the fourth equation in (4.2).
Hence, u satisfies the impulse conditions (1.2) for ¢ = ¢;. Further, by the third equation in (4.2), u fulfils
the boundary conditions (1.3). Finally, (4.3) implies that u has exactly one intersection point (t1, u(t1))
with barrier (1.4). We have proved that v is a solution of (1.1)—(1.3) with p = 1 in Definition 1. O
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Note that system (4.2) consists of 3n + 1 scalar equations for 3n + 1 scalar unknown parameters ¢,

Zl?"'7zn7 )\17""An7 7717"'7"771'

Now, let the assumptions of Theorem 7 and Theorem 8 be fulfilled and let a vector-function u be a
solution of problem (1.1)—(1.3) with p = 1 in Definition 1. Then there exists a unique point ¢; € (a,b)
such that the restrictions u|[a7t1], u‘(tl,b] have continuous derivatives and u has a unique jump at t;

u(ti+) — ult) = v(u(t)).
Therefore u can be written as

x(t) ift € [a,ti1],
“(t){ y(t) ifte (tl,ll)],

where x is a solution of the initial value problem
2'(t) = f(t,x(t)) for t € [a,t1], xz(a) = u(a),
and y is a solution of the initial value problem
y'(t) = f(t,y(t)) for t € [t1,0],  y(t1) = ults) + y(u(tr)).
If u satisfies
(4.4) u(a) € Dy, u(ty) € Dy, _, u(b) € Dy,
we get from Theorems 7, 8 and 9 that
2(t) = Too(t; t1,2,A), t € [a,t1], y(t) = Yoo (t;t1, A,m), t € [t1, 0],

provided the parameters t; € (a,b), z € Dy, A € Dy, and n € Dy, satisfy (4.2). Therefore the following
assertion is valid.

Theorem 10. Under the assumptions of Theorems 7 and 8 system (4.2) determines all possible solutions
u of problem (1.1)—(1.3) having exactly one impulse point and satisfying (4.4).

Remark 11. The simpliest way for choosing parameter sets is to take a compact convex set D, C R™
and then put

(4.5) Dy={x+~(x):2€ Do}, Diy_ =Ds Dy, =Dy
Then the convex linear combination D, ¢, of vectors z € D, and A € D;,  (see (2.1)) is equal to D,.

Similarly Dy, » = Ds.

Suppose that (4.5) holds and the assumptions of Theorems 7 and 8 are satisfied. Further assume that
system (4.2) has two different solutions in the set (a,b) x D, x D, x Dy. The first solution consists of ¢}
and the triplet of vectors z*, \*, n* and and the second solution consists of ; and the triplet of vectors
Z A, 7. Then we get from Theorems 7 and 8 the functions

x%(t7tT7Z*aA*)a yoo(t’tTaA*vn*)7 xoo(taghgax)a yOO(tvghj\)ﬁ)
Finally assume that
9t Yoo (17, X7,17)) # 0, t € (£5,0], g(t, yoo(ti 11, A, 7)) # 0, t € (£1,b].
Then problem (1.1)—(1.3) has two different solutions u* and u
W) = Too(t; 7, 2*,AF) if t € [a, 7],
T Yot N ) if € (t, 0],
’ll(t) _ xoo(tfla?v%) lft € [lz'atl]7
Yoo (t;t1, A, 1) if t € (t1,0].

The solution u* has the unique impulse point ¢* and the solution @ has the unique impulse point £. In
addition u*(a), @(a) € Dy.
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5. APPROXIMATION OF SOLUTIONS

The solvability of the determining system (4.2) can be established similarly to [32] by studying its
approximate version

t1
A=z — [ f(s,2m (s;t1,2,A))ds = 0,

(5.1) (1 + () — tjf’f(&ym (s, A ) ds = 0,
Az+Cn=d,
g(ti,\) =0,

with

(5.2) 9t Ym (tt1,A,m)) # 0, t € (t1,b],

which can be constructed explicitly for a fixed m € N.
Let the quartet (f, Z, X, ﬁ) € (a,b) x Dy x Dy x Dy, be aroot of system (5.1) for a fixed m € N. Then
the function
Tm (t;ﬂ?,x ifte[a,ﬂ,
(5.3) u(t) = o~ ~
Yrm (t;t,)\,ﬁ itte (0],

which satisfies (5.2) can be regarded as the m-th approximation to a solution of problem (1.1)—(1.3).
The function @ has a unique impulse point ¢, where @ has the jump ~()). This is justified by the next
estimates which follow directly from (3.12) and (3.19)

[0 (BT.2.3) — 2 (B7,2.3)| <
< 7a1(t;a7%\) ;n (]-n - Qm’)il 5[a,b],Dw (f)v te [avﬂ , M€ Na

Yoo (TN T) — ym (6,0, 7] <

10 ~ _ ~
< gal(ta t7 b)QZL (1n - Qy) ! §[a,b],Dy (f)7 te I:t7 b] , M E N7

where Qp ,Qy, 0[q,5], 0+ (f) and djq ), pv(f) are given according to Theorems 7, 8.
It is worth to emphasise the role of unknown parameters whose values appearing in (5.3) are determined

from (5.1):
e the vector z € D, is an approximation of the initial value u(a) of the solution u of (1.1)—(1.3),
e the value t € (a,b) is an approximation of the impulse point ¢; of u,
o the vector A € Dy, is an approximation of u(t1),

the vector A + 'y(X) € Dy,, is an approximation of u(t;+),

the vector 77 € D} is an approximation of u(b).

The solvability analysis based on properties of equations (5.1) can be carried out by analogy to [31,35]
on the base of topological degree methods, but it is not treated here.

Remark 12. The technique described above can be also applied to problem (1.1)—(1.3) with a piece-wise
right-hand side f.

Note, that the most difficult part of our approach is the construction of the functions x,,(t;t1, 2, \)
and y,, (¢ t1,A;,n) in (3.8) and (3.17). If the explicit integration in (3.8) and (3.17) is imposssible or
difficult, one can use suitable modifications of (3.8) and (3.17), which at the expense of a certain loss
in accuracy, lead one to iterations better suited for practical computations. In [27] it was mentioned
two natural modifications of this kind which make the scheme more constructive, namely the version of
"Frozen” parameters and the version of Polynomial interpolation used in [36].
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If the version of ”Frozen” parameters is used, then problem (1.1)—(1.3) can be solved as follows:

Choose a compact convex set D, C R™ and put Dy = {x + () : © € D,}, see Remark 11, (4.5).
Check if the assumptions of Theorem 7 and Theorem 8 are fulfilled.

For arbitrary parameters (t1, 2z, A,n) € (a,b) X Dy X D, x Dy, find the first iterations x1(¢;¢1, 2, A)
and y1 (t;t1, A, n) from (3.8) and (3.17), respectively.

e Put m =1 in system (5.1) and find its solution (Z, 2N, n) € (a,b) X Dy X Dy X Dy.
e For arbitrary parameters (t1, 2, A, 1) € (a,b) x Dy X D, x Dy, derive the second ”frozen” iterations

Za(t;t1,z,A) and 4o (¢;t1, A, 1) using the functions X (¢) = ncl(t;tA,E7 X) and Yi(t) = yl(t;tA,X, n)
in (3.8) and (3.17) with m = 2:

t—a

Baltitr, 2 A) = 2+ / F(s, X1 () ds — / F(s, X1 (s)) ds+

tl—a

t —
tp— (=2 tefan],
and
t b
~ t—1
Baltitr ) =27+ [ Fe Vi) ds - = [ fs i) dst
—u
t1 t1

t—1t

b— 3]
For m = 2 modify system (5.1) by means of the second ”frozen” iterations Za(t;t1, 2, A) and
U2(t;t1, A, n). Find a solution of the modified system

_|_

(77_)‘_’7)7 te[tlab]'

t1
A—z— [ f(s,T2(s:t1,2,A))ds =0,

b
(= A +7(N)) *tf f(s,7%2 (sit1,A,m)) ds = 0,

Az+ Cn=d,
g(tl,)\) =0.

in the set (a,b) X Dy X Dy x Dy, and denote it again (, 2, A, ).

For arbitrary parameters (t1,2z,\,n) € (a,b) x Dy X D, x Dy derive the third ”frozen” iterations
Zs(t;t1, 2, A) and J3(t;t1, A, n) using the functions Xy (t) = zo(t;1, 2, X) and Y3(t) = yg(t;%\,:\\, n)
in (3.8) and (3.17) with m = 3.

For m = 3 modify system (5.1) by means of the third ”frozen” iterations Z3(t;t1,2,A) and
y3(t;t1, A, ). Find a solution of the modified system in the set (a,b) x D, X D, x D; and denote

A~

it again (f, Z,\ 1)

e Similarly derive further ”frozen” iterations.
e If for some m € N the m-th and (m — 1)-st "frozen” iterations are close enough, check the

inequality
g(t, Ym(t) # 0, t € (0,b]
If (5.7) is fulfilled, then the function
ae) = Xo(t) ifte [a,1],
Y (t) ifte (t,0],

can be regarded as the m-th approximation of a solution u of problem (1.1)—(1.3) having a unique
imupulse point and the initial value u(a) € D,. If (5.7) is not fulfilled, then another set D, should
be chosen.
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H 1. iteration \

2. iteration

| 3. iteration |

4. iteration ‘

tq

0.377367167

0.377366182

0.377366354

0.377366355

21

—8.437535639

—8.437471330

—8.437478608

—8.437478618

Z2

—3.968767820

—3.968735665

—3.968739304

—3.968739309

A1

—2.493949925

—2.493944384

—2.493945315

—2.493945318

A2

—3.935836303

—3.935836303

—3.935817921

—3.935817931

i

0.007600000

0.007600000

0.007600000

0.007600002

2

—4.024145297

—4.024123042

—4.024126787

—4.024126798

TABLE 1. Approximate values of parameters for the first solution of problem (6.1)—(6.3).

6. EXAMPLE

Let us apply the numerical-analytic approach described above to the system

(6.1)

9 2
uy (t) = uz(t) — —ua(t) + 100~ 25

12 t 213t 1 1
L) = —us(t) + -ui(t) — —+ — + = e te |0, =].
up(t) = gua® + g — g + g+ 5 2 E[’J

Equation (6.1) is subject to the state-dependent impulse conditions

Ul(t+) — ul(tf) = 05,

(6.2)

2

2
ug(t4+) —ug(t—) = —0.1, where (ul(t) + 1) +ug(t) — % =0.

The impulsive problem (6.1)—(6.2) is investigated with the boundary condition

(6.3) [

1

1 _% ul(o)
0 0 Hw«»}*[

0
0

N I

o]

—0.1212
0.0019 |

11

We are interested in solutions of problem (6.1)—(6.3) according to Definition 1 with p = 1. Therefore
our solution is a left-continuous vector function w :
intersection point with a barrier G, where

(6.4)

G = {(.’Ehifg) eR?: <

£C1+*

[0,4] — R2 u = col(uy,uz), which has a unique

’2

2

Accordingly there exists a unique ¢; € (0, %) satisfying

(6.5)

<u1(t1) 41

2

25

)2 Fus(ty) — = =0

25

2
1 1
) +$2—:0}.

Further, the restrictions ulo ], ul, ) have continuous derivatives, u satisfies (6.1) for ¢ € [0, 3], t # t1,
and has a jump at ¢;. The size of the jump is given by the constant vector

v = co0l(0.5,—0.1).

Finally, u fulfils (6.3).

We describe in detail the individual steps of our method.

Step 1. Application of Theorem 7.

Fora=0and b= % assume that ¢ €

(66) DO = Dt17 = D07t17 = {(xl,.%‘g) . —8.44 S 1 S 015, —4.0 S ZTo S 015} .

(0, %) is a parameter and put (see Remark 11)
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1. iteration \

2. iteration \

3. iteration |

4. iteration ‘

tq

0.181450919

0.181450845

0.181450845

0.181450846

21

—0.492769263

—0.492769235

—0.492769235

—0.492769235

Z2

0.003615368

0.003615383

0.003615383

0.003615383

A1

—0.491120618

—0.491120590

—0.491120590

—0.491120590

A2

0.039921157

0.039921156

0.039921156

0.039921156

i

0.007600000

0.007600000

0.007600000

0.007600000

7]2

0.010065508

0.010065542

0.010065542

0.010065542

TABLE 2. Approximate values of parameters for the second solution of problem (6.1)—(6.3).

uz

To introduce the set D* from (3.1) choose the vector

0® =col (2.46, 0.2).

Consequently the p”-neighbourhood D? of the set D, s
D?* = {(z1,22) : =109 < 7 <2.61, —4.2 < x5 < 0.35}.
Let f = col(f1, f2), where

t
t =22(t) — Zx1(t
fi(t, 1, 29) = 25(1) 5931()+100

and

fQ(taxlva) -

2

10

42

5
E
40

FIGURE 1. The first solution (uy,us) of problem (6.1)—(6.3).

t 2143

z2(t) + gxl(t) ~ 300
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- - -1.99

- -2.49

0 038 05 0 0.38 05

FIGURE 2. Component u; (left) and component ug (right) of the first solution of problem
(6.1)—(6.3).

Direct computations show that f € Lip(K,, D¥) (see (2.3)). Since, according to (3.9),

o ip [ 8
) S R - T I
320 800
the maximal (in modulus) eigenvalue of @, satisfies the inequality in (3.9), in particular,

r(Qz) = 0.05714152202 < 1.

Moreover,

1 9.4955000
5 (f) == max t,r) — min tLx)| = )
o.4.0- (1) = 3 Lt,x)e[o,;]xm ft:2) (t,x)e[o,%]fof( )1 [ 04790625 ]

. [2467 _1 [ 2.373875000
e = [ 0.2 ] = 1Oo.4)0- () = [ 0.119765625 } ’

which yields (3.10). So, all conditions of Theorem 7 are fulfilled, and the sequence of parametrized
functions (3.8) for this example is convergent.

Step 2. Application of Theorem 8.
According to Remark 11 put
(6.7) Dy =Dy, =Dy, 1 ={(y1,92) : =794 <y 0.7, —=4.15 <y < 0.05}.
To introduce the set DY from (3.2) choose the vector
0¥ :=col (2.63; 0.15).
Consequently the p¥-neighbourhood DY of the set D, 1 is
DY = {(y1,y2) : —10.57 <3 <3.33, —4.3 < yy < 0.2}.

By analogy, computations give that f € Lip(K,, DY), where

43
5
40

sk 3=

3 129
3 - ==

Q= 55Ky = [ a0 e ] , 7(Q,) = 0.06137034234 < 1,
320 800
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uz

FIGURE 3. Barrier G: (z1+3)%*+22— 5= = 0 and its intersection point (t1, u(t1), ua(t1))
with the first solution of problem (6.1)—(6.3).

and
1 9.940000
K} ) == max t,y) — min L, = )
0,3].00(f) = 5 Lt,y>e[o,;]xmf( v) (t,y)e[o,%]xmf( y)] [ 0.490625 ]

2.63 1 2.48500000
y —_— — =
- [ 0.15 ] Z 100400 [ 0.12265625 ] '
So, all conditions of Theorem 8 are fulfilled, and the sequence of functions (3.17) for this example is
convergent.

Step 8. Starting functions and first iterations
Consider parameters (t1,z,\,n) € (O, %) X Do X Do x D%, where
z =col(z1,22), A=col(A,A2), n=col(n,n).

By (3.7) and (3.16), the starting functions zg = col(xo1, Zo2) and yo = col(yo1, yoz) have the form

t t
zo1(t;t1, 21, A1 1——> 21+t_>\1’ t € [0,t1],
1 1
t
1

t
t
x02(t;tlvz2a)\2 1- t_> 22+t_>\2a le [Oatl]y
1

-~
-~

t—t t—t 1
Yor(t;te, A, m) = <1 - ) (M +05) + ——m, telt,z],
§_t1 §—t1 2
t—t t—t 1
on(t: 11, Ao 12) = (1— ! 1) Go—00)+ 700 ek
7~ h 7~ h 2
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The first iterations 1 = col(x11,212) and y; = col(y11,y12) can be found by symbolic computation on
the base of Maple 14 from (3.8) and (3.17), where m =1, a =0, b = % Due to relatively complicated
expressions we present here only the function 1
1 —Z9 )\2 2 z1 )\1 1
t7ta ) a)‘a)‘ = 7t4 o - 5 = 7 T 5
wnltitn, 2, 2,0 0e) =2+ gt + 3 ( o’ t1> T T2

1 —Z2 )\2 zZ1 2 2
— 2% =+ =) -t t—
+2 |: ) ( tl + tl ) 5 + Z9

t 1 4 1 —Z9 )\2 2 Z1 )\1 1 3
—— =t [ =+ = )t
t [400 173 << notn) e a3t

1 — A t(A\ —
TR VU (e JAC T T P DA ) B R
2 t1 1 5

System (5.1) for m = 1 has the form

1
34+

t1
AL — 21 —/f1(8;9€11(8;t1,21,22,)\1,)\2)79312(8;151721722,)\17>\2))d8 =0,

0
ty

Ao — 22 — /f2(8;$11(8;t1,21722,)\1, A2), T12(85t1, 21, 22, A1, A2)) ds = 0,

0
1

2
(m — (M +0.5)) — /fl(s;y11(35t1,>\17>\2a7717712),y12(3;t1, A1, A2,m1,12)) ds = 0,
ty

-

(n2 — (A2 —0.1)) — /fQ(S;y11(3§t1,>\17)\277717772)>y12(8;t1, A1, A2,m1,12)) ds = 0,
t1
-3 0 mo|_ —0.1212
0 0 12 0.0019 |’

1\? 1
A+ = Ay — — =0.
( 1+ 2) + A2 25
We see that system (6.8) is well defined and it consists of seven algebraic equations with unknown variables
t1,21, 22, A1, A2, 1)1, 12, which are searched in the domain (0, %) X Dy X Dy X Dy, cf. (6.6) and (6.7). For
z1 € [—8.44, —1], numerical computations give the roots which are written in the first column in Table 1.
Substituting these roots into

21

=

+

INTE NI

o

22

11 (tit, 21, 22, A1, A2), Tia(tste, 21, 22, A1, A2), yua (it A, A2, 1, 1m2), yi2(tite, Ar, Az, 1, 1m2),
we get the functions

X1 (t) = —8.437535639 + 15.71336319 ¢ + 0.4974130077 ¢? — 1.060804186 > + 0.0025 4,
Xi2(t) = —3.968767820 + 0.200096725 t — 0.4960959775 ¢ + 0.5239635733 3 — 0.004380837 t*,
Yi1(t) = —8.254109890 + 16.58414073 ¢ + 0.4271345180 2 — 1.098402835 > + 0.0025 4,
Yi2(t) = —4.072409823 + 0.2001284496 ¢ — 0.4783214004 > + 0.5443348006 ¢3 — 0.004179165 ¢4,

which are used in the next step for computation of second iterations.

Step 4. Second iterations
Assume now again that parameters (¢1,2,\,7) € (0, %) x Do x Dy x D% are arbitrary and using the
functions X; = col(X11, X12) and Y7 = col(Y71, Y12) derive the second iterations Ty = col(Za1, Taz) and
Y2 = col(¥21, Ja2) from (5.4) and (5.5), where a = 0, b = 5. Then, according to (5.6), solve the system
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=

;'Z.ii~
"i '

s l:'l' '{" ﬁ o

0.2

0.2

0.4

FIGURE 4. Left: Barrier G: (z1 + 1)? + 25 — % = 0 and its intersection point with
the second solution of problem (6.1)—(6.3). Right: Barrier G1: 2% + 23 —t = 0 and its
intersection point with a solution of problem (6.1)-(6.3) with G; and the jump
c0l(0.55, —0.15).

AR TR

031

0.5 0.82

FIGURE 5. Left: Barrier Gy: 2% + x5 —t = 0 and its intersection point with a so-
lution of problem (6.1)—(6.3) with G2 and the jump col(0.55, —0.15). Right: Barrier

Gs: (71 + %)2 +1? — & = 0 and its intersection point with a solution of problem (6.1)-

(6.3) with G3 and the jump col(0.55, —0.15).

ty

A =21 — [ fi(s;@ai(sty, 21, 22, A1, M), Baa(s; 1, 21, 22, A1, A2)) ds = 0,
0
t1

/\2—22 _/fQ(S;f/E\Ql(S;tl,Zl,ZQ,)\1,A2)7§22(5;t1721,22,Al,)\Q))dS:O,
0

1

(m — (M +0.5)) — /fl(S;??21(3;751,>\1,)\277717772)7?722(85t1,)\1,)\2a7717772))d8 =0,

t1

Nl

(n2 — (A2 —0.1)) — /fz(s;ﬂm(s;t1,/\1,>\2,771,772),§22(8;t1,)\1,/\277717772))d5 =0,

t1
m ~0.1212
o 0.0019

)

N
)
PN NI
o
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Note that system (6.9) for unknown values t1, 21, 22, A1, A2, 1)1, 712 has to be solved numerically and it is
considerably simpler than to solve (5.1) with m = 2. The roots of (6.9) are written in the second column
of Table 1. By putting these values into Zs(t, t1, 2, A) and ya(t, t1, A, 1), we get the functions

Xo1(t) = — 8.43747133 + 15.75100318 ¢ + 0.04961612083 t* + 0.2650485212
—1.111749125 t* + 0.1405463792 t> — 0.08702093740 t°
+0.03984063677 17 — 0.5738497521 - 1073¢% 4+ 0.213241475 - 1075¢°,
X (t) = — 3.968735665 + 0.1999734728 ¢ — 0.4960959774 ¢ + 0.5224312056
+0.01398407462 t* — 0.0364420242 > + 0.878480955 - 10~2t5 — 0.6258338571 - 10~ 44,
Yo (t) = — 8.241206558 4 16.58434465 ¢ + 0.01040592499 t* + 0.1930215965 t3
— 1.175096781 t* + 0.1400768463 t> — 0.08715111796 t°
+0.04289976329t" — 0.568716202 - 1035 + 0.1940602001 - 10~5¢?,
Yao(t) = — 4.072094611 + 0.2000007263 t — 0.4846318681 t* + 0.5552588696 t*
+0.01178866493 t* — 0.03702649888 t° + 0.912433001 - 10~2¢° — 0.5970235357 - 10~*¢7,

which are used for the computations of third iterations.

Step 5. Higher iterations
The higher iterations can be obtained by analogy. For m = 3 and m = 4 the corresponding values of
parameters are written in the third and fourth column in Table 1, respectively. If we derive the functions
Xy = col(Xy1(t), Xu2(t)) and Yy = col(Yy1(t),Yaz(t)), the Maple computations show that inequality
(5.7) is fulfilled for m = 4. More precisely, for ¢ = 0.377366355 and for each t € (,0.5], the value of
(Yar(t) + 1/2)% + Yaa(t) — 1/25 is strictly negative and belongs to the interval [—4, —1]. Consequently,

the function
a0t X4(t) ifte 0],
u(t) = .
vi(t) ifte (i3],
is the fourth approximation of the first solution of problem (6.1)—(6.3). The graph of the solution is on
Figure 1 and its components are on Figure 2. Figure 3 shows barrier (6.4) and its intersection point with
the solution.
Note, that if we substitute the approximation u of the first solution into system (6.1), we obtain the
following residual:

t 2t
X - X2 4 x-S 10T
tren[gé] a1 (1) 42()+5 a(?) 100+25 ’
.2 " 21 11
X (1) = =Xao(t) — =X () + —t° — —t— —| =3.1-10"°
s | Xz (1) = pXaa(t) = gXa (D) + 5558 — 35 5‘ ’
[0.]
max |V (0~ VA0 + L¥a() - -+ L]~ 10108
o [V () = Yaa(t) + ¥ ) - 355+ 55| =4 ’
2 ¢ 21 5 1, 1
Vi (t) = —Yao(t) — <Yy () + —t> — —t — =| = 6.6- 107,
ﬁ%}%{] a2 (1) = 7gYe(t) = g¥u () + 5o5t" — 75 5‘

Step 6. Second solution
The Maple computations show that, for z; € [—1,0], system (6.8) has other roots, which leads to the
second solution of problem (6.1)—(6.3). The approximate values of parameters and functions X,,, Y,
m = 1,2,3,4, can be found similarly as for the first solution. The values of parameters are written in
Table 2. We can check that inequality (5.7) is fulfilled for m = 4. More precisely, for t = 0.1814508455
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and for each t € (£,0.5], the value of (Y1 (t) +1/2)% + Yaa(t) — 1/25 is strictly positive and belongs to the
interval [0.16,0.23]. Consequently, the function

- Xy(t) ifte 0],
u(t) = .
Yi(t) ifte (3],
is the fourth approximation of the second solution of problem (6.1)—(6.3). The left picture of Figure 4
shows barrier (6.4) and its intersection point with the second solution.

Note, that if we substitute the approximation @ of the second solution into system (6.1), we obtain
the following residual:

t 3 t?
X)) = X2+ =Xn(t) — — + —|=3-10"1
t2 t 21 1 1
X0 (t) — —=Xyo(t) — = Xg1(t) + —t3 — —t— | =4-10"12
tgl[%% a2 () = gXa2(t) = g Xa(®) + 3558 — 75 5‘ ’
max Y, (t) — Y5 (t) + Ly (t) e + e 1-1071°
X — = — — — | = .
wefpa]l M 2T T 000 T 25 ’
2 t 21 1 1
Vi () — —Yuo(t) — =Y (8) + —t3 — —¢+ — =| = 1.15- 10710,
eltd] 2 (1) = 7g¥a() = g¥u (D) + g5t" = 7 5‘

Step 7. Other barriers
Finally, we discuss problem (6.1)—(6.3) with the jump

~ = col(0.55, —0.15),

and with other barriers, namely

(6.10) G1 = {(z1,20) €R? : 2} + 2% —t =0},

or

(6.11) Gy = {(z1,22) €R? : 22 + 2y — t = 0},

or

(6.12) Gz = {(z1,29) € R?: (z1 +1/2)® +1* —1/10 = 0}.

In all three cases, the third and fourth approximations of a solution are very close and inequality (5.7)
is fulfilled for m = 4. Barrier (6.10) and its intersection point with a solution of problem (6.1)-(6.3),
where G is replaced by G is on the right part of Figure 4. Barrier (6.11) and (6.12) and its intersection
point with a solution of problem (6.1)—(6.3), where G is replaced by G2 and G3 is on the left and right
part of Figure 4, respectively.

REFERENCES

[1] Afonso S.M., Bonotto E.M., Federson M., Schwabik S.: Discontinuous local semiflows for Kurzweil equations leading
to LaSalle’s invariance principle for differential systems with impulses at variable times, J. Differential FEquations 250
(2011), 2969-3001.

[2] Akhmet M.U.: On the general problem of stability for impulsive differential equations, J. Math. Anal. Appl. 288
(2003), 182-196.

[3] Akhmetov M.U., Zafer A.: Stability of the zero solution of impulsive differential equations by the Lyapunov second
method, J. Math. Anal. Appl. 248 (2000), 69-82.

[4] Bainov D., Simeonov P.: Impulsive Differential Equations: Periodic Solutions and Applications, Pitman Monographs
and Surveys in Pure and Applied Mathematics 66, Longman Scientific and Technical, Essex, 1993.

[5] Bajo I., Liz E.: Periodic boundary value problem for first order differential equations with impulses at variable times,
J. Math. Anal. Appl. 204 (1996), 65-73.

[6] Belley J., Virgilio M.: Periodic Duffing delay equations with state dependent impulses, J. Math. Anal. Appl. 306
(2005), 646-662.



CONSTRUCTIVE METHOD FOR STATE-DEPENDENT IMPULSIVE BVPS 19

Belley J., Virgilio M.: Periodic Liénard—type delay equations with state—dependent impulses, Nonlinear Anal., Theory
Methods Appl. 64 (2006), 568-589.

Benchohra M., Graef J.R., Ntouyas S.K., Ouahab A.: Upper and lower solutions method for impulsive differential
inclusions with nonlinear boundary conditions and variable times, Dynamics of Continuous, Discrete and Impulsive
Systems, Series A: Mathematical Analysis 12 (2005), 383-396.

Benchohra M., Henderson J., Ntouyas S.K., Ouahab, A.: Impulsive functional differential equations with variable
times, Comp. and Math. with Applications 47 (2004), 1659-1665.

Domoshnitsky A., Drakhlin M., Litsyn E.: Nonoscillation and positivity of solutions to first order state-dependent
differential equations with impulses in variable moments, J. Differential Equations 228 (2006), 39-48.

Frigon M., O’Regan D.: Impulsive differential equations with variable times, Nonlinear Anal. 26 (1996), 1913-1922.
Frigon M., O’Regan D.: First order impulsive initial and periodic problems with variable moments, J. Math. Anal.
Appl. 233 (1999), 730-739.

Frigon M., O’Regan D.: Second order Sturm—Liouville BVP’s with impulses at variable times, Dynamics of Continuous,
Discrete and Impulsive Systems, Series A: Mathematical Analysis 8 (2001), 149-159.

Gabor G.: The existence of viable trajectories in state-dependent impulsive systems, Nonlinear Anal. TMA, 72 (2010),
3828-3836.

Jiao J.J., Cai S.H., Chen L.S.: Analysis of a stage-structured predator-prey system with birth pulse and impulsive
harvesting at different moments, Nonlinear Anal. RWA 12 (2011), 2232-2244.

Kaul S., Lakshmikantham V., Leela S.: Extremal solutions, comparison principle and stability criteria for impulsive
differential equations with variable times, Nonlinear Anal. 22 (1994), 1263-1270.

Lakshmikantham V., Bainov D.D., Simeonov P.S.: Theory of Impulsive Differential Equations, World Scientific, Sin-
gapore, 1989.

Liu L., Sun J.: Existence of periodic solution of a harvested system with impulses at variable times, Physics Letters A
360 (2006), 105-108.

Nie L., Teng Z., Hu L., Peng J.: Qualitative analysis of a modified LeslieGower and Holling-type II predatorprey model
with state dependent impulsive effects, Nonlinear Anal. RWA 11 (2010), 1364-1373.

Nie L., Teng Z., Torres A.: Dynamic analysis of an SIR epidemic model with state dependent pulse vaccination,
Nonlinear Anal. RWA 13 (2012), 1621-1629.

Qi J., Fu X.: Existence of limit cycles of impulsive differential equations with impulses at variable times, Nonlinear
Anal. 44 (2001), 345-353.

Rachunkova I., Tomecek J.: A new approach to BVPs with state-dependent impulses, Boundary Value Problems,
2013:22, 1-13.

Rachunkova I., Tomecek J.: Second order BVPs with state-dependent impulses via lower and upper functions, Cent.
Bur. J. Math. 12 (1) (2014), 128-140.

Rachunkova 1., Tomecek J.: Existence principle for BVPs with state-dependent impulses, Topol. Methods Nonlinear
Anal., to appear.

Rachunkova I., Tomecek J.: Existence principle for higher order nonlinear differential equations with state-dependent
impulses via fixed point theorem, Boundary value problems, 2014:118, 1-15.

Rachunkovd I., Tomecek J.: Fixed point problem associated with state-dependent impulsive boundary value problems.
Boundary Value Problems, 2014:172, 1-17.

Ronto A., Ronto M., Varha Y.: A new approach to non-local boundary value problems for ordinary differential systems,
Applied Mathematics and Computation 250 (2015), 689-700.

Ronto M., Samoilenko A.M.: Numerical-Analytic Methods in the Theory of Boundary-Value Problems, World Scientific,
2000.

Ronto A., Ronto M.: Successive Approximation Techniques in Non-Linear Boundary Value Problems for Ordinary
Differential Equations , Handbook of Differential Equations, Ordinary Differential Equations, vol. IV, 441- 592. Edited
by F. Batelli and M. Feckan, Elsevier, 2008.

Ronto A. , Ronto M.: On nonseparated three-point boundary value problems for linear functional differential equations,
Abstract and Applied Analysis, Volume 2011, Article ID 326052, 1-22.

Ronto A., Ronto M.: Existence results for three-point boundary value problems for systems of linear functional differ-
ential equations, Carpathian Journal of Mathematics, 28 (1) (2012), 163-182.

Ronto A., Ronto M., Shchobak N.: Constructive analysis of periodic solutions with interval halving, Boundary Value
Problems 2013:57, 1-34.

Ronto M., Shchobak N.: On parametrized problems with nonlinear boundary conditions, Electronic Journal of Quali-
tative Theory of Differential Equations, (2004), 1-24.

Ront6 A., Ronté M., Shchobak N.: Notes on interval halving procedure for periodic and two-point problems, Boundary
Value Problems, 2014:164, 1-20.

Ronté6 M., Varha Y.: Constructive existence analysis of solutions of non-linear integral boundary value problems,
Miskolc Mathematical Notes, 15 (2) (2014), 725-742.

Ront6é A., Ronté6 M., Holubova G., Necesal P.: Numerical-analytic technique for investigation of solutions of some
nonlinear equations with Dirichlet conditions, Boundary Value Problems 2011:58, 1-20.

Samoilenko A.M., Perestyuk N.A.: Impulsive Differential Equations, World Scientific, Singapore, 1995.



20 I. RACHUNKOVA, A. RONTO, L. RACHUNEK, AND M. RONTO

[38] Tang S., Chen L.: Density—dependent birth rate birth pulses and their population dynamic consequences, J. Math.
Biol. 44 (2002), 185-199.

[39] Vatsala A.S., Vasundhara Devi J.: Generalized monotone technique for an impulsive differential equation with variable
moments of impulse, Nonlinear Studies 9 (2002), 319-330.

[40] Wang F., Pang G., Chen L.: Qualitative analysis and applications of a kind of state-dependent impulsive differential
equations, J. Comput. Appl. Math. 216 (2008), 279-296.

DEPARTMENT OF MATHEMATICAL ANALYSIS, FACULTY OF SCIENCE, PALACKY UNIVERSITY, 17. LISTOPADU 12, 771 46,
Oromouc, CZECH REPUBLIC
E-mail address: irena.rachunkova®upol.cz

INSTITUTE OF MATHEMATICS, ACADEMY OF SCIENCES OF CZECH REPUBLIC, Z1ZKOVA 22, CZ-61662 BRNO, CZECH RE-
PUBLIC
E-mail address: ronto@math.cas.cz

DEPARTMENT OF ALGEBRA AND GEOMETRY, FACULTY OF SCIENCE, PALACKY UNIVERSITY, 17. LISTOPADU 12, 771 46,
Oromouc, CZECH REPUBLIC
E-mail address: lukas.rachunek@upol.cz

INSTITUTE OF MATHEMATICS, UNIVERSITY OF MISKOLC, 3510, MISKOLC-EGYETEMVAROS, HUNGARY
E-mail address: matronto@uni-miskolc.hu



