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1. I N T R O D U C T I O N ,  N O T A T I O N  

Let X be the Banach space of  C°-functions on J = [0, 1] with the sup norm I1" II. Denote by :D 
the set of  all operators K: X ~ X which are continuous and bounded (i.e. K(f~) is bounded for 
any bounded D c X). 

In the paper we study boundary value problems at resonance for the second order functional 
differential equation 

x"( t )  = f ( t ,  x ( t ) ,  (Fx)(t) ,  x ' ( t ) ,  (Hx ' ) ( t ) ) ,  t ~ J,  (1) 

where f :  J × R 4 --, ~ and F, H e ~ .  We will consider both the classical and the Carath6odory 
case, i.e. f is supposed to be continuous on J x ~4 and a solution of  (1) is found in C2(j)  or 
f satisfies the local Carath6odory conditions on J x ~4 ( f e  Car(J  x ~4) for short) and a 
solution of  (1) is a function x e A c t ( j )  (having the absolutely continuous first derivative on J )  
satisfying (1) a.e. on J. 

The special case of  (1) is the differential equation 

x"  = h(t, x ,  x ' ) ,  (2) 

where h ~ C° (J  x p,z) or h e Car(J  x R2). 
We show sufficient conditions for the existence of  solutions of  (1) satisfying one of  the 

following boundary conditions 

x'(0) -- 0, x'(1) = 0, (Neumann conditions), (3) 

or 

x(0) = x(1), x'(0) = x'(1), (periodic conditions). (4) 

We prove the existence results provided f satisfies only sign conditions. Let us note that the 
existence results with strict sign conditions for the periodic problem were proved also in [1], but 
there h was continuous. Here, moreover,  under an appropriate combination of sign conditions 
we get multiplicity results as well. 

This paper is a continuation of  the authors paper [2] and it has been motivated by the recent 
paper [3], in which, by the topologial transversality method (see, e.g. [4]) the author considered 
the differential equation (q): x"  = q ( t , x , x ' ) ,  q ~ C ° ( J  x R 2) together with the Neumann 
conditions. His existence result is formulated only by sign conditions in the following theorem. 

t Supported by grant  no. 201/93/2311 of  the Grant  Agency of Czech Republic. 
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THEOREM [3, theorem 5.1]. Let there exist M, L j e  [R (j  = l . . . . .  4) such that M _> 0, 
L2 > LI  >- M, - M  > L4 > L3 and 

(i) xq(t ,  x, 0) > 0 for Ix[ > M, 
(ii) q ( t , x , y )  does not change its sign for ( t , x , y ) ~  J ×  [ - M , M ]  x [L~,L2] and for 

(t, x , y )  ~ J × [ - M ,  M]  × [L3, L4]. 
Then BVP (q), (3) has at least one solution in C2(j) .  

We shall generalize this result in the following directions: 
(a) sign condition (i) is replaced by a weaker sign condition (24); 
(b) " in tervals"  in sign condition (ii) for the variable y are replaced by " p o i n t s "  (see (25)); 
(c) there are considered the Carath6odory solutions; 
(d) non l inear i ty f  depends also on the continuous bounded operators which are applicated to 

a solution and its derivative. 
Moreover,  our existence results include also the case of  sign condition (i) with the inverse sign 

of  inequality (see theorems 2, 4 and corollaries 2, 4). 
The proofs of  our results are based on the Mawhin continuation theorem. (See, e.g. [5] 

or [6].) 
Let ¥ ,  Z be real Banach spaces, L: dom L C Y ~ Z a Fredholm map of  index zero and 

P:  Y-- ,  Y, Q: Z- - ,  z continuous projectors such that I m P  = KerL ,  Ker Q = I m L  and 
Y = Ker L ~) Ker P,  Z = Im L G Im Q. Denote by Lp:  Im L ~ Ker P fq dom L the general- 
ized inverse (to L) and 3: Im Q --, Ker L an isomorphism of  Im Q onto Ker L. 

THEOREM (continuation theorem [5, p. 40]). Let f2 C Y be an open bounded set and N: Y --, Z 
be a continuous operator  which is L-compact  on ~ (i.e. QN: ~ --, Z and Kp(I  - Q)N: 0 --, ¥ 
are compact) .  Assume 

(I) for each ;t • (0, 1), every solution x of  L x  = 2 N x  is such that x ¢ a~ ,  
(II) Q N x  ~ 0 for each x ~ Ker L D 0f~, 

(III) the Brouwer degree d[~QN,  f~ D KerL ,  0] ~ 0. 
Then the operator  equation L x  = N x  has at least one solution in dom L f) ~ .  

Notat ion .  For each constants r l , r  2 • JR, r I _< r2, operator F e  if), nonnegative Lebesgue 
integrable (on J )  function ~0 and bounded set f~ C X we set 

p(F, n )  = sup[llFxll Ix  ~ ~1 

(r~, r2) x : [x l x  ~ X ,  r I <_ x( t )  <_ r 2 for t ~ J] ,  

(rl ,  r2; F)2 : [(u, w) J (u, w) e IR 2, lul <- p(F, (r I , r2)x)], 

(r , ,  r 2 ;F )  4 = [(x, u, v, w)[ (x, u, v, w) • IP 4, r, _< x _< r 2, lul -- p(F, (r, ,  r2)x] 

and for each a, b , L ~ , L 2  • JR, a _< b, L~ _< 0 < L2, and F , H  • ~ we set 

(a, b, LI  , L2 ; F, H )  2 = {(u, w) l (u, w) • [R 2, lul < p(F, (a, b)x), [ w[ <_ p(H,  (L1, L2)x) } 

(a, b, L I , L 2 ; F , H )  3 = [(x, u, w)[ (x, u, w) e I1~ 3, a _ x _< b, lul -- p(F, (a, b)x), 

Iwl -< p(H, (:L1, L2)x)l. 
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2. EXISTENCE RESULTS FOR BOUNDED NONLINEARITYf 

First we shall prove the existence o f  solutions for  BVP (1), (3) or  BVP (1), (4) (in what  follows 
only (1), (i), i • [3, 4], for  short) with f •  Ca r ( J  × R 4) bounded  by a Lebesgue integrable 
funct ion (o. We shall assume that  f fulfils: 

(A 0 f •  Ca r ( J  x ~,4) and there exist r l ,  r 2 • ~ and (o • L ~ ( J )  such that  r I _ r 2 and 

f ( t ,  r l ,  u,  O, w) <_ 0 <_ f ( t ,  rE, U, O, W) 

for a.e. t • J and for  each (u, w) • (r l ,  rE ; F)2, 

I f ( t ,  x ,  u,  v,  w)l < tp(t) 

for  a.e. t • J and for  each (x, u, v, w) • (r l ,  rE ; F)4.  
To  obtain  a priori estimates for  BVP (1), (i), i •  13,41, we define the funct ions 

f .  • Ca r ( J  x R 4) for  each n • N in the fol lowing way 

where 

f . ( t ,  x ,  u, v, w) = 

x -  r 2 -- 1 /n  
f ( t ,  r 2, ~, O, w) + 

x - - r 2 + l  

f ( t ,  r2, u,  v, w) + Pn(r2, x ,  u, v, w) 

f ( t ,  x ,  ~, v, w) 

f ( t ,  r l ,  U, v ,  w )  -- p n ( r l  , X,  14, V, W) 

X -  r I + 1 / n  
f ( t ,  rl , (t, O, w) + 

r t - x +  1 

for  x > r 2 + 1/n 

for  rE < X <_ rE + 1 / n  

f o r r l  _<x_< rE 

f o r r l  - 1 / n  <<- x < rl 

for  x < r~ - 1 /n ,  

(5) 

p . ( r j ,  x ,  u, v, w) = ( f ( t ,  r j ,  ft, O, w) - f ( t ,  r j ,  ~, v, w) ) (x  - r j )n ,  

and 

t2= I U  
p(F,  (r 1 , rz)x) sign u 

Consider  the differential equat ion 

x " ( t )  = 2f~(t ,  x ( t ) ,  (Fx) ( t ) ,  x ' ( t ) ,  ( t I x ' ) ( t ) ) ,  

for  l ul ~ p(F, (r l ,  r2)x) 

for  l ul > p ( f ,  (r I , r z )x) .  

j =  1,2,  

;t • [0, I I. (6x)n 

LEMMA 1 (a priori estimates). L e t f  satisfy (A1) and let BVP (6×)n, (i) have a solution u for  some 
2 • (0, 1], i • 13, 41 and n e N. Then the estimates 

l' 
r 1 - 1 / n  <_ u ( t )  <_ r 2 + 1 /n ,  lu'(t)l < q~(s) (Is (7) 

o 

are fulfilled for  each t • J. 

P r o o f .  Assume r 2 + 1 / n  < max{u(t) I t • J} = U(to) for  a to • J. Then u'(to) = 0 which is 
clear for  t o • (0, 1) and  follows f rom bounda ry  condit ions (3) or  (4) for  t o • 10, 11. With  a little 
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work one can show that there is an interval (ct,//) C J such that u(t)  > r2 + 1/n for t e (a,/~) 
and 

Is ds _ O. (8) U PI(S ) 

On the other hand, by (A0 and (5), we get 

u"(s) ds = 2 u(s), (Fu)(s), u'(s),  (Hu')(s))  ds 
Ol 

= 2 ~ f ( s ,  r2 , (Fu) ( s ) ,O , (Hu ' ) ( s ) )  + ~ - ~ - 2 r £ + - i - -  ] ds > 0 ,  

which contradicts (8). Similarly, for  min{u(t) 1 t e J t  < rl - 1 /n .  Thus, we have proved the 
first estimate in (7). 

By (A0,  (5) and the first estimate in (7), we can verify ]f~(t, u( t ) ,  (Fu)(t) ,  u ' ( t ) ,  (Hu ' ) ( t ) ) t  ~ 
~0(t) for a.e. t e J. Since u'(t~) = 0 for a tl e J ,  integrating (6×), (with x = u) from t~ to t, we 
obtain the second estimate in (7). • 

For using the Continuation Theorem (CT for short), we denote by Y = Cl(J ) ,  Z = L I ( J )  the 
Banach spaces with the usual norms and set for n e N, i e {3, 41 

Li: dom Li --* Z,  x ~ x",  

N:  V ~ Z, x ~ f n ( ' ,  x(" ), (Fx)( . ) ,  x ' ( ' ) ,  ( H x ' ) ( ' ) ) ,  

where dom L i = Ix I x ~ A C I ( J ) ,  x satisfies boundary conditions (i)l C Y. Then BVP (6×)n, (i) 
can be written in the operator form 

Li(x)  = AN(x), ;t e [0, 1]. 

LEMMA 2. L~ is a Fredholm map of  index 0 and N is Li-compact on ~ for any open bounded 
set ~q C Y and each i • {3, 4]. 

Proof .  Fix i e13 ,41 .  Evidently, K e r L i =  [ x l x e Y ,  x =  k, k e e l ,  I m L i =  [ y l y e Z ,  
j ly(s)  ds = 01 is closed in Z and dim Ker L i = codim Im L i = 1. Hence, L i is a Fredholm map 
of index 0. Consider the continuous projectors 

P:  Y ~ Y, x ,-. x(0), 

f' Q: z -, z, y ~. y(s)  ds. 
0 

Then the generalized inverse (to Li)  Kiv: Im Li ~ Ker P tq dom Li has the form 

K3v(y)  = y(r) dr  ds, 
0 JO 

i l l  s ,itl s Kgp(y ) --- - t  y(r)  d r d s  + y(r) d rds .  
0 0 0 0 
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Thus 

i 
I 

QN: Y --* Z, x ~ fn(s, x(s), (Fx)(s), x'(s), (Hx')(s)) ds, (9) 
o 

x ~ f~(r,  x(r) ,  (Fx)(r), x ' ( r ) ,  (Hx ' ) ( r ) )  dr  ds 
o o 

t2 11 f . ( s ,  x(s), (Fx)(s), x'(s),  (Hx')(s)) ds, 
2 o 

K 3 . ( I -  Q)N: Y ~ Y, 

and 

K4p(I - Q)N: Y ~ Y ,  
t(1 - t) ~1 
- -  ~ fn(s, x(s), (Fx)(s), x'(s),  (Hx')(s)) ds x 2 o 

- t fn(r ,  x(z), (Fx)(r), x ' ( r ) ,  (Hx')(r))  dr  ds 
o o 

+ fn(r, x(r) ,  (Fx)(r), x'(r) ,  (Hx')(r))  dr  ds. 
0 o 

Since F,  H • ~) and (cf. (5), (A1)) Ifn(t, x, u, v, w)l <- ~0(t) + 1 for  a.e. t e J and each 
(x, u, v, w) e ~4, Q N  and Kip(I  - Q ) N  (i e [3, 41) are cont inuous  by the Lebesgue theorem 
and,  moreover ,  QN (~) ,  K i p ( I -  Q)N (~ )  (i ~ 13, 4}) are relatively compact  for  any open  
bounded  set ~ C Y. Hence,  N is L~-compact on ~ for  any open bounded  set f~ C Y and each 
i • {3, 41. • 

LEM~-A 3. Let  f satisfy (A1). Then for  each n e N and i e 13, 4}, BVP (61)n, (i) has a solution 
u satisfying (7). 

Proof.  Fix i • 13, 4} and n e ~q. Let  P ,  Q and Kip be as in the p r o o f  o f  lemma 2 and set 

i I f2 = Ix  e Y ,  r, - - < x( t )  < r z + - ,  Ix'(t)l < ~0(s) ds + 1 for  t • . 
n n 0 

By lemma 2, N is L/-compac t  on ~ and then lemma 1 implies that  assumption (I) o f  CT is 
fulfilled. Suppose that  x ~ Ker Li (3 0~ .  Then x = r I - 2 /n  or x = r z + 2/n  and,  by (A1), (5) 
and (9), 

(r  2 ) f l  (s n'2 ( F (  r 2 ) )  , )  Q N  1 - = ofn , rl - I - (s), O, (n(0))(s  ds 

= o f ' r l '  1 -  (s), 0, (H(0))(s n + 2  d s < 0 ,  (10) 

Q N  z + = ,rz + - z + (s),O, (H(0))(s ds 
17' 

f[(s ,) l ]  = o f ' r 2 ,  z + (S), 0, (H(0))(S + ~ ds > 0. (11) 
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Hence, condition (II) of  CT is realized. Let ~ be an isomorphism from Im Q = [y [y e Z, 
y =  k, k e l R  I onto KerLi  = Ixlxe¥, x- -k ,  k e  ~1. Inequalities (10) and (11) imply 
d [ ~ Q N ,  f~ C) Ker Li,  0] ;~ 0 and the last condition (III) of  CT is fulfilled. The assertion of  our 
lemma follows from CT and lemma 1. • 

THEOREM 1. Let f satisfy (A1) and i e {3, 41. Then BVP (1), (i) has a so lut ion u fulfilling 

r I <_ u(t)  <_ r e, lu'(t)l < ~0(s) ds for t • J. 
o 

(12) 

Proof .  Fix i • [3, 41. For n ~ N let us consider the sequence of  BVPs {(61)n, (i)}. By lemma 
3, we get an appropriate sequence o f  solutions [u~l for which (7) holds (with u = u,). Then, by 
(5) and (7), 

lu~,'(t)i = If.if, u, ( t ) ,  (Fu~)(t), u~(t), (Hu'n)(t))[ <- ¢( t )  

for a.e. t e J and each n s N. Further, by the Arzel/t-Ascoli theorem, there exists a 
subsequence luk,I of  [unl converging in CI(J )  to a u. The function u satisfies (12) and, hence, 
(cf. (5)) it is a solution of  BVP (1), (i). • 

COROLLARY 1. Let h e Car(J  x IP 2) and let there exist r 1 , r 2 e N and (p c L l ( J  ) such that r~ <_ r 2 
and 

h(t, r l ,  O) <_ 0 <_ h(t, rz,  0), [h(t, x ,  Y)l <- ~0(t) 

for a.e. t ~ J and each (x, y) e [r 1 , rE] × It~. Then for each i ~ [3, 41 BVP (2), (i) has a solution 
u satisfying (12). 

Now, we 
that in (A0.  We shall assume: 

(A2) f ~ C ° ( J  x ~4) and there are r 1 , 

f ( t ,  x ,  u, O, w) >_ 0 for (t, x, 

f ( t ,  x ,  u, O, w) <__ 0 for (t, x, 

I f ( t ,  x ,  u, o, w)l -< K for (t, x, 

shall prove analogous results as above under the inequalities which are inverse to 

Assume f ~ C° (J  x R 4) and define f *  e 

where 

r z , K e N s u c h t h a t r ~  < r  2 , K > 0 a n d  

u ,w)  e J x  [ r l -  K, rl] x ( r  1 - K ,  r E + K ; F ) 2 ,  

u, w) e J x [r2, r2 + K l  x (r~ - K,  r2 + K;  F)2,  

U, V, W) E J × ( r  1 - K, r 2 + K; F )  4. 

C°(J  x R 4) by 

f*(t ,  x, u, v, w) = f( t ,  ~?, a, v, w), 

I r z + K  f o r x > r  z + K  

2 =  forr~ - K < _ x < _ r z + K  

\ rt - K for x < r I -- K, 

f u for l ul < p(F; (r I - K ,  r 2 + K ) x )  

p(F; (r a - K,  r z + K ) x  ) sign u for [u[ > p(F; (r t - K ,  r z + K)x ) .  

(13) 
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Let e be a positive constant ,  e < r2 - r~, c • [0, 1) and consider the differential equat ion 

(cf K ( r E - x ( ' ) + ~ )  
x " ( t )  = 2 *(t, x ( t ) ,  (Fx ) ( t ) ,  x ' ( t ) ,  ( H x ' ) ( t ) )  + (1 - c) ~ + I~-)1 , 2 • [0, II 

(14x)c 

LEMMA 4 (a priori  estimates). L e t f  satisfy (A2) and let BVP (14×)c, (i) have a solution u for  some 
)~ • (0, 1], c • [0, 1) and i • [3, 4]. Then  the estimates 

r I - K < u( t )  < r2 + K ,  [u'(t)l < K for  t • J (15) 

hold and 
(16) rl < u(au) < rz 

on  J ;  hence, (15) is proved.  

for  an au e J. 

P r o o f .  Assume r E ~ min[u(t)  [ t • J I  -- U(to) for  a to • J. Then u'(to) = 0 (see the first par t  
o f  the p r o o f  o f  lemma 1) and u"(t  o) >_ 0. Since 

, K(r2 - U(to) 
u"(to) = 2 *(to, U(to), (Fu)(to),  O, (Hu ' ) ( to ) )  + (1 - c) ~2~ + lu- o)l + 

K ( r  2 - U(to) - e) 
< O, 

we have a contradict ion.  Assume rl -> max[u(t)  I t • J]  = u(tO for  a t I • J. Then  u ' ( tO  = O, 

u" ( t l )  <- 0 and since 

. K(r2 - U(tl) 
u"( t , )  = 2 *( t l ,  u ( tO,  (Fu) ( tO,  O, ( H u ' ) ( t l ) )  + (1 - 0 [r2] + lu(tl)l + e 

. K(r2 - u( tO - e) 

we have a contradict ion.  

Hence,  there exists an a .  • J such that  u(a . )  • ( r l ,  rE), SO, (16) is valid. Since u satisfies 
b o u n d a r y  condit ions (i), there exists a b • J such that  u ' (b )  = 0. Integrat ing (14×)c (with x = u) 
f rom b to t and using the inequality 

I( + ")J+ K ( r  2 - u ( t )  
c f * ( t , u ( t ) , ( F u ) ( t ) , u ' ( t ) , ( H u ' ) ( t ) )  + (1 - C) lrzl < K for  t e J ,  

we get 

lu'(t)l  < ds < K for  t • J. 

Then  

u( t )  = u(au) + u ' ( s )  (Is < r 2 + K ,  
au 

u( t )  = U(au) + u ' (s)  ds  > r I - K 
au 
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LEMMA 5. L e t f  satisfy (A2). Then for each i e 13, 4} and c E [0, 1) BVP (140, ,  (i) has a solution 
u satisfying (15) and (16) with an a~ e J. 

Proo f .  Fix i e 13, 41 and c E [0, 1). Let Li ,  P ,  Q and Kip be as in the proof  of  lemma 2 with 
~1( = C 2 ( J ) ,  Z = C ° ( J ) .  Set 

. K ( r  2 - u ( ' )  - e) 
Nc:  Y -~ Z, x ~ c f * ( ' , x ( ' ) ,  ( F x ) ( ' ) , x ' ( ' ) ,  ( H x ' ) ( ' ) )  + (1 - c) r--r 

+ I -il 11"21 

and 

= Ix I x  ~ ¥ ,  rl - K < x ( t )  < r2 + K,  Ix'(t)l < K for t ~ J].  

Let us write problem (14x)~, (i) in the form L~x = ~N~x  and apply CT. By the same considera- 
tion as in the proof  of  lemma 2 we get that Arc is L~-compact on ~ .  From lemma 4 it follows 
that assumption (I) of  CT is fulfilled. Assume that x ¢ Ker L~ fq O~. Then x = r~ - K or 
x = r z + K and, by (Az), (13) and (9) 

l'[ QNc(r  I - K )  = c f ( s ,  r I - K ,  (F(r t - K))(s) ,  O, (H(0))(s)) 
o 

. K ( r 2 - r t  + K -  e)] 
+ (1 - c) ~ + I~ - - K ]  + ~j ds > 0, (17) 

i1[ QN~(r~ + K ) =  c f ( s ,  r2 + K,  (F(ra + K))(s) ,  0, (H(O))(s)) 
o 

K ( - K  - e) ] 
+ ( 1 -  C) lrzi + ~ +--K--i + e~ d s < O .  (18) 

Hence, condition (II) of  CT is realized. Moreover,  inequalities (17) and (18) imply 
d[~QN~,  ~ N Ker L~, 0] ~ 0 and the last condition (III) of  CT is fulfilled. By CT, there exists 
a solution u of  BVP (140~, (i). By lemma 4, u satisfies (15) and (16) with an au e J. • 

THEOREM 2. Let f satisfy (A2) and i e 13, 4}. Then BVP (1), (i) has a solution u satisfying 

r I - K < u( t )  <_ r2 + K,  lu'(t)l < K for t ~ J (19) 

and 

rl <- u(au) <- r2 (20) 

for an au e J. 

Proo f .  Fix i e [3, 4]. Let [cnl C (0, 1) be a convergent sequence lim c n = 1. By lemma 5, 

there exists a solution u,  of  BVP (140~,, (i) for each n e N satisfying (15) (with u = u,) and 

rl < u,(a~) < r2, n ~ N 

for an an e J. Evidently, by the ArzelA-Ascoli theorem and the Bolzano-Weierstrass theorem, 
we can assume that lim u n = u in C~(J)  and lim an = a. Then u is a solution of  BVP (1), (i) 

satisfying (19) and (20) with au = a. • 
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Note.  Clearly,  i f f  satisfy (A2) with rl = r2, the cons tant  funct ion u(t) - r 1 is a solut ion of  (1), 
(i), i ~ [3, 4]. 

COROLLARY 2. Let  h ~ C°(J  × ~2) and there exist r~, r2, K e R such tha t  r I _< r2, K > 0 and  

h(t, x, O) >_ 0 

h(t, x, O) <_ 0 

Ih(t ,x ,y)] <- K 

for  (t, x) e J × [r~ - K, rl] , 

for  (t, x) E J × [1"2, r 2 + K] ,  

for  (t, x, y)  ~ J × [r~ - K, r2 + K]  × JR. 

Then  for  each i e [3, 4] BVP (2), (i) has a solut ion u satisfying (19) and (20) with an a ,  e J.  

3. E X I S T E N C E  RESULTS FOR G E N E R A L L Y  U N B O U N D E D  N O N L I N E A R I T Y  f ,  

MAIN RESULTS 

In this section we shall assume that  f satisfies some o f  the fol lowing assumpt ions :  
(H1) f e  C a r ( J ×  ~4), there exist r l , r E , L l , L z e  [R and /~,v ~ [ - 1 ,  1} such that  r 1 < r2, 

L 1 <_ 0 _< L 2 and 

f ( t ,  r l ,U,O,  w) <_ 0 <_ f ( t ,  rE,U,O, w) 

for  a.e.  t e J and each (u, w) e ( r l ,  rE, L l ,  Lz ; F, H ) 2 ,  

vf(t ,  x, u, L1, W) <-- 0 < l t f( t ,  x, u, L2, w) 

for  a.e.  t e J and each (x, u, w) e ( r l ,  rE, L , ,  L2; F, H ) 3 .  
(H2) f e  C ° ( J ×  R4), there exist r l , r z , L ~ , L  2 ~ [R and / l , v  e I - l ,  1} such that  r I <_ r2, 

L, <_ 0 < L z and 

f ( t , x , u , O , w ) > _ O  f o r ( t , x , u , w )  e J × [ r l  + L l , r d × ( r l  + L l , r z  + L 2 , L i , L 2 ; F , H ) 2 ,  

f ( t , x , u , O , w ) < O  f o r ( t , x , u , w )  e J × [ r 2 , r z  + L z ] × ( r l  + L l , r2  + L 2 , L 1 , L z ; F , H ) z  , 

vf( t ,  x, u, L l, w) <_ 0 < luf(t, x,  u, L2 ,  W) 

for  (t, x, U, w) e J × (r  I + L I ,  r 2 + L2 ,  L1 ,  L 2 ; F ,  H ) s .  

THEOREM 3. Let f satisfy (H1) and  i E [3, 4}. Then  BVP (1), (i) has a solut ion u with 

r~ <_ u(t) <_ r2, L1 <- u'(t)  <_ L2 for  t e J. (21) 

Proof.  Define the funct ion j ~  e C a r ( J  × [R 4) by f in the fol lowing way 

f ( l ,  x, u, L2, w) + fl 

f~v(t, x, u, v, w) = f( t ,  x, u, v, ~v) 

V -- L 2 

v - L 2 + l  

V -- L 1 
f ( t , x ,  u, L1, W) + v 

L I - V + I  

for  v > L 2 

for  L 1 __% v <_ L 2 

for  v < Lx, 

(22) 
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where 

~" w for [w] < p(H; (L~, Lz)x) 
Vv ( p(H; (LI,  Lz)x) sign w for twl > p(n ;  ( t l ,  Lz)x). 

Then f~, fulfils assumption (A0 with (0(t) = 1 + sup l l f ( t . x ,  u, v. w)l I (x, u, v, w) e ~ ,  
r 1 --< X ----- r2 ,  lul <- p(F; (r 1, r2)x), L1 <- v <- L 2 ,  IWI ~ p(H; ( t l ,  Zz)x)l. So, by theorem 1, 
BVP (23), (i) (i = 3, 4) has a solution u satisfying (12), where 

x"(t)  = f~ ( t ,  x(t) ,  (Fx)(t), x '( t) ,  (Hx')(t)) ,  t ~ J. (23) 

Let us prove that u fulfils the second inequality in (21). Assume, on the contrary, 
max[u'(t) ] t e J} = u'(to) > Lz.  Boundary conditions (3) (resp. (4)) imply to e (0, 1) (resp. 
to e J) .  Let to e (0, 1). Then there is a 0 > 0 such that Lz < u'( t)  < u'(to) for each t belonging 
to the interval with the end points t o and t o +/tO and, consequently, 

~i t°+~ u"(s)ds = u'(to + pO) - u'(to) <<- O. 
to 

On the other hand (cf. (22)), 

I t0+'u~ i f0+'U'5 -- 
u"(s) ds = u(s), (Fu)(s), u'(s), (Hu')(s)) ds 

~,,o 3,0 L ' ( s '  

= It #f(s ,  u(s), (Fu)(s), L z , (Hu')(s)) + u,-~-L--~2 + 1 
o to 

a contradiction. Let to e {0, 11. Then necessarily u satisfies boundary conditions (4). Set 
r ~ = ½ ( 1 - s i g n # ) .  Since u ' ( r ~ ) = m a x { u ' ( t ) t t ~ J ] ,  there is an e > 0  such that 
u'(r~) >_ u'( t)  > Lz on the interval with the end points r~ and ~, + pc. Then 

f ~+~u"(s)ds  = u'(r~ + UO - u'(r~) _ O. 

On the other hand 

u"(s) ds = g uf(s ,  u(s), (Fu)(s), Lz ,  (Hu')(s)) + u'(s) - L2 + 1 

a contradiction. Hence, u'(t)  <_ Lz on J. 
Similarly, u'( t )  >_ L~ on J. Hence, (cf. (12)) u satisfies (21) and then (cf. (22)) u is a solution 

of  BVP (1), (i), i e [3, 4}. [] 

COgOLLARY 3. Let h e Car(J × R z) and let there exist r~, r2, L~, L2 ~ IR such that r~ <_ rz, 
Ll -< 0 < L2, 

h(t, r~, O) <- 0 <_ h(t, r 2, 0) for a.e. t c J (24) 

and 

h(t, x, L0 ,  h(t, x, Lz) do not change their signs for 
a.e. t ~ J and each x e [r 1 , r21. 

Then for each i e 13, 41 BVP (2), (i) has a solution u satisfying (21). 

(25) 
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THEOREM 4. L e t f  satisfy (H2) and i e [3, 4}. Then BVP (1),  (i) has  a s o l u t i o n  u satisfying 

rt + L l <_ u( t )  <_ r 2 + L z,  L~ <_ u ' ( t )  <_ L2 f o r t e J .  (26) 

Proo f .  Define the funct ion f* ,  ~ C ° ( J  x IR 4) by f as follows 

f* , ( t ,  x ,  u, v, w) = 

V -- L 2 
f ( t ,  £, h, L z , ¢v) + p for  v > L 2 

v - L 2 +  1 

f ( t ,  £, fi, v, Fv) for  L 1 <_ v <_ Lz  (27) 

/) - L  1 
f(t,  £, fi, L1,  V~) + v fo r  0 < L I ,  

L l - V + l  

where 

= 

fi = 

and 

l 
~2 + L2 

r I + L 1  

for  x > r2 + L2 

for  r I + L 1 ___ x _< r z + L 2 

for  x < r I + L  1 , 

I 
u 

p ( F ;  ( r  I + L l , r 2 + Lz)x )  sign u 

for  [u[ -< p(F; (r 1 + L1,  r z + Lz )x )  

for  lul > p~f ;  (r 1 + L1,  r2 + Lz)x) ,  

~,=I w 
p(H;  (LI ,  L2)x) sign w 

for Iwl ~ p(H; (L,,Lz)x) 

f o r  [wl > p(H; (/-q,  L2)x) .  

Then f*~ fulfils assumpt ion (A2) (with f = f * ~  and K =  1 +  m a x { l f ( t , x , u , v , w ) l l  

(t, x, u, v, w) e J ×  E4, rl + L I  < x < r 2  + L  2, [u[ < p ( F ; ( r l  + L l , r 2  + L z ) x ) , L I < -  v < _ L 2 ,  
[wl -< p(H;  (L1, Lz)x)}.  By theorem 2, BVP (28), (i), i e [3, 4], has a solution u satisfying (19) 
and (20), where 

x" ( t )  = f*~(t, x ( t ) ,  (Fx)( t ) ,  x ' ( t ) ,  (Hx ' ) ( t ) ) ,  t e J. (28) 

By the same arguments  as in the p r o o f  o f  theorem 3 we can prove that  u fulfils also the second 
inequality in (26). Then  (cf. (20)) u satisfies the first inequality o f  (26); hence, (cf. (27)) u is a 
solution o f  BVP (1), (i) (i e [3, 4]). • 

E x a m p l e  1. Consider  the differential equat ion 

x"( t )  = - x ( t )  + ~ a r c t g x ' ( t )  + p ( t )  + # s i n ( x ( a ( t ) ) ) ,  (29) 

where p e C° (J ) ,  ~: J --* J is cont inuous  and )~, p are parameters .  Let L be an arbi t rary but  
fixed positive constant .  Applying theorem 4 (with - r  I = r 2 = Ilpll + [ul, - L i  -- Lz = L and 
F x  = x o ~) we can verify that  for  each ;t, p e R such that  

211pll + 21ul + t 
I~l > 

arctg L 
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there  exists a so lu t ion  u o f  BVP (29), (i), i e 13, 41 and ,  moreove r ,  

Ilull Ilpll + II, I + L,  Ilu'll Z.  

COROLLARY 4. Let  h ~ C° (J  × [R 2) and  let r~, r2, L1,  L2 ~ • be such tha t  r= _< r 2, L 1 -< 0 _< L2 ,  

h(t, x, 0) _< 0 for  (t, x) e J x [rE, rE + L2], 

h(t,  x, 0) -> 0 for  (t, x) e J × [LI + r l ,  r l ]  

and  h(t,  x ,  L1), h(t ,  x ,  L2) do  no t  change  their  signs for  (t, x) ~ J x [rl + L~, r2 + L2]. Then  for  
each i e 13, 41 BVP (2), (i) has  a so lu t ion  u sat isfying (26). 

E x a m p l e  2. Cons ide r  the d i f fe ren t ia l  equa t ion  

x" = h(x) + p ( x ' )  + s( t ) ,  (30) 

where h , p  ~ C°(R) ,  s ~ C° (J ) ,  l im h(x) = - e e o  for  each e e 1 - 1 ,  1} and  
X~eOO 

l im sup p(x)  Ixl~oo h*(k  x ) =:  ct > 1 with a cons tan t  k > 1 and 

h*(x) :=  max[ lh(u) l ;  - x  _< u _< x] for  x e [0, oo). 

Then  for  each i e {3, 41, BVP (30), (i) has a so lu t ion .  
To ver i fy  this fact  set S = Ilsll and  suppose  tha t  r is a posi t ive  cons tan t  such tha t  

h(x) >_ S - p(O) for  x < - r  and  h(x) <_ - S  - p(O) for  x _> r. Let  L be a posi t ive  cons tan t  such 
tha t  L >_ r/(1 - k) ,  h*(L) >_ 2S/(ot - 1) and  Ip(+_L)/h*(kL)[ >_ (1 + ~ ) /2 .  Then  

h(x) + p(O) + s ( t )  < 0 for  x >_ r, h(x) + p(O) + s( t )  >_ 0 for  x _< - r ,  

and  

[p(___L)[ _> h*(kL)  + (ct - 1 )h*(kL) /2  > h*(L + (k  - 1)L) + (c~ - 1)h*(L) /2  >- h*(L + r) + S. 

If  p ( zL)  > 0 for  a z e 1 - 1 ,  11, then 

h(x) + p ( r L )  + s( t )  >_ h(x) + h*(L + r) + S + s ( t )  >_ 0 for  x e [ - L  - r , L  + r] 

and  if  p ( r L )  < 0 for  a r e [ - 1 ,  11, then  

h(x) + p ( r L )  + s( t )  <_ h(x) - h*(L + r) - S + s( t )  <_ 0 for  x e [ - L  - r , L  + r]. 

By coro l l a ry  4 (with - r l  = r2 = r, - L l  = L2 = L) ,  BVP (30), (i), i e 13, 41, has a so lu t ion  u 
sa t is fying 

- r -  L <_ u( t )  < r + L ,  - L  <_ u ' ( t )  < L for  e a c h t e J .  

v,  2 n - 2  F o r  example  func t ions  h(x) = - x  2"-1 + Z,k=0 ak xk ,  n ~ N ,  n > 1, p (x )  = s i n x  • e Ixl sa t isfy  

the a b o v e  cond i t ions .  

4. M U L T I P L I C I T Y  R E S U L T S  

Here ,  combin ing  the previous  results ,  we get the  existence o f  at  least  two or  three  so lu t ions  
o f  BVP (1), (i), i e [3, 4}. 

Using  t h e o r e m  3 two t imes,  we ob t a in  the  fo l lowing  theo rem.  
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THEOREM 5 (two solutions). Assume that  
(Ha) f • Ca r ( J  × ~ )  and there exist r I , r 2, r3, r4, L~, L 2 • [R and p,  v • 1 -1 ,  11 such that  

rl <- rz < r3 <- r4, LI  --< 0 _< L 2 and 

f ( t ,  rj, u, 0, w) <_ 0 <_ f ( t ,  rk, U, O, W) 

for  a.e. t • J and each (u, w) • (r I , r 4 , L 1 , L2,  F ,  H)2  , j : 1, 3, k = 2, 4, and 

vf ( t ,  x,  u, L~, w) <_ 0 <_ lt f( t ,  x,  u, L2, w) 

for  a.e. t • J and each (x, u, w) • (rl ,  r4, L1,  L2 ; F ,  H)3 .  
Then for  each i • [3, 4] BVP (1), (i) has at least two different solutions u l ,  u2 and 

r 1 -< ul(t)  --- r 2, r 3 <- uz(t)  <- r 4, L 1 _< u~(l) < L 2 for  t • J, k = 1, 2. (31) 

Proof .  Fix i • [3, 4}. By theorem 3, there exists a solution ~/1 o f  BVP (1), (i) satisfying (21) 
(with u = u~) and by the same theorem there exists a solution u2 o f  BVP (1), (i) satisfying 
r 3 < _ u z ( t ) < _ r  4 , L  1 <_u~(t )<_L z o n J . S i n c e r  2 < r  3 , w e g e t u l  ;~u2 .  • 

COROLLARY 5. Let h • Ca r ( J  × [~2) and there exist 

r 1 _< r 2 < r 3 _.%/'4, L~ <_ 0 < L 2 and 

and 

h(t, rj, O) <_ 0 <_ h(t, rk, 0) for  a.e. t • J ,  

r l , r 2 , r 3 , r 4 , L 1 , L  2 • ~ such that  

where j = 1, 3, k = 2, 4, (32) 

h(t, x, L1) , h(t, x,  L2) do not  change their signs (33) 
for  a.e. t • J and each x e [r~, r4]. 

Then for  each i • [3, 4] BVP (2), (i) has at least two different solutions u~, u 2 satisfying (31). 

S u p p o s e f  • C ° ( J  × •4). Then we can use theorem 3 together  with theorem 4 and get various 
multiplicity results. For  example if the distance between r 2 and r~ is long enough we can obtain  
a theorem which guarantees three different solutions. 

THEOREM 6 (three solutions). Assume that  
(H4) f •  c O ( j  × [~4) and there exist r l ,  r2, r3 , /4 ,  L j ,  Lz • ~ and p,  v • 1 -1 ,  11 such that  

r1-<1"2, r E - - L 1  + L 2 <  r 3 - < r 4 ,  L~ < 0 _ L  2 (34) 

and for each (t, u, w) • J × (r~ , r4, L~ , Lz; F, H)2 the following inequalities are fulfilled 

f ( t ,  r 1 , u, O, w) <_ 0 <_ f ( t ,  r 4, u, O, w), 

f ( t ,  x, u, 0, w) > 0 for  x • (rE, rE -- L d ,  

f ( t ,  x, u, 0, w) < 0 for x • [r 3 -- L 2 , r3), 

vf( t ,  x, u, L1, W) <-- 0 <-- t t f( t ,  X, U, L2, W) for x • [rl ,  r4]. 

Then for  each i • 13, 41, BVP (1), (i) has at least three different  solutions u~, u2, u3 fulfilling for  
each t • J 

rj <_ ul( t )<-  r2, r 2 < u 2 ( t )  < r 3 ,  r3 < u3( t )<-r4 ,  L1 <- u'k(t)--<L2, k =  1 , 2 , 3 .  (35) 
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Proof .  Fix i • [3, 4]. Since f • C° (J  x ~4), there exists e > 0 such tha t  r 2 - L t  + L2 + 
2e < r3, and  for  each (t, u, w) • J × (r t ,  r4, L~, L2 ; F,  H)2  the inequalities f ( t ,  x, u, O, w) >_ 0 
for  x • [r z, r 2 - LI  + e], and f ( t ,  x,  u, O, w) < 0 for  x • [r 3 - L 2 - ,~, r3] are valid. By 
theorem 3, there exists a solut ion Ul o f  BVP (1), (i) satisfying (21) (with u = u0 .  Fur ther ,  by 
theorem 4, there exists a solut ion u2 of  BVP (1), (i) satisfying rE + e--< u z ( t ) <  r 3 -  e, 
Lt  <- u~(t) <_ L2 for  t • J ,  and finally, by  theo rem 3, there exists a solut ion u3 of  BVP (1), (i) 
satisfying r 3 <_ u3(t ) <_ r4, L t < u~(t) <_ L 2 for  t • J.  Clearly,  Ul ~ u2 ;~ u3. • 

COROLLARY 6. Let  h • C ° ( J ×  IR 2) and there exist r ~ , r 2 , r  3, r 4 , L t , L 2  • IR such tha t  the 
condi t ions  (33), (34) and  the inequalities 

h(t, rt , O) <_ 0 <_ h(t, r4 ,0 )  for  each t • J ,  

h(t, x, 0) > 0 for  each (t, x) • J x (r2, rz - L1], 

h(t, x, 0) < 0 for  each (t, x) • J × [r 3 - L 2 ,  r3) , 

are satisfied. 
Then  for  each i • [3, 4}, BVP (1), (i) has at least three different  solutions Ul, u2, u3 fulfilling 

(35). 

E x a m p l e  3. Consider  a po lynomia l  

i • Pn: [R --* ~ ,  X ~ ai x~ 
i = o  

and a cont inuous  funct ion g: ~ --, ~. Suppose  tha t  g(0) = 0 and p ,  has k different  real zeros 
x t ,  x2 . . . . .  Xk, k • N.  Then  it is clear that  equa t ion  x" = pn(x) + g(x ' )  has k different  cons tan t  
solut ions which clearly fulfil (3) or  (4) (cf. [2, example  6.4]). 

E x a m p l e  4. Consider  the n o n a u t o n o m o u s  equa t ion  

x" = pn(x) + g(t, x ' ) ,  (36) 

where g • C ° ( J  × ~.). 
Denote  M = max[g(t ,  0) [ t • J ] ,  m = min[g(t ,  0) [ t • J ] .  
(1) Let  Pn have a simple zero xl • ~ and  
(a) p~ is increasing i n x t .  Then  i f p , ( x )  _> M for  s o m e x  > Xl a n d p , ( x )  _< m for  s o m e x  < x l ,  

we can choose r t , r z • ~ such that  (24) is fulfilled. Fur ther ,  let 

lim sup ]g(t, x)[ = oo on J.  (37) 

Then  there exist L t ,  L2, L t _< 0 _< L 2 such tha t  (25) is satisfied. There fore ,  by corol lary  3, 
p rob l em (36), (i), i • [3, 4] has at least one solution.  

(b) p ,  is decreasing in x t . Then  the connect ion  between pn and  g has to be closer. Let  
[a  I , a 2] C ( - o o ,  X1), [bt ,  b2] C ( x  t , oo)  be such that  

p~(x) >_ M for  each x • [al ,  a2], p~(x) <_ m for  each x • [bl ,  b2], ( 3 8 )  

and let on J x [at ,  bz] 

Ip~(x) + g(t, Lj)I > 0 f o r j  = 1, 2 and  for  some L1 • [at - a 2 , 0 ) ,  L 2 • (0, b E - b l ] .  (39) 
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Then  we can set r I = a2, r 2 = bl and  we see that  all condi t ions  of corol lary 4 are fulfilled, 

hence, BVP (36), (i), i ~ 13, 4}, has at least one solut ion.  
(2) Let Pn have two simple zeros x l ,  x2 e ~,  xl < xz .  Then  we can apply corollary 3 for pn 

increasing as well as for Pn decreasing in x l .  It is also possible to combine  corol lary 3 and  
corol lary 4 and  get two solutions.  This technique will be shown more  precisely for the case of  

three different  solut ions.  
(3) Let Pn have three different  simple zeros x1, x2, x 3 ~ [~, X 1 < X 2 < X 3 . Let p ,  increase in 

X 1 • 
(a) Suppose that  pn(x) > M for some x e (x~, xz) and  some x > x 3 and  p , ( x )  <_ m for some 

x ~ ( x z , x3 )  and  some x < x i .  Fur ther ,  let condi t ion  (37) be fulfilled. Then  we can choose 

r I < x  1, r 2 e ( x ~ , x 2 ) ,  r 3 e ( x 2 , x ~ ) ,  r 4 > x  3 and  L1 < 0 < L  2 such that  all condi t ions  of  
corollary 5 are fulfilled and  problem (34), (i), i e 13, 4] has at least two different  solut ions.  

(b) Let r 1 E ( - - o o , x l ) ,  r 4 E (X3,OO), [ a l , a  2] C [Xl,X2] and  [bj ,b2]  C [x2,x3] be such that  
pn(rl)  <_ m,  p,(r4) >- M and  (38) is satisfied. Fur ther ,  let (39) be fulfilled on  J × [r l ,  r4]. Then  
we can set r 2 = al and  r 3 = b2 and by corollary 6 our  problem has at least three different  

solut ions.  
This occurs,  e.g. for p3(x) = x 3 - 3x and  g(t, v) = 5v 3 + sin 2nt.  Then  we have xl = -x/3, 

x2 = 0 ,  x3 =x/3 ,  M =  1, m = - l ,  and  we can set r I = - 2 ,  rE = a~ = - - 3 / 2 ,  r 3 = bz = 3/2,  

r4 = 2, L~ = - 1 ,  L 2 = 1, az = - 1 / 2 ,  bl = 1/2. 
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