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Preface

The topic of singular boundary value problems has been of substantial and
rapidly growing interest for many scientists and engineers. This book is de-
voted to singular boundary value problems for ordinary differential equations.
It presents existence theory for a variety of problems having unbounded non-
linearities in regions where their solutions are searched for. The importance
of thorough investigation of analytical solvability is emphasized by the fact
that numerical simulations of solutions to such problems usually break down
near singular points.

The contents of the monograph is mainly based on results obtained by
the authors during the last few years. Nevertheless, most of the more ad-
vanced results achieved to date in this field can be found here. Besides, some
known results are presented in a new way. The selection of topics reflects
the particular interests of the authors.

The book is addressed to researchers in related areas, to graduate students
or advanced undergraduates and, in particular, to those interested in singular
and nonlinear boundary value problems. It can serve as a reference book on
the existence theory for singular boundary value problems of ordinary differ-
ential equations as well as a textbook for graduate or undergraduate classes.
The readers need basic knowledge of real analysis, linear and nonlinear func-
tional analysis, theory of Lebesgue measure and integral, theory of ordinary
differential equations (including the Carathédory theory and boundary value
problems) on the graduate level.

The monograph deals with boundary value problems which are consid-
ered in the frame of the Carathéodory theory. If nonlinearities in differential
equations fulfil the Carathéodory conditions, the boundary value problems
are called regular, while, if the Carathéodory conditions are not fulfilled on
the whole region, the problems are called singular. Two types of singular-
ities are distinguished — time and space ones. For singular boundary value
problems we introduce notions of a solution and of a w-solution. Solutions of
n —th order differential equations are understood as functions having abso-
lutely continuous derivatives up to order n — 1 on the whole basic compact
interval. On the other hand, w-solutions have these derivatives only locally
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absolutely continuous on a noncompact subset of the basic interval. The main
attention is paid to the existence of solutions of singular problems. The proofs
are mostly based on regularization and sequential technique. The impact of
our theoretical results is demonstrated by illustrative examples.

Essentially, the book is divided into two parts and an appendices.

Part I consists of 6 chapters and is devoted to scalar higher order singu-
lar boundary value problems. In Chapter 1, time and space singularities are
defined, three existence principles for problems with time singularities and
two for problems with space singularities are formulated and proved. Chap-
ter 2 presents existence results for focal problems with a time singularity
and for focal problems having space singularities in all variables. Chap-
ters 3-6 investigate other higher order boundary value problems having only
space singularities which appear most frequently in literature. They provide
existence results for (n,p) —problems, conjugate problems, Sturm-Liouville
problems and for Lidstone problems.

Part II consists of Chapters 7-11 and deals with scalar second order singu-
lar boundary value problems with one-dimensional ¢ —Laplacian. The expo-
sition is focused mainly on Dirichlet and periodic problems which are consid-
ered in Chapter 7 and 8, respectively. Section 7.1 is fundamental for further
investigation. The operator representation of the regular Dirichlet problem
with ¢ —Laplacian is derived here and the methods of a priori estimates
and lower and upper functions are developed. In Sections 7.2-7.4 three exis-
tence principles are presented. These principles together with the principles
of Chapter 1 are then specialized to important particular cases and exis-
tence theorems and criteria extending and supplementing earlier results are
obtained. Section 7.2 deals with time singularities, Section 7.3 with space
singularities and Section 7.4 with mixed singularities, i.e. both time and
space ones. In Chapter 8 we consider the existence of periodic solutions.
We start with the method of lower and upper functions and with its rela-
tionship to the Leray-Schauder degree in Section 8.1. Section 8.2 is devoted
to problems with a nonlinearity having an attractive singularity in its first
space variable. Sections 8.3 and 8.4 deal with problems with strong and weak
repulsive space singularities, respectively. An existence theorem for periodic
problems with time singularities is given in the last section of Chapter 8.
In Chapter 9 we study two singular mixed boundary value problems. The
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latter arises in the theory of shallow membrane caps and we discuss its solv-
ability in dependence on parameters which appear in the differential equa-
tion. In Chapter 10 we treat problems which may have singularities in space
variables. Boundary conditions under discussion are generally nonlinear and
nonlocal. We present general principles for solvability of regular and singu-
lar nonlocal problems and show some of their applications. Chapter 11 is
devoted to a class of problems having singularities in space variables. Imple-
mentation of a parameter into the equation enables us to prove solvability of
problems with three independent (generally nonlocal) boundary conditions.
We deliver an existence principle and its specialization to the problem with
given maximal values for positive solutions.

Appendices give an overview of some basic classical theorems and asser-
tions which are used in Chapters 1-11. Appendix A presents several crite-
ria for uniform integrability or equicontinuity. Some convergence theorems
are given in Appendix B. In particular, we recall the Lebesgue dominated
convergence theorem, the Fatou lemma, the Vitali convergence theorem for
integrable functions and the Arzela-Ascoli theorem and the diagonalization
theorem for differentiable functions. Appendix C contains the Schauder fixed
point theorem, the Leray-Schauder degree theorem, the Borsuk antipodal
theorem and the Fredholm type existence theorem. Appendix D collects
some useful facts from half-linear analysis which are needed in Chapter 8.






List of notation

Let JCR, [a,b] CR, k€N, pe(l,0), M CRF. Then we will write:

o L. (J) for the set of functions essentially bounded and (Lebesgue)
measurable on J; the corresponding norm is

||tt]| 0o = sup ess{|u(t)|: t € J}.

e [Ly(J) for the set of functions (Lebesgue) integrable on J; the corre-
sponding norm is ||ully = [, [u(t)| dt.

e Li.(J) for the set of functions (Lebesgue) integrable on each compact
interval I C J.

e L,(J) for the set of functions whose p-th powers of modulus are

1
integrable on J; the corresponding norm is |[|ull, = ([, [u(t)[P dt)” .

e C(J) and C*(J) for the sets of functions continuous on J and having
continuous k-th derivatives on J, respectively.

e AC(J) and AC*(J) for the sets of functions absolutely continuous
on J and having absolutely continuous k-th derivatives on .J, re-
spectively.

o AC).(J) and ACF (J) for the sets of functions absolutely continuous

on each compact interval [ C J and having absolutely continuous k-

th derivatives on each compact interval I C J, respectively.

e Car(la,b] x M) for the set of functions satisfying the Carathéodory

conditions on [a,b] x M. If J C [a,b] and J # J, then f& Car(J x
M) will denote that f € Car(Ix M) for each compact interval IC.J.

If J=a,b], we will simply write Cla,b] instead of C([a,b]) and similarly
for other types of intervals and other functional sets defined above.

X



X List of notation

If u€Ly[a,b]NC[a,b], then max{|u(t)|: t€[a,b]}=sup ess{|u(t)| : t€[a,b]}.
Therefore the norms in Cla,b] and C*[a,b] will be denoted by

k
lulloo = max{Ju(t)] : t € [a,b]} and [Juflcx = D [Ju® ],
=0

respectively.

M will denote the closure of M, OM the boundary of M and meas (M)
the Lebesgue measure of M.

The symbol deg(Z — F,2) stands for the Leray-Schauder degree of Z — F
with respect to €2, where Z denotes the identity operator.

We will say that some property holds for a.e. t € J (a.e. on J) if it is fulfilled
for each te€ J\ Jy where meas (Jp) = 0.

Throughout this text we exploit the following basic theorems listed in Ap-
pendices:

Lebesgue dominated convergence theorem
Fatou lemma

Vitali convergence theorem

Arzela-Ascoli theorem Theorem [B.5))
Diagonalization theorem Theorem [B.6)

(Theorem B.1))
(
(
(
(
Schauder fixed point theorem (Theorem |C.1
(
(
(
(

Theorem [B.2))
Theorem [B.3))

)
Leray-Schauder degree theorem Theorem [C.2))
Borsuk antipodal theorem Theorem [C.3))
Fredholm type existence theorem Theorem |C.5)

Sharp Poincaré inequality Lemma D.2))



Part 1

Higher order singular problems



Consider the boundary value problem
u™ = f(tu,...,u" V), web, (BVP)

where neN; [0,7] CR and B C C[0,T]. In what follows, we will inves-
tigate the solvability of problem (BVP) on the set [0,7] x A, where A is
a closed subset of R™. If we impose some additional conditions on solutions
of (BVP), for example if we search for positive or for monotonous solutions,
we express this requirement in terms of the set A4 # R™ and prove the exis-
tence of a solution u such that (u(t),...,u™ V()€ A for t€[0,7]. On
the other hand, if there are no additional requirements on solutions, we can
assume A = R".

Let M CR". We say that a function f satisfies the Carathéodory condi-
tions on the set [a,b] x M ( feCar([a,b] x M) ) if
(i) f(,zo,...,2Zn_1): [a,b]—>R is measurable for all (zo,...,z,_1)EM,
(i) f(¢t,+...,): M — R is continuous for a.e. t € [a, b],

(iii) for each compact set K C M there is a function myx € Ly[a,b] such
that

|f(t,zo, ..., xpo1)| < mg(t) for a.e. t € [a,b] and all (zg,...,x,-1) €K.

If JCla,b] and J # J, then f€ Car(JxM) meansthat f¢cCar(IxM)

for each compact interval I C J.

The classical existence results are based on the assumption
feCar([0,T] x A).

In this case we will say that problem (BVP) is regular on [0,T]x A. If
f&Car([0,T] x . A) we will say that problem (BVP) is singular on [0,T] x A.
The research of singular problems was essentially initiated by Kiguradze
in [114] and [L15]. For further development see for example the monographs
Agarwal [2], Agarwal and O’Regan [12], Agarwal, O’Regan and Wong [21],
O’Regan [148], Kiguradze [116], Kiguradze and Shekhter [118], Mawhin [135],
Rachunkovd, Stan¢ék and Tvrdy [163] and references therein.
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EXAMPLE. In certain problems in fluid dynamics and boundary layer theory
(see e.g. Callegari and Friedman [53], Callegari and Nachman [54], [55]) the
second order differential equation

o)

arose. Here A€ (0,00) and ¢ € C(0,1), v» € L1]0,1]. This equation is known
as the generalized Emden-Fowler equation. Its solvability with the Dirichlet
boundary conditions

u/l+ :0

u(0)=u(1)=0

was investigated by Taliaferro [190] in 1979 and subsequently by many other
authors. Since solutions positive on (0,1) have been searched for, this
Dirichlet problem has been studied on the set [0,1] x A with A = [0, c0).
We can see that f(t,z) = ¥ (t) 2= does not fulfil conditions (ii) and (iii)
with [a,b] = [0,1] and M = [0,00). Hence the above problem is singular
on [0,1] x [0, 00).

ExAMPLE. Consider the fourth order degenerate parabolic equation
Up + (U Uyyy)y = 0

which arises in droplets and thin viscous flows models (see e.g. Bernis,
Peletier and Williams [39] and Bertozzi, Brenner, Dupont and Kadanoff [410]).
The source-type solutions of this equation have the form

1
Uly,t) = tPulyt™), b= ——0,
(y,1) u(yt™) i+ 4

which leads to the study of the third order ordinary differential equation
" =btulH

on [—1,1]. We see that f(¢,z) =btz'* issingular on [—1,1] x [0,00) if
> 1.

EXAMPLE. Similarly to the previous example, the sixth order degenerate
equation

Uy — (|U|M Uyyyyy)y =0



which arises in semiconductor models ( Bernis [37], [38]) leads to the fifth
order ordinary differential equation

13
—u® = =
U =

which is singular for A > 0.

ExAMPLE. Consider the nonlinear elliptic partial differential equation
Au+g(r,u)=0 on §, ulr=0,

where A is the Laplace operator, ) is the open unit disk in R"™ centered
at the origin, I' is its boundary and r is the radial distance from the origin.
When searching for positive radially symmetric solutions to this problem, we
get the singular problem of the form

—1
u” + nTu’ +g(t,u) =0, 4'(0)=0, u(l)=0.
See Berestycki, Lions and Peletier [30] or Gidas, Ni and Nirenberg [96].

EXAMPLE. Assume f € Car(]0,00) x R) and consider the regular boundary
value problem

u' = f(t,u), u(l)=0, u(co)=0
on the infinite interval [1,00). We can transform this problem to a finite
interval, e.g. on [0,1]. Then we get the singular problem of the form

2 1,1
V" + ;v’ = (;,v), v(0) = (1) = 0.



Chapter 1

Existence Principles for
Singular Problems

1.1 Formulation of the problem

For neN, [0,7]CR, i€{0,1,...,n—1} and a closed set B C C?[0,T]
consider the boundary value problem

u™ = f(t,u,...,u"), (1.1)

uebB. (1.2)

A decision concerning solvability for singular boundary value problems
requires an exact definition of a solution to such problems. Here, we will
work with the same definition of a solution both for the regular problems
and for the singular ones.

Definition 1.1. A function ue AC" 1[0, T]NB is called a solution of prob-
lem (1.1)), (1.2), if it satisfies the equality

u™ (t) = f(t,u(t),... ,u("’l)(t))

for a.e. t €[0,T]. If we investigate problem (L.1), (1.2) on [0,7] x A where
A #R", we moreover require (u(t),...,u" "V (t))e A for te0,T].

In literature an alternative approach to solvability of singular problems
can be found. In that approach, authors search for solutions which are defined
as functions whose (n — 1) -st derivatives can have discontinuities at some
points in [0, T]. Here, we will call them w-solutions. According to Kiguradze
[115] or Agarwal and O’Regan [12] we define them as follows. In contrast to
our starting setting, to define w-solutions we assume (in general) that B is
a closed subset in C?[0,T], where i€{0,1,...,n—2}.

Definition 1.2. We say that w is a w-solution of problem (1.1), (1.2), if
there exists a finite number of points ¢, €[0,7], v =1,2,...,r, such that if

)
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we denote J = [0, 7]\ {t,},—,, then ue C"2[0, TINAC}" *(J)NB satisfies

loc
u™(t) = f(t,ut), ..., u™ V() for ae. t€[0,T].
If A#R" we require (u(t),...,u" V()€ A for teJ

Clearly each solution is a w-solution and each w-solution which belongs
to AC™1[0,T] is a solution. While only the existence of w-solutions was
proved in the works cited above, our main goal is to prove the existence of
solutions. However, in some cases, we first find w-solutions and then prove
that they are also solutions.

When studying the singular problem (1.1)), (1.2), we will focus our atten-
tion on two types of singularities of the function f :

Let J C [0,T)]. ‘We say that f:Jx.A— R has singularities in its time
variable t, if J# J=10,T] and
feCar(J x A) and f¢&Car([0,T] x A). (1.3)

Let D C A. We say that f:[0,7] x D — R has singularities in its space
variables xg,x1,...,T,_1, if D#D=A and

feCar([0,T] x D) and f¢&Car([0,T] x A). (1.4)

We will study particular cases of (I.3) and (1.4), which will be described in
Section [1.2] and Section [1.3) respectively.

1.2 Singularities in time variable

A function f has a singularity in its time variable ¢ (in short a time sin-
gularity) if, roughly speaking, f is not integrable on [0,7]. Let us define it
more precisely. Let k€N, t,€[0,T),i=1,...,k, J=1[0,T|\{t1,ta...,tx}
and let fe€Car(J x A). Assume that for each i€{1,...,k} there exists
(xo,...,2n_1) € A such that

ti+e
/ |f(t7$07"'7$n—1)|dt200 or
; (1.5)

t;
/ |f(t7$07;l‘n—1>|dt:oo
ti—e
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for any sufficiently small e > 0. Then f¢ Car[0,T] x A) and [ has

singularities in its time variable ¢, namely at the values t =ty,...,t;. We
will call tq,...,t, singular points of f.
EXAMPLE. Let f;: R" — R, i=1,2,...,k, be continuous. Then the func-
tion
L
1,20, ..., Tpn_1) = i Zoy oy Tn—1),

f(707 ) 1) ;t_tzf(o 1)

has singular points tq,%s,...,t.

To establish existence of a solution of a singular problem we usually in-
troduce a sequence of approximate regular problems which are solvable. So-
lutions of these regular problems are called approximate solutions. Then we
pass to the limit of the sequence of approximate solutions to get a solu-
tion of the original singular problem. Here we provide existence principles
which contain main rules for the construction of such sequences to get either
w-solutions or solutions.

Consider problem (L.1), (1.2) on [0,7] x A. For the sake of simplicity
assume that f has only one time singularity at ¢ = tq, to € [0,7]. Thus

(J=1[0,T]\ {to}, f € Car(J x A) satisfies one of the conditions:

to
(i) / |f(t,zo,..., 0 1)|dt =00, to€(0,T),
t

0=e (1.6)
to+e
(i) / lf(t,xo, ..., 2p1)]dt =00, to€[0,T),
to
 for some (xo,...,z,-1) € A and each sufficiently small € > 0.

Further, consider a sequence of regular problems
u™(t) = fult,u(t),..., u" V), ueB, (1.7)

where fr € Car([0,7] x R"), ke&N. Solutions of problem (1.7) are under-
stood in the sense of Definition [1.1. The following two theorems deal with
the case

B is a closed subset in C™2[0, T). (1.8)
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Theorem 1.3 (First principle for time singularities).
Let (1.6) and (1.8) hold. Assume that the conditions

(for each k €N and each (g, ...,r,_1) €A,

felt,zo, ... 1) = f(t,xo, ..., xpo1) ace. on [0,T]\ Dy,
| where Ay, = (to — 1,10+ 1) N[0, T]
and
(there exists a bounded set Q C C™ Y0, T] such that

for each k €N, the reqular problem (1.7) has a solution
Lur € and (uy(t),...,u" " (t) € A for t €[0,T]

are fulfilled.
Then

{there exist a function u€ C"2[0,T] and a subsequence

{ug,} C {ur} such that limy_ ||ug, — ul|gn-2 = 0,

limy_, oo u,(cz_l)(t) = u™=D(t) locally uniformly on J
and (u(t),...,u" V()€ A forte J,

u€ ACT1(J) and wu is a w-solution of problem (1.1), (1.2).

loc

Assume, moreover,

(there exist 1) € L1[0,T], n>0, loeN and M\, 2€{-1,1}
such that
A L (b, (1), (8) 2 (1)
for all LN, £ > Ly, and for a.e. t € [to — n,to) C [0,T]
provided (1.0) (i) holds
and
Mo fi (b (), -y (1) 2 (1)
for all e N, L > Ly, and for a.e. t € (to,to+n] C [0,T]
| provided (1.6) (i) is true.

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)
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Then uwe AC"10,T], w is a solution of problem (1.1)), (1.2) and
(u(t), ..., u™ V@) eA for te[0,T).
Proof. Step 1. Convergence of the sequence of approrimate solutions.

Condition (1.10) implies that the sequences {u,(:)},O <i<mn-—2, are
bounded and equicontinuous on [0,7]. By the Arzela-Ascoli theorem, we
see that assertion (1.11) is true and ue€ B C C"2[0,T]. Let ¢y # 0. Since
{u{""Y} is bounded on [0,7], we get, due to (1.9), that for each 7 € [0, t)
there exist k, € N and h, € L1][0,T] such that for each k > k.,

| fils, ur(s), . ul" " (s))] < he(s) for ae. s€[0,7]. (1.15)

Hence, by virtue of (1.7), for k > k,, t1,t2€[0,7]|, we have

to
/ h-(s)ds
t1

which implies that the sequence {u,in_l)} is equicontinuous on [0, 7]. The
same holds on [1,7T] if 7€ (ty,T] and tg # T. The Arzela-Ascoli theorem

implies that for each compact subset I C J = [0,7]\ {to} a subsequence
n—1)

n—1 n—1
ug" (k) — ul V()] <

Y

of {u,(ﬂnfl)} uniformly converging to u! on K can be chosen. There-
fore, using the diagonalization theorem, we can choose a subsequence {uy,}
satisfying both (L.11) and (1.12).

Step 2. Convergence of the sequence of approrimate nonlinearities.

Let V; be the set of all t€[0,7] such that f(¢,-,...,:) : R* - R is
not continuous and let Vs, be the set of all ¢€[0,7] such that (1.9) is not
satisfied. Then meas (V1UV,) = 0. Choose an arbitrary 7€ [0, 7]\ (V1UVs).
Then there exists o €N such that for ¢ > /¢

Fro (Tt (1), " (7)) = F(r g (), ul V(7))
and, by (1.11) and (1.12),

zh—glo fre, (T ug, (7), . ... ,u,(;;_l)T)) = f(r,u(r),..., u" V(7).
Hence,

iy o firg (i, (), - oul ™ V() = f(tult), ..., uD(E))

for a.e. t€[0,T.

(1.16)
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Step 3. The function u is a w-solution of problem (1.1)), (1.2).

Let tg #0 and ¢€N. Choose an arbitrary 7€ [0,%y) and integrate the
equality

wiy (1) = fio (6w (), g (1)) for ae. t€[0, T,

We get

u,(;_l)(T) = u,iz_l)(O) + /0 fro (8, ur,(8), ... ,u,(;_l)(s)) ds.

According to (1.15), (1.16) and the Lebesgue dominated convergence theorem
on [0,7] we can deduce (having in mind that 7 is arbitrary) that if ¢y # 0
the limit u solves the equation

( t
u" V(1) = uD(0) + /o f(s,u(s),...,u"Y(s))ds (1.17)
\ for t€]0,t).
Similarly, if to # T the limit u solves the equation
(1)) _ () ! (n—1)
) u" V() = u (T) —/t f(s,u(s),...,u (s))ds (118)
\ for te (to,T].

The equalities (1.17) and (1.18) immediately yield (1.13).

Step 4. The function w is a solution of problem (1.1), (1.2).
Assume, moreover, that (1.14) and (1.0) (i) hold. Since

t
uz(cz_l) (t) - UIEZ_I)@O - 77) - / fke (87 uke (8)7 e ’u’(;_l)(s)) dS
to—n

for t€(0,ty), we get due to (1.10) that there is a c¢€ (0,00) such that

to
A\ Feo(s, i, (5), .. ,u,gj—”(s» ds < ¢ (1.19)

to—n
for each ¢e€N. By the Fatou lemma, using conditions (1.16), (1.14) and
(1.19), we deduce that

Ftu(t),. .., u" " D(t) € Ly[to — 1, to).
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Similarly, if condition (1.6) (ii) holds, we deduce that
Ftout),...,u"(t) € Lito, to + 7).

Hence
Ftu(t), ..., u™ V(1) € Li([to — n,to + 1] N[0, 7))

Recall that by (I.12) we have (u(t),...,u" Y(t))€ A for t€J and, by
(L.6), feCar(Jx.A). Further, by virtue of (1.10) and (I.11)), the functions
u, v/, ..., u™? are bounded on [0,7] and (1.10), (I.12) imply that u(™~Y
is bounded on [0,77\ (ty — n,to+n). Hence

f(tv u(t)’ s 7u(n_1)(t)) €Ly ([0>T] \ (tO —n,to+ 77)) )
which together with the above arguments yields
F(tu(t), .., u"D(8)) € Ly[0, T].

Therefore due to (1.17) and (1.18) we have that u€ AC"1[0,T], i.e. u is
a solution of problem (1.1, (1.2). Finally, since A is closed, we get

lim (u(t), ..., u™ V() = (u(ty),...,u" V(ty)) € A. O

t—to

Theorem 1.4 (Second principle for time singularities).
Let (1.0), (1.8), (1.9) and (1.10) hold. Assume that

(there exist e L1[0,T], n >0 and A\, \a € {—1,1} such that
A fio (g, (8), a0 (1) signul' ™V (8) > o(t)

for all L €N and for a.e. t € [ty — n,ty) C [0,T]

provided (1.6)) (i) holds

(1.20)
and

A fi, (t, up, (1), . .. ;u,(g_l)(t)) sign u,(;;_l)(t) > (t)

for all £ €N and for a.e. t € (to, to +n] C [0,T]
| provided (1.0) (ii) is true.

Then there exists a function u€ AC™*0,T] satisfying (1.11) and (1.12)
which is a solution of problem (I.1), (1.2) and (u(t),...,u™ V() €A for
te0,7].
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Proof. Steps 1-3 are the same as in the proof of Theorem 1.3 and guarantee
the existence of a w-solution w of problem (L.1), (1.2).

Step 4. Arguing as in Step 4 of the proof of Theorem (1.3 we see that to show
u€ AC™Y0,T)] it suffices to prove f(t,u(t),...,u" "V (t)) € Li(Iy), where
Iy =[to —n,to +n] N[0, T]. Put M =V, UVy,UVs3, where

Vi={tely: f(t,-,...,-) : R" - R is not continuous},

Vo ={tcly:t is an isolated zero of u(™ D},
Vs = {t€ Iy :u™(t) does not exist or (I.1) is not fulfilled}.

Then meas (M) = 0. Choose an arbitrary sé€ Iy \ M, s # to.

a) Let u™V(s) # 0. Assume for example signu(®Y(s) = 1. Then there
exists fy € N such that for each ¢ > ¢, we have sign u,(:;*l)(s) =1 and so,
due to (1.9), (L.11), (L12) and s& V),
. \ (n—1) . (n-1)
My oo A1 frg (8, un (8), - uy, 7 (8)) signuy, ' (s) 1.21)
1.21
=\ f(s,u(s),...,u"V(s)) sign u™(s).

If signu™Y(s) = —1, we get (1.21) in the same way.

b) Let s be an accumulation point of a set of zeros of u(™™1). Then there
exists a sequence {s,,} C Iy such that u("V(s,,) =0 and lim,, .o Sy, = S.
Since u™Y is continuous on Iy \ {to}, we get u(®~Y(s) = 0. Further,

o u(n—l)(sm) _ u(n—l)(s)

m—oo Sm — S

=0

and, by virtue of s¢€ Vs, we get 0 = u™(s) = f(s,u(s),...,uY(s)).
Since s¢ V), we have by (1.9), (I.11) and (1.12)

elg?o Tr, (8, ug, (), . .. ,u,(ngl)(s)) sign u,(;;*l)(s)
= f(s,u(s),...,u"V(s)) lim sign u,(cz_l)(s) =0.

{—o00

So, we have proved that (L1.21)) is valid for a.e. s € .
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Assume that (1.0) (i) holds and ty —n > 0. Then, by (1.10), there exist
c>0 and ¢y €N such that for each ¢ > ¢,

to
/ A1 fr, (8, up,(s), .. ,u,(gz_l)(s)) sign u,(gz_l)(s) ds
to—n
0 RY (n1) (n1)
= )\1/ gy, ()| ds = A (Juy, " (f)| = |uy, “(fo —m)]) < ¢,
to—n
and hence, due to (1.20) and (1.21), we can use the Fatou lemma to deduce
that
M f(tu(t), ..., u™ V(1) sign u™ V(1) € Ly[to — 0, to),

which yields f(¢,u(t),...,u™ V() € Ly[to—n, to]. Similarly, if (1.6) (i) holds
and to+n < T, we deduce that f(t,u(t),...,u" " V(t)) € Li[to, to +n]. O

Now, we will consider the boundary conditions (1.2) which are character-
ized by the set B, where

B is a closed subset in C"~*[0, T7. (1.22)

Theorem 1.5 (Third principle for time singularities).
Let (1.0), (1.9), (1.10) and (1.22) hold. Assume that

{u,(:_l)} is equicontinuous at t. (1.23)

Then there exist a function uw€Q and a subsequence {uy,} C {uy} such
that limg_ |lug, — ullcn1 =0, (u(t),...,u™ V() €A for t€[0,T] and
ue C"0,T) is a w-solution of problem (1.1)), (1.2).

If, in addition, (1.20) holds, then ue€ AC™10,T], i.e. u is a solution
of problem (L.1)), (L1.2).

Proof. Step 1. Convergence of the sequence of approximate solutions {uy}.

By (L.10) there is a ¢ > 0 such that

|lug||cn-1 < ¢ for each keN. (1.24)

This implies that sequences {u,(j)},O <1 < n— 2, are equicontinuous on
[0,T]. Let us prove that {u}~'} is also equicontinuous on [0,7]. Choose
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an arbitrary ¢ > 0. By (L.23) we can find J§y > 0 such that for each k€N
and each t € [ty — dp,to + do] N [0,7] the inequality

[ (1) — (ko) < e
holds. Therefore, for each ti,ts € [tg — o, to + o) N[0, T] we have

"V (1) — uf" TV (1)) < 2e. (1.25)
Now, let t1,to € K where K =1[0,T]\ (to — do,t0 + do). Put

h(t) = sup{|f(t,zo, ..., xn_1)|: |x;| <c,1=0,...,n—1}.

Then he€ L;(K) and we can find 0; > 0 such that

to
/ h(t) dt‘ <e.
t1

By (L.24) we have |fi(t,up(t),...,ul" V(t))| < h(t) ae. on K for each
sufficiently large k€ N. Hence we get

|t1—t2| <51 —

It — to] < 6 = [ul" (1)) —ul" V(8] < €. (1.26)

Finally, let t; € (tg — do,to + do) N[0, T], t2 €K, to > tg+ . Put § =
min{dp, 01} and assume that |t; — 5] < 8. Then, by (1.25) and (1.20),
|u,(€n_1)(t1) — uén_l)(t2)| < 3e. For ty <ty — &y we argue similarly. So, we
have proved that {u,(cnfl)} is equicontinuous on [0,7]. By the Arzela-Ascoli

theorem there exists a function u € Q and a subsequence {uy,} C {u;} such
that

elim g, — ullcn1 =0 and (u(t),...,u" D(t)) € A for t €0, T].

Moreover, ue€B C C"71[0,T] and, by Theorem [1.3, u is a w-solution of
problem (1.1), (1.2).

Step 2. If we assume, in addition, that (1.20) holds, then to prove that
u€ AC™1[0,T] we can argue as in Step 4 of the proof of Theorem [1.4. [
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1.3 Singularities in space variables

A function f has a singularity in one of its space variables (in short a space
singularity) if f is not continuous in this variable on a region where f is
studied. Motivated by the equation

u' + Yt ur =0,

where A€ (0,00), we will consider the following case of discontinuity. Let
A; C R be a closed interval and let ¢; € A;, D; = A;\{¢;},i=0,1,...,n—1.
Let us choose j€{0,1,...,n— 1} and assume that

limsup |f(t,z0,...,%j,...,Tp_1)] =00 forae. te€(0,T]
zj—cj, x5 €Dj (1.27)
and for some z; €D;, i =0,1,...,n— 1,171 # j.

If we put A= Ay x---x A, 1, we see that f is not continuous on A
(for a.e. t€[0,T] ). Consequently, f has a singularity in its space variable
xj, namely at the value c¢;. Let w be a solution of (L.1), (L.2) and let
a point t,€[0,7] be such that u(t,) =c;. Then t, is called a singular
point corresponding to the solution w. Now, let u be a w-solution of (1.1,
(I.2). Assume that a point ¢, €[0,7] is such that «™ Y (t,) does not exist
or u(t,) = ¢;. Then t, is called a singular point corresponding to the
w-solution wu.

EXAMPLE. Let a € (O, OO), hl, hQ, h3 S Ll[(), T], ha 7é 0, hg 7£ 0 a.e. on [0, T]
Consider the Dirichlet problem

ho(t) hs(t)
at) TP

u” + hy(t) + u(0) = u(T) = 0. (1.28)
Let u be a solution of (1.28). Then 0 and 7T are singular points corre-
sponding to u. Moreover, there exists at least one point ¢, € (0,7 satisfy-
ing w'(t,) =0, which means that ¢, is also a singular point corresponding
to u. Note that (in contrast to the points 0 and 7') we do not know the
location of t, in (0,7).

In accordance with this example, we will distinguish two types of singular
points corresponding to solutions or to w-solutions: singular points of type I
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, where we know their location in [0, 7], and singular points of type II whose
location is not known.

Similarly to Section 1.2 we will establish sufficient conditions for approx-
imate sequences of regular problems and of their solutions. Using the prop-
erties of those approximate solutions we will pass to a limit thus obtaining
a solution or a w-solution of the original singular problem (L.1), (1.2). Let
A CR,i=0,...,n—1, be closed intervals and let A= Ay x --- x A,,_;.
Consider problem (1.1), (I.2) on [0,7] x A. Denote

DZ:AZ\{CZ}7Z:O,,TL—1

First, we will assume that f has one singularity at each z;, namely at the
values ¢; € A;, i=0,...,n— 2. Hence, we assume

D:DOX"'XDn—QXAn—h

(1.29)
f€Car([0,T] x D) satisfies (1.27) for j =0,...,n — 2.

In the next two theorems we work with the notion of uniform integrability
which can be find in Appendix A.

Theorem 1.6 (First principle for space singularities).
(i) Let (L1.8), (L10) and (1.29) hold. Assume that

for each k€N, for a.e. t€[0,T] and each (xo,...,Tn_1) ED
frlt,zo, .. 1) = f(t, 20, oy Ty1) (1.30)
if |x; — ¢ 2%, 0<i<n-—1.
Then assertion (L.11)) is valid.
(i1) If, moreover, the set of singular points
S = {se 0,T]: uD(s) =¢; forie{0,...,n— 2}} is finite,
then assertion (1.12) is valid for J =[0,T]\S and if

the sequence { fx,(t, ug,(t),. .. ,u,(gz_l)(t))}

is uniformly integrable on each interval [a,b] C J,

(1.31)
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then u€ AC Y (J) is a w-solution of problem (1.1), (1.2).

loc

(i11) If, in addition, there exists a function 1 € L1[0,T] such that
Tr, (8w, (1), ... ,u,(g—l)(t)) >p(t) forae te€l0,T] andall (€N,

then we AC™ 10, T) and u is a solution of problem (1.1)), (1.2).
Proof. Step 1. Convergence of the sequence of approzimate solutions.

As in Step 1 of the proof of Theorem [I.3 we derive from (1.10) that
(L.11) holds and w€B C C™2[0,T]. Assume that S is finite and choose
an arbitrary [a,b] C J. Then there exist ko €N and h € L]0, T] such that
for each k€N, k> kg

. 1
() el = ¢ fortelat) ie{0,...n -1}
and, for a.e. t € [a, b],

|t un(®), - ou V@) = [FEu(@), . ul ()] < h(E).

So, for each >0, there exists 6 >0 such that the implication

to
/ h(t) dt‘ <c
t1

is valid for ty,ts € [a,b], k > ko. Thus the sequence {u,(cn_l)} is equicontinu-
ous on [a,b]. By (L.10) the sequence {u,g"_l)} is bounded on [0,77]. Using
the Arzela-Ascoli theorem and the diagonalization theorem we deduce that
the subsequence {uy,} in (L.1I) can be chosen so that it fulfils (1.12).

lts — 1] < 6 = |ul" "V (ts) — ul" P (t1)] <

Step 2. Convergence of the sequence of approzimate nonlinearities.

Consider the set
V, ={te[0,T]: f(t,+,...,-): D — R is not continuous}.

We can see that meas (V;) = 0. By (1.30), there exists V, C [0,7] such
that meas(V,) = 0 and for each k€N, each t€[0,7]\ V, and each
(xoy ..., Tpn_1) €D, the equality

fk(tvaa cee rxn—l) = f(tax()a s 7xn—1)
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holds if |z; —¢;| > %, 0<i<n-—1. Denote U = SUV; UV, and choose an
arbitrary ¢t€[0,7])\U. By (L.11) and (L.12) there exists ¢y € N such that
for each €N, >/,

; 1 i 1 .
|U(Z)(t)—0i’ > —, ]u](c)(t)—ci\ > — forie{0,...,n—1}.
k@ ¢ k@

According to (1.30) we have
i (i (8), ™0 () = F (w0, -y (1)
ko\ly Wk, v Yy s Wky vy YUk,
and, by (L.11), (1.12)),
T fi, (t, g, (8), . ) = fltult), . um (). (1.32)
Since meas (U) = 0, equality (1.32) holds for a.e. t € [0, T.

Step 3. The function u is a w-solution of problem (1.1)), (1.2).

Choose an arbitrary interval [a,b] C J. By virtue of (1.31)) and (1.32) we
can use the Vitali convergence theorem to show that

ft,u(t),. .. ,u("_l)(t)) € Lya,b]

and that if we pass to the limit in the sequence

t
n—1 n—1 n—1
u" () = ul )(a)+/ Fro(syun, (5), . uy V() ds, tela,b],
we get

u(n_l)(t) = U(n_l)(a) + / f(S, U(S)a cee ’u(n_l)(s)) dS? te [a” b]

Since [a,b] C J is an arbitrary interval, we conclude that u€ AC]" '(J)
satisfies equation (I.1) for a.e. t €0, T7.

Step 4. The function u is a solution of problem (L.1), (1.2).

Let, moreover,

ot (£), -l V() > 4(t) for ae. t€[0,7] and all (€N,
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Assumption (1.10) yields the existence of ¢ > 0 such that

/ Fra(t i (), -~V () dt = ™(T) = 7V(0) < e
Therefore, by (1.32) and the Fatou lemma, f(¢,u(t),...,u" "V (t)) € L]0, T]
and uwe AC"10,T). O

Now we will consider problem (I.1)), (I.2) on [0,7] x A provided A =
Ao x --- x A,_1 and f has space singularities at each x;, namely at the
values ¢;€A;, i =0,...,n— 1. So, we assume D; = A; \ {¢;}, i =
0,....,n—1,

f€Car([0,T] x D) satisfies (1.27) for j =0,...,n — 1,

(1.33)
where D = DO X oo X Dn_Q X Dn—l-
Theorem 1.7 (Second principle for space singularities).
Let (1.10), (1.22), (1.30) and (1.33)) hold. Assume that the sequence
{fr(t, ux(t), . (n 1)(t))} is uniformly integrable on [0,T). (1.34)

Then there exist a function uw€Q and a subsequence {uy,} C {uy} such
that limy_o, ||Jug, — ullcn1 =0 and (u(t),...,u™ V()€ A for t€]0,T].

If, moreover, the functions u” —¢;, 0<i<n—1, have at most a finite
number of zeros in [0,T], then ue€ AC"'[0,T] is a solution of (1.1), (1.2).

Proof. Step 1. Convergence of the sequence of approrimate solutions.

Assumption (1.34) yields that for each € > 0 there exists ¢ > 0 such
that for each t1,t2€[0,7] and each k€N the implication

|t2—t1| <0

— |l (t2) — u" ()] =

/ felt,ue(@), ... ul" V@) dt| < e

is valid. Therefore the sequence {u )} is equicontinuous on [0,7]. This
together with (1.10) and the Arzela-Ascoli theorem guarantees the existence
of a subsequence {uy,} of {uy} such that

lim |lug, — ugl|gn-1 = 0.
f—o00
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Since A is closed in R™ and B is closed in C"71[0,T], we get
(u(t),...,u" V() e A for tc[0,T] and u € B.
Step 2. As in Step 2 in the proof of Theorem 1.5 we get that (1.32)) is valid.

Step 3. The function u is a solution of problem (L.1), (1.2).
By virtue of (1.7) we have for /€N

wi (1) = f (6 un (), g, (0) for ae. 1[0, 7]

and
t
u,(fz_l)(t) = u,(;;_l)(()) - /0 Tr, (8, up,(8), ... ,u,(gz_l)(s)) ds for tel0,T].

By (1.32), (1.34) and the Vitali convergence theorem we can pass to the limit
and get

u(n—l)(t):u("—l)(())+/Otf(s,u(s),...,u(”_l)(s))ds for t€(0,T)]

with f(t,u(t),...,u™ Y(t)) € L1]0,T]. Therefore ue AC" 10, T] satisfies
equation (L.1) a.e. on [0, 7. O

All the above mentioned existence principles (Theorems [1.3-1.7) require
condition (1.10) and so, in order to apply them, we need global a pri-
ori estimates for all approximate solutions wu; and for all their derivatives
ug), 1 <7< n-—1. We can see in literature that local a priori estimates

of u,(:_l) can be sufficient for the existence of w-solutions (see e.g. Kigu-
radze and Shekhter [118]). However, such existence results give w-solutions
with, in general, unbounded (n — 1) st derivative. Here, our main goal is
to prove the existence of solutions. To this purpose only w-solutions whose
(n—1) st derivatives are bounded on the set where they are defined are useful.
Therefore condition (1.10) appears in all our principles.
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Chapter 2

Focal problem

Focal problems have received large attention (see e.g. Agarwal [2]). This is
due to the fact that these types of problems are basic, in the sense that the
methods employed in their study are extendable to other types of problems.
Here we will consider the n —th order differential equation with (p,n — p)
right focal conditions

u(0)=0, 0<i<p—1, v9(T)=0, p<j<n-—1 (2.1)
or with (n — p,p) left focal conditions
uP(0)=0, p<i<n-—1, W9W(T)=0, 0<j<p-1, (2.2)

where n€N, n>2 and pe{l,...,n—1} is fixed.

Using the existence principles of Chapter 1/ we will investigate both the
focal problems with time singularities and the focal problems with space
singularities.

2.1 Time singularities

First, consider a (1,n — 1) left focal problem

u™ = f(t,u,...,u"Y), (2.3)

u™0)=0, u(T)=0,0<i<n-2 (2.4)
We will assume
f€Car([0,T) x R") has a time singularity at ¢t =T (2.5)

and prove the existence result for problem (2.3), (2.4) by means of Theo-
rem (1.5 (Third principle for time singularities). Since we impose no addi-
tional conditions on solutions of (2.3)), (2.4), we have

A=R" B={ueC"'0,T)]: usatisfies (2.4)}.

23
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Theorem 2.1. Assume (2.5) and let

n—1

ft,xo, ..., xpn_1) signx, 1 < —h(t)|r,_1| + Z hi(t)|z;| %
=0

for a.e. t€[0,T] and all (xzg,...,x,—1) ER™,

(2.6)

where «a; € (0,1), h;€14(0,T], j = 0,...,n — 1, are nonnegative and
h € Lio.[0,T) is nonnegative and satisfies

T
/ h(s)ds =400 for each sufficiently small € > 0. (2.7)

T—e
Then problem (2.3), (2.4) has a solution ue€ AC™ 0,T].
Proof. Step 1. Approximate regular problems.
For s,p€(0,00) put

1 if s €10, pl,
20—
X(s.p) = 2272 it se(p,2p),
p
0 if s>2p

Further, for k€N, (xg,...,z,-1) €R" and for a.e. t € [0,T], define

flt,xo, .. wa) €[0T — 1],

fk(t,$0,...,$n_1) - (28)
0 ifte (T — %, T]
and
n—1
gk(ta Loy - .- 7xn—1) =X (Z ‘xz|7p> fk(ta Zoy - .- 7In—1)- (29)
=0
Choose a k€N and consider auxiliary approximate regular problems
u™ = fo(t,u,. ., u™ ), (2.4) (2.10)
and

W™ = ge(t,u,. . u®Y), (24). (2.11)
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For a.e. t€[0,T] define
n—1
sup{|f(t,zo, ..., Tn-1)]: Z 2] < 2p} ft<T—1,
i=0
0 ift>T— ;.
Then my € L1[0,T] and gi(t,x0,...,xn1)] < my(t) for a.e. te€][0,T].
Since the homogeneous problem u(™ = 0, (2.4) has only the trivial solution,

we get by the Fredholm type existence theorem that problem (2.11) has a
solution u, € AC™=10, 7.

mk(t) =

Step 2. Estimates of approrimate solutions uy, .

Let us fix £€N and assume
max{|ul"""(#)| : t€[0,T]} = [u" V(b)| = r > 0.

By condition (2.4), we have b€ (0,7] and we can find a € [0,b) such that
" (a) =0 and |u{""(t)| >0 for te(a,b].

Since u,(gn_l)(t) = u,(cn_l) (T — ) for te[T' — ,T], we can assume that
1

b<T — +. By virtue of assumption (2.6) we get for a.e. t € [a, b]

ul™ (1) sign w7V (1)

=X (Z |U](€Z) (t)|> P) f(t, Uk(t), L ,ulgn—l)(t)) sign ulgn—l)(t)

n—1 n—1 n—1
sX<Z|u§;><t>|,p> hy(t) [u? ()] <3 hy(t) [ ()],

=0 7=0 7=0
and hence
n—1
n—1 j oy
" V@) <N hy () [ ()] (2.12)
j=0

Conditions (2.4) yield Hug)Hoo < T3l 4 =0,...,n — 2. Integrating
inequality (2.12)) over [a,b] we obtain

n—1 T
r=lu" Y 0)| < ZT%(”—J'—”W/ h(t) dt
0

j=0
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and
n—1
1< Tt pes =yl = F(r). (2.13)
§=0

We have lim, ., F'(x) = 0, which implies the existence of r* > 0 such that
F(z) <1 for all & > r*. Therefore, by (2.13)), the estimate r < r* must
be true. Since r* does not depend on wu; (but just on T, hj, a; ), we get

n—1
|lug|lgn-r < r* ZT”’j’l for each k€N.
=0
If we define
n—1
p=r" ZT”_J_I and Q= {zeC"'0,T]: ||z|cn— < p},
j=0

we see that wuy is a solution of (2.10) and wuy € Q) for each k€ N. We have
proved that conditions (1.9) and (1.10)) of Theorem [1.5 are valid.

Step 3. Properties of approximate solutions.

According to (2.6) and (2.8) we get for a.e.t€[0,7 — 4]

felt,u(®), . ul" V(1)) signul" V(1)

n—1 n—1
< T hi) [uP (]9 < (p+1) Y hy(t).
j=0 Jj=0
Put
n—1
Y(t)=—(p+1) Y _h(t) forae te[0,T].
j=1

Then ¢ € L1[0,7], % <0 a.e. on [0,7], and

— fultug(t), .., ul" V(@) sign wl" V(1) > w(t)

(2.14)
for a.e. t€[0,T].
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Due to (2.7), condition (1.0)(i) with ¢, =T is satisfied.

Put A\ = —1 and choose an arbitrary ne€ (0,7'). Then, by (2.14), we
get (1.20). Moreover condition (2.4) yields (1.22).

Now, let us put v(t) = u,&"il)(t) for t€[0,7]. Then for each k€N,
k> %, the function vy, satisfies (A.19) with h* =0 ae. on [T — 1,T].
Since wuy €, we can find Gy € (0,p) such that vy fulfils condition (A.17).
By (2.6) we get (A.18), where ¢*(t) = (p+ 1) Z?;g h;(t). Hence, by Crite-
rion/A. 11} the sequence {v;} isequicontinuousat T from the left. Therefore
{u,(c"_l)} satisfies (1.23) with to = T and, by Theorem [1.5, there exists a
solution u € AC™1[0,T] of problem (2.3)), (2.4). O

EXAMPLE. Let c€R,a€[1,00). Then the function

—_

n—

xn—l c 2
f(tvx(]a"-yxn—l):_ = T}
RN
satisfies (2.5) and (2.0), where h;(t) = lj'z, ht) = 4, a; =3 for j =
0,...,n— 1. Therefore the corresponding problem (2.3)), (2.4) has a solution
uGAC’" 1o, 7).

2.2 Space singularities

Let R. = (—00,0) and Ry = (0,00). We study the singular (p,n — p)
right focal problem

(=) Pu™ = f(t,u,... ,u"Y), (2.15)
u0)=0,0<i<p—1, uI(T)=0,p<j<n—1, (2.16)
where fe€Car([0,T] x D) with

REFPXR.x Ry xR_ x--- xR, if n—pisodd,

~
n

1 : :
REFUX RO X R, xR x---xR_ if n—piseven
n
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and f may be singular at the value 0 of any of its space variables. Notice
that if f is positive then the singular points corresponding to the solu-
tions of problem (2.15)), (2.16) are of type I. The Green function of prob-
lem u™ =0, (2.16) is presented in Agarwal [1], Agarwal, O’'Regan and Us-
mani [23], [24] and Agarwal, O'Regan and Wong [21].

We introduce the following assumptions:

(fe Car([0,T] x D) and there exist positive constants a, r

such that
(2.17)
a(T—1t)" < f(t,xg,...,Tn 1)
| for a.e. € [0, 7] and each (zo,...,2,-1) €D,
( n—1 n—1
Pt w0, wn) B (6 D Js]) + S willa))
=0 =0
for a.e. t € [0,T] and each (zg,...,7, 1) €D, where
heCar([0,T] x [0,00)) is positive and nondecreasing
in the second variable,
w; : Ry — Ry is nonincreasing for 0 < j <n —1, (2.18)
1 [T e A
limsup—/ h(t,Vv)dt <1, where V =24 7! 7
v—oo U Jo n it T =1,
and

1
/ witt" ) dt < oo for 0<j<n—1.
" Jo

Substituting t =T — s in (2.15)), (2.16)), we get the singular (n — p,p)
left focal problem

(=1)Pu™ = f(s,u,...,u"Y), (2.19)

u(0)=0,p<i<n—1, WW(T)=0,0<j<p-—1, (2.20)
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where feCar([0,T] x D,) fulfils

f(t, Lo, L1y ,J]n_l) = f(T — t, Loy — L1y (-].)n_ll'n_l)
for a.e. t€[0,7] and all (xo,...,7,_1) € D,. Here

Ry xR xRy x---xR_xRY? if pis even,

v~

D, = "
R, xR_ xRy x--- xR, xR if pisodd.

The corresponding assumptions for problem (2.19), (2.20) have the form:

']?G Car([0,T] x D,) and there exist positive constants a, r
such that
_ (2.21)
at” < f(tvx()a s 73771—1)
(for a.e. t€[0,T] and each (xg,...,x,_1) € D,
( _ n—1 n—1
Fit, w0, o) < (63 ayl) + S willa)
=0 =0
for a.e. t €[0,7] and each (x,...,2z,—1) € Dy, (2.22)
where the functions h and wj, 0 <7 <n —1, have
| the properties given in (2.18).
A priori estimates
Let us choose positive constants a and r and define the set
B(r,a) = {u€ AC™ [0, T] : u fulfils (2.16) and (2.24)} (2.23)
where
(=) Pu™(t) > a(T —t)" for ae. te[0,T]. (2.24)

The next two lemmas are devoted to the study of the set B(r,a). The
results obtained in this part will be used in the proofs of existence results for
auxiliary regular problems.
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Lemma 2.2. There exists ¢ > 0 such that the inequalities
uD(t) > ct™™ 7 for 0<j<p-—1, (2.25)
(=1)PuD () > (T —t)"™ 7 for p<j<n-—1, (2.26)
are true for t€[0,T] and each u€ B(r,a).

Proof. Put

(r+1)(r+2)...(r+n)

Then, integrating inequality (2.24) and using condition (2.10), we get step
by step that (2.26) holds on [0,7] and that

u0I(E) 2 (T = (T =) ) for te(0,T], 227

Set v =7r+n—p+1 and consider the function ¢(t) =T" — (T —1t)" —t”
on [0,7]. Since v > 2, ¢(0) = ¢(T) = 0 and ¢ is concave on [0,7],
we have ¢ > 0 on (0,7) and thus T Ptl — (T — ¢)rtn=pFl 5 gren=p+l
holds on (0,7"), which together with inequality (2.27) yields

u?V(t) > ct™ P for te0,T]. (2.28)

Now, using (2.16) again and integrating (2.28)), we successively obtain in-
equality (2.25) for ¢€[0,T]. O

Lemma 2.3. Let functions h and w;, 0<j<n—1, have the properties
given in condition (2.18)). Then there exists a positive constant S such that
for each function w€ B(r,a) satisfying

(-1 u(e) < At + Y O 0]) + Yl (1) +,(wP @) (229)

for a.e. t€0,T], the estimate
[u" Ve < S (2.30)

18 valid.
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Proof. Given a function w € B(r,a) which satisfies (2.29) a.e. on [0,7T], we
put p = ||u" V| ,. Then we integrate the inequality

D) < p for te0,T),
and due to condition (2.16) we successively get
[uD| < pTm71 0<j<n-—2 (2.31)

Further, we integrate (2.29) over [t,T] C [0,7] and in view of (2.31) we see
that the inequality

T n—1
p< / h(t,n+p ZT"—H> dt
0 e
n—1 T n—1
—i—Z/ wj(|u(j)(t)|)dt+Tij(1)
j=0 "0 j=0

holds. In order to find S fulfilling inequality (2.30) we need to estimate the
integrals

;

(2.32)

\

T
/O o (W@ dt, 0<j<n—1.

For this purpose we distinguish two cases.

Case 1. Let 0 < j <p—1. Then, by Lemma 2.2, there exists ¢ > 0 such
that

/0 (|29 (8)]) dt < /0 (et df = /0 (e Ty (2.33)

r+n—j

where ¢ = ¢. Therefore

/ i(Jul? (1) dt<—/ w; ("I dt =: O

Case 2. Let p < j<n—1. Then, by Lemma 2.2/ and inequality (2.20),

T T T
| estwnars [Cwem—noya= [werra-c;
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that is, (2.33) holds for p < j <n—1, too.
After inserting (2.33)) into (2.32) we obtain

p < /OT h(t,n+ pV) dt—i—i[(]j + T w;(1)], (2.34)

where V' is given in assumption (2.18). Since

1 T
lim sup —/ h(t,Vv)dv < 1
0

V—00 v

by our assumption, there exists a positive constant S such that
T n—1
/ h(t,n+ Vo) dt + ) [Cy+Twi(1)] < v
0 .
7=0

whenever v > S. This together with (2.34) shows that p < S, which proves
inequality (2.30). O

Approximate regular problems

Let S be the positive constant from the assertion of Lemma 2.3. For
meN, 0<j<n-—1 and veR, put

p;=1+8ST" 7! (2.35)
and
Lsigno if |u| < L,
oi(E0) =< it L <o <pj,
pj signv if p; < |v].

Let f* denote the extension of f onto [0,7] x (R\ {0})" as an even
function in each its space variable z;, 0<j <mn—1, and for a.e. t €0, 7]
and for all (zg,...,z,-1) €ER", meN, define an auxiliary function

fn(tsxo, .. xn1) = (8, ao(i, ), .- - ,an_l(%, Tn_1))- (2.36)



2.2. Space singularities 33

Consider the sequence of regular differential equations
(=) Pu™ = f.(t,u,... u"Y) (2.37)
depending on m € N.

Lemma 2.4. Let assumptions (2.17) and (2.18) hold, let B(r,a) be given
in (2.23) and let S be from Lemma 2.3. Then, for each m €N, problem
(2.37), (2.16) has a solution u,, € B(r,a) and

[u V| < S. (2.38)

Proof. Fix an arbitrary m € N. Assumption (2.17) and formula (2.30) yield
fm € Car([0,T] x R™). Put

gm<t) = Sup{lf*(t>$07 s wxnfl)’ : % S |x]‘ S Pi> 0 Sj S n— 1}7
where p;, 0<j<n-—1, are given by (2.35). Then g, € L1[0,7] and
| fm(t, oy .o Tn—1)] < gm(t) for a.e. t€]0,7T] and all (o, ...,x,-1) ER".

Since the problem (—1)""?u(™ =0, (2.16) has only the trivial solution, the
Fredholm type existence theorem implies that problem (2.37), (2.16) has a
solution wu,, € AC" 1[0, T]. Further, by assumptions (2.17) and (2.18), we
see that the inequalities

a(T—1t)" < fu(t, o, ..., Tn_1), (2.39)

n—

fnltszosas) < (et Y Jal) + 3l + el (240

j:
are satisfied for a.e.t€[0,7] and all (xo,...,z,-1) €R". Notice that in-

equality (2.40) follows from the relations
o5 G )| < Tyl wilos (s 25)]) < wi(1) +wjllagl), 0<j <n—1,

1
m

and the facts that h is nondecreasing in the second variable and w; is

nonincreasing. In view of (2.39) we have w,, € B(r,a) and therefore from

(2.40) and Lemma 2.3, we conclude (2.38)). O

Existence results

First, we consider the singular (p,n—p) right focal problem (2.15)), (2.16))
with 1 <p<n-—1.
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Theorem 2.5. Let assumptions (2.17) and (2.18) hold. Then there ezists
a solution uwe AC" Y0, T] of problem (2.15), (2.16) such that

u) >0 on (0,T] for 0<j<p-—1,
(2.41)
(=149 >0 on [0,T) for p<j<n-—1.

Proof. According to Lemma 2.4 for each m € N problem (2.37), (2.16) has
a solution wu,, € B(r,a) satisfying inequality (2.38) where S is a positive
constant independent of m. By Lemma 2.2 there exists ¢ > 0 such that for
meN and t€[0,7] we have

ud (t) > ctmHnI for 0<j<p-—1, (2.42)
(=1 Puf(t) > (T =)™ for p<j<n—1 (2.43)

Condition (2.16)) and inequality (2.30) yield
[uf e < ST < pj, 0<j<n—1 (2.44)

Here p; is defined in formula (2.35). We now show that the sequence
{fm(t,um(t), ... ,ufg_l)(t))} is uniformly integrable on [0,7]. By assump-
tion (2.17) and inequalities (2.40)), (2.42))— (2.44) we have

0 < frnlt, (), ..., u™ D)) < h(t,n+ SV) +q(t) + niwj(l) (2.45)

for a.e. t€[0,7] and all meN, where

p—

Ctr-{—n j E :wj _ r—&—n—])'

q(t) = A

Put ¢; = /¢ for 0 <j<n—1. Then

/ t)dt = Z / (I dt+z / ST dt.
0 im0 G 5 Ci

By assumption (2.18), the functions h(t,n + V' S) and w;(t""7), 0 <
j <n—1, belong to L1[0,7]. Therefore h(t,n+ SV)+ q(t) € L1[0,t] and



2.2. Space singularities 35

from (2.45) and Criterion A.1l it follows that {f, (¢, um(t),... ,uﬁff—l)(t))}
is uniformly integrable on [0,7]. Hence the first assertion in Theorem [1.7
guarantees the existence of a subsequence {u,,} of {u,} which converges
in C"10,7] to a function u€ C" '0,T]. Letting m’ — oo in inequalities
(2.42) and (2.43) (with m’ instead of m ) yields

ud (t) > et for 0<j<p-—1,
(1) Pu(t) > (T = )" for p<j<n—1

for +€[0,7] and so u satisfies inequality (2.41). We see that u') has
exactly one zero on [0,7] for 0 < j <n—1. Hence ue AC"'[0,T] and
u is a solution of problem (2.15)), (2.16) by Theorem [1.7. d

Substituting ¢t = T'—s in (2.15), (2.16) and using Theorem 2.5/ we obtain
the following existence result for the singular (n — p,p) left focal problem
(2.19), (2.20) with 1 <p<mn-—1.

Theorem 2.6. Let assumptions (2.21) and (2.22) hold. Then problem
(2.19), (2.20) has a solution uwe AC™'0,T] and

(=17 u >0 on [0,T) for 0<j<p-—1,
(=1)Pu) >0 on (0,T] for p<j<n—1. 0
EXAMPLE.  Let r>0, a;€ (0, 55=) for 0<j<n—1. Let c€ L[0,T],

a; € Loo[0,T], b; € L1]0,T] be nonnegative for 0 <j<n—1, 0<a <c(t)
for a.e. t€[0,7] and

T 1
Hdt < —
AVU 7

where 7(t) = max{b;(t) : 0 <j <n—1} forae. t€[0,7] and V is given
in (2.18). Then the differential equation

(=1)"* u™ = c(t) (T —t)" + 5 ( aj,(t) -+ b;(t) |u(j)|) (2.46)
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satisfies all assumptions of Theorem 2.5. Hence, for each pe{1,...,n—1},
problem (2.406)), (2.16) has a solution u€ AC™ 10,T] satisfying inequality
(2.41).

Bibliographical notes

Theorem 2.1 is new and represents the first result in literature for the exis-
tence of solutions of (1,7 —j) focal problems with time singularities. Theo-
rem 2.5 was adapted from Rachunkova and Stanék [159], also see Rachtunkova
and Stanek [163]. Existence results for positive solutions to singular (p, n—p)
focal problems are available in Agarwal [2], Agarwal and O’Regan [§], [9], [10]
and Agarwal, O’Regan and Lakshmikantham [15]. The paper [9] is the first to
establish the existence of two solutions. Further multiplicity results solutions
are established in [10]. The technique presented in [9] and [10] to guarantee
the existence of twin solutions to singular (p,n—p) focal problems combines
(i) a nonlinear alternative of Leray-Schauder type, (ii) Krasnoselskii’s fixed
point theorem in a cone, and (iii) lower type inequalities.



Chapter 3

(n,p) problem

Now we are concerned with the singular (n,p) problem
—u™ = fltu,,. .. ,u("_l)), (3.1)
u(0)=0,0<j<n—2, uP(T)=0,pfixed, 0 < p<n-—1, (3.2)

where n > 2, feCar([0,T]xD), DCR" and f(t,xo,...,2,—1) may be
singular at the value 0 of its space variables xzq,...,z, 2. Notice that the
(n,0) problem is simultaneously the (1,7 —1) conjugate problem discussed
in Chapter 4. For f positive, solutions of problem (3.1)), (3.2) have singular
points of type I at t = 0, T and also singular points of type II. We will work
with the following assumptions on the function f in (3.1):

(feCar([0,T] x D) where D = (0,00) x (R\ {0})" 2 x R

and there exist a positive function ¢ € L;1][0,7] and K > 0

such that (3.3)
() < f(t,xo, ..., 20 1) forae. t€l0,T]

and each (zg,...,7,1)€(0,K] x (R\ {0})" 2 x R,

(

n—1 n—2
0 < f(tmo, s wn1) < A(L D lasl) + D wi(lal)
j=0 =0

for a.e. t€[0,T] and each (xo,...,2,_1) €D,
where h € Car(]0,T] x [0,00)) is positive and nondecreasing
in the second variable

w; : (0,00) — (0,00) is nonincreasing, (3.4)
1 T n—1 tj
limsup—/ h(t,V(t)e)dt <1 with V() =) —
A = 4!
and

1
/ wi(s" 7 ) ds < oo for 0<j<n-—2
~Jo

37
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Auxiliary results Put

n—1 S n-p-l n—1
t <1——) —(t—s) for0<s<t<T,

1 T

G(t,s) = ——
(75) (n—l)! - s\ n—p—1
t 1_T for0<t<s<T.

Then G(t,s) is the Green function of the problem
—u™ =0, (3.2) (3.5)

(see e.g. Agarwal [I] or Agarwal, O’'Regan and Wong [21]).
Lemma 3.1. The Green function G(t,s) of problem (3.5) fulfils

G(T,s) >0 for s€(0,T) and for p >0, (3.6)
% S0 for (ts)€(0,T) x (0,T), (3.7)

and for 0 <j <min{p,n—2}, p>0.

Proof. Property (3.0) of G follows from the inequality

-5 03
T T

which is true for s€(0,7) and for p > 0. Further, let us suppose
0 <j < min{p,n — 2}

and prove inequality (3.7). We have

P (1= ) g

d'G(t,s) 1 for 0<s<t<T

o0 (=G =D | pujer (g _ )"
tna 1(1—T>

for 0<t<s<T

\

and therefore it is sufficient to show that

n—p—1 n—j—1
(1—%) ! >(1—§) " ofor 0<s<t<T. (3.8)
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Since the inequalities

s\ n—p—1 s\ n—p—1 s\ n—j—1
1—-) ><1——) >(1——>
( T t - t

are valid for 0 < s <t < T, inequality (3.8) is true. O

Lemma 3.2. Let ue AC"Y0,T] satisfy condition (3.2) and let
—u™() >0 forae tel0,T). (3.9)
Then, if p >0, we have

u(t) >0 for t€(0,T], 0<j<p-—1,

(3.10)
uP(t) > 0 for te(0,T)
and if p =0, we have
u(t) >0 forte(0,T). (3.11)

Proof. We will consider two cases, namely (i) p=n—1 and (ii) 0<p<n—2.
Case (i). Let p =n — 1. Then, by conditions (3.2) and (3.9), we have

T
0< —/ u™(s)ds = u™V(t) for te(0,T). (3.12)
t

Thus, integrating (3.12)) from 0 to ¢ and using (3.2)), we get step by step
u(t) >0 for t€(0,T], 0<j<n-—2 (3.13)
Inequalities (3.12) and (3.13)) give the assertion of Lemma [3.2.

Case (ii). Let 0 < p <mn — 2. Then, using the formula

u(t) = — /0 " Gt 5 u™(s) ds, (3.14)

we can see that the assertion of Lemma 3.2/ follows from (3.9) and from
Lemma [3.1. 0
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A priori estimates

The following three lemmas give a priori estimates from below for func-
tions satisfying conditions (3.2)) and (3.9). We consider the cases p =n — 1,
p=0 and 1 <p<n—2 separately.

Lemma 3.3. Let p = n—1 and let we AC"'0,T] satisfy conditions
(3.2), (3.9). Then the inequalities

) Ulloo i )
u?(t) > !,nHlt =L for te[0,T], 0<j<n-—2, (3.15)
are fulfilled.
Proof. Put
t\n—1
polt) = llull () for te0,T), (3.16)
Then po(0) = -+~ = p"2(0) = 0, po(T) = ||u]leo. By virtue of inequality

(3.10) we have ||ullooc = u(T). So, if h(t) = u(t) —po(t) for t€[0,T], then
h satisfies the boundary conditions h(0) = --- = h"=2(0) =0, h(T) =0,
and moreover

R (1) = u™(t) — p (1) = u™(t) < 0 for a.e. t€0,T).

Therefore Lemma [3.2/ (with h instead of w) gives h > 0 on (0,7), that
is

u(t) > po(t) for tel0,T]. (3.17)

Further, put

() =l () for te[0,7] (318)
P1 = ||U ||co T or s . .

Then pi(0) = - = p"™(0) = 0, pu(T) = ||t/||. Since |u/]lec = v/(T),
the function hy =/ —p; satisfies hy(0) =--- = A" 2(0) =0, hy(T) =0,

and moreover

R = ) plnmh — ™ <0 ace. on 0, T7].
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Thus, by Lemma 3.2 where we use h; and n — 1 instead of u and n,
respectively, we have hy >0 on (0,7, that is

u'(t) > pi(t) for te[0,T]. (3.19)
Similarly, for 2 < j7 <n —2 we put

pi(t) = ule (2)" and y(0) = u(0) ~ py(6) for 1€ [0,7)

Using Lemma 3.2 (with h; and n—j instead of u and n ), we get h; >0
on (0,7) and therefore

ull(t) > p;(t) for t€[0,7], 2<j<n—2. (3.20)

Now (3.16)— (3.20) together with the inequalities

09 > 14

- T] Y

1<j<n-2, (3.21)

give (3.15). O

Lemma 3.4. Let p=0 and let ue AC"Y0,T] satisfy assumptions (3.2),
(3.9). Then for 0<j <n—2 we have

p

tulloo pj
> T b ofor 0<t <&,
‘ [[ufloo
W) 2 T (6 1) for Gu<t<g, (3:22)
< el (& —1) for &<t<T
\— Tj+1 J J — —
with

0<&1<&a< - <HL<G<&H=T
| (3.23)
where & is a unique zero of u® in (0,T), 1<i<n—1.

Proof. In view of (3.2) and (3.11) we have u(0) = «w(T) =0, u >0 on
(0,T). Further, there is a unique & € (0,7) such that u/(§;) =0 (otherwise
we would get a contradiction to inequality (3.9)). Similarly, in (0,7) there
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is a unique & < &_; such that u®(&) =0, 2<i<n—1. According to
(3.9) we get

u? >0 on (0,&), u? <0 on (&7T], 1<i<n-—1. (3.24)
Hence

u® is concave on [€;49,T] and convex on [0,&40], 0<i<n —2, (3.25)

where &, = 0. Let us prove inequality (3.22) for j = 0. Put

n—1
polt) =l (£) for tefn&l
&

Then po(0) = -+ = p("(0) = 0, po(&r) = [jullse. Since [Juflo = u(&),
the function h = w — py fulfils the boundary conditions h(0) = --- =
h"=2(0) =0, h(&) =0, and h(™(t) <0 for a.e. t€[0,£]. Therefore, by
Lemma [3.2] (where we use h and &; instead of w and 7' ), we deduce that
the inequality h > 0 holds on (0,&;), which gives

u(t) > %—Hfft“l for t€0,&]. (3.26)

By property (3.25), u is concave on [&,T] C [&,T]. Thus u(t) > u(fl)TT:é
for te€[&,T] and therefore

[l
T
Estimates (3.20) and (3.27) lead to inequality (3.22) for j = 0.

u(t) >

(T —t) for te(&,T). (3.27)

For 1 <j<n—2, weput

pi(t) = U(j)(§j+1)< t

5_+1>nj1 and h(t) = w9 (t) — p;(t)

on [0,&41]. Since
W(E) = 0o > 10y < jcn (3.28)
we get as before

w9 (t) > ltlloe poyr g, te[0,&44]. 3.29
Tn-1 J
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Further, using (3.25), we see that u'9) is concave on [¢;41,T] C [£j42, 7).
Hence

u?(t) > u (&) St >0 for tel, &,
& — &
(3.30)
uO(t) < u (g1) =2 <0 for telg, T
& — &
Due to estimate (3.28)) the above inequalities yield
[u?(t)] > [l & —t| for te€[,T) (3.31)
= i+t J J+1 . .
Estimates (3.29)— (3.31) imply (3.22) for 1 <j <mn—2. d

Lemma 3.5. Let 1<p<n—2 and let ue AC"0,T] satisfy (3.2), (3.9).
Then, for 0<j<p—1, inequality (3.15) is true and for p<j<n—2, in-
equalities (3.22) are valid on [0, T] with 0 <&,—1 <&n—a< ... <&1 <& =T,
where & is a unique zero of u¥ in (0,T), p+1<i<n—1.

Proof. For 0 < j <p—1 we use the arguments of the proof of Lemma 3.3
and for p < j <n —2 we argue as in the proof of Lemma 3.4, U

For the proof of solvability of problem (3.1), (3.2) we will need the fol-
lowing results.

Lemma 3.6. Let ¢ € L1[0,T] be positive. Then there is a positive constant
c=c() such that for each function uwe AC" 10, T| satisfying (3.2) and

Y(t) < —u™(t)  for ae. t€[0,T] (3.32)

the estimate ||ul|s > ¢ holds.

Proof. Let G be the Green function of problem (3.5). There are two cases
to consider, namely (i) 1 <p<n-—1 and (ii) p=0.

Case (i). Suppose 1 <p <n—1 and define a function ® by the formula

G(t,s)

tn—l

O(t,s) = for (t,s)€(0,T] x (0,T).
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By Lemma 3.1}, the function ® is continuous and positive on (0,77 x (0,T).
Further, for any sé€ (0,7) we have

oGt n—p-1
______X_Lfl — (1 _.Ei> > 0.
ot lt,)=(0,s) T

Choose an arbitrary s€ (0,7"). Then

1 0" 'G(t,s) 1 s\l
lim ®(t, 5)= : = (1-%) " >o
tmor (t.5) (n=1)!  ot»=1 l(te)=0,s) (n—1)! T

which means that for any s€(0,7) we can extend ®(-,s) at t=0 as
a continuous and positive function on [0,7]. Thus the function

F(t):/o O(t,s)(s)ds

is continuous and positive on [0,7], too. Therefore we can find d > 0 such
that F(t) > d on [0,7]. Then

u(t) = — /0 G(t, s) u™ (s) ds > /0 G(t, 5) v(s) ds

T
=" / OO yisyas == Pty = 17 for 1e[0,7].
0

tn—l

This implies ||ulloo = w(T) >T"1d=c.

Case (ii). Let p = 0. Define the function
G(t, s)
tr=1 (T —t)
In view of Lemma 3.1, & is continuous and positive on (0,7") x (0,7"). For

any s€(0,7) we get

O(t,s) = for (¢,5)€(0,7) x (0,7).

1 s\
lim ®(t,) = 7 (1= 7)) >0
Jim (1, 5) T(n—1)! T g
and
| 1 9G(t,s)
lim ®(¢,s) = —
t_l)I:IIl (t,s) Tn—1 ot (t,8)=(T,s)

~~rgl(-7) -(-7)" >0
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which means that for any s€(0,7) we can extend ®(-,s) to [0,7] as
a continuous and positive function. Further we can argue as in Case (i). O

Lemma 3.7. Let a>0, K >0 and let the function ¢ € L1[0,T] be positive.
Furthermore, let the functions h, wj, (0 <j <n—2) have the properties given
in assumption (3.4). Then there exist constants r >0 and o€ (0, K] such
that for each function uwe AC™ 10, T] satisfying (3.2),

—u™(t) < a+ h(t, n+ z_: |u? (t)|> + iwj(|u(j>(t)|)

(3.33)
for a.e. t€[0,T]
and
lulloo < K = (t) < —u™(t) for a.e. te(0,T], (3.34)
the estimates
|u Voo <7 and ||ullos > a (3.35)
are valid.

Proof. Let ue AC"!0,T] satisfy conditions (3.2), (3.33) and (3.34). Let
|t|l.o < K. Then, by (3.34) and Lemma 3.0, there is a positive constant
c = c¢(¢) such that |Julle > ¢. Otherwise we would have ||uljo > K. If we
put « = min{c, K}, then the second inequality in (3.35) is satisfied.

In order to prove the first estimate in (3.35) we put ||u™ Y|/, = p. Then
—p < u™ () < p on [0,T] and if we integrate this inequality from 0 to
t€(0,7] and use (3.2)), we get step by step

tn—j—l
(n—j—1)!
Lemmas 3.4 and [3.5 guarantee the existence of a unique zero &,_; of ul

with &,.1€(0,7) for 0 < p <n-—-2 and &, =T for p =mn—1.
Integrating inequality (3.33) from t to &, 1 gives

\u(j)(t)\ <p for t€]0, 7], 0<j<n-—1. (3.36)

n—1)

En—1 n—1

0<u™ V) <a(&q—1t) +/

t
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for t€0,&,-1). If p<n—1 and thus &,_; < T, we integrate (3.33) from
&1 to t and get

t n—1
0< —u™ D) <a(t—Ey) +/ h(s,n +y |u<j>(s)\) ds
§n71 j:()
+ Z/ i(Ju (s)]) ds
£7L 1

for t€(&§,-1,7]. Hence the inequality

t n—1
W V)| < aT + ’/ h(s,n+ > |u(j><8)|> ds‘
En—1 =0

is true for t€[0,7], and consequently (see (3.30))

T
pgaT+/ ht,n +V(t) dt+z/ ([ (#)]) dt (3.37)
0
where V' is given in (3.4). We now estimate the integrals

T
/ wi(lu @) dt, 0<j<n—2
0

We will consider three cases.

Case (i). Let p=n —1. Then, by Lemma 3.3, for 0 < j <n —2 we have

w;(|[u(#)]) < w; (!ﬂujoft” J= 1) for ¢t e (0,77.

Thus

w;(Ju()]) < wj((e;t)" 71 for t€(0,T),0< 5 <n—2, (3.38)
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where c?_j ! = T, Inequality (3.38) implies

[ o t<—/ (") ds = B,
0

and therefore we have

T
/ wi (U (B dt < B, 0<j<n—2. (3:39)
0

Case (ii). Let p = 0. Then, by Lemma [3.4]

, wi((c; )71 for 0 <t <¢
wi (luD (1)) < (e ) (3.40)
wi(k;lg —t])  for & <t <T

for 0 <7 <n—2, where
c?_j_l =aT"", kj=al 7! (3.41)

and &; fulfils relation (3.23). Therefore

T
| wrtu ) o
0
€i+1 . & T
<[ ety atn [ w6 - s dt [ wslhs - ) de
0 Eit1 &j
1 (ki (Ej—§j+1) (T— 5]
§Bj-|——/ d3+—/ s)ds < Bj + Cj.
k; Jo
with C; = 2 Ok ij(s) ds. Consequently, for 0 < j <n —2 we have
T .
0

Case (iii). Let 1 < p < n —2. Then, for 0 < j < p—1, we have es-
timate (3.39) and, for p < j < n — 2, estimate (3.42) holds where ¢;
(p+1<j<n-—1) are from Lemma 3.5.
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In view of (3.37), (3.39) and (3.42) we deduce that in all the above three
cases

p < /OT h(t,n+V(t)p)dt+ D (3.43)

where D =aT + Z;-:g (B; 4+ Cj). Since, by our assumption,

1 /7
lim sup — / h(t,V(t)p)dt < 1,
0

p—oo P
we have
1 (T
limsup — / h(t,n+V(t)p)dt <1
p—oo P Jo

and consequently there exists r > 0 such that
T
/ h(t,n+V(t)n)dt+ D <n
0

whenever 7 > r. Then inequality (3.43) gives p < r, which proves the first
inequality in (3.35) since p = [|u™ Y| . 0

Approximate regular problems

The main result on the existence of a solution of problem (3.1)), (3.2) will
be proved by Theorem [1.7. To this end we consider a sequence of regular
problems constructed by the following procedure. Let K > 0,v¢,h and
wj, 0 < j < n—2, have the properties given in assumption (3.3) and
3.4), a= Z?;g w;(1) and let positive constants r and « be taken from
Lemma [3.7. Put

po=1+rT" '+ K, p=1+rT""1 1<i<n-1,
T for |z| < o, .
oi(x) = 0<1<n—1
pi signz  for |z| > p;,
and, for 0 < ¢ < po,
c for =z <e,
oy(c,x)=<qx for c<a<pg

po for py < .
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Choose m €N and use the function f from (3.1) to define an auxiliary
function h,, by means of the following recurrent formulas for a.e. ¢t € [0, 7T
and all (zg,...,x,-1) €D

hamo(t, To, . 2ne1) = f(t, 20, .., Tno1),
Pomi(t, Toy - oy Tpt)
(P 1 (t, 20+ T1) if |2;] > %,
B e tro, o min R s (e
—hmic1(t, o, ... i, —%, Tit1yeey Tno1) (xl_%)]
( if |x;] < %7

for 1<i<n-—2, and

hn(t, 20y« oy Tpe1) = hn—o(t, Toy . . o, Tpo1).
Now, for a.e. t€[0,7] and all (xg,...,z, 1) ER™ put

Jm(t o, pe1) = B (E, 05(, 20), 01(21), - - -, Ot (To1)). (3.44)
Then, by conditions (3.3) and (3.4), f,, € Car([0,7] x R") and we have

{w(t) < fult, 2o, ... Tn1)

(3.45)
for a.e. t€[0,7] and each (xzg,...,x,-1) ER", 1z < K

and
’0 < fm(t, oy .- ,.Z'n_l)

<> w ) h(tn+ Y layl) + 3 wi(la) (3.46)

j=0

| for a.e. t €0, and each (zo, ..., 2,-1) € (R 01" ! x R.

for m>mg> 5. Inequality (3.46) follows from the fact that
loi(z:)| <|xg| for 1<i<n—1,
|06 (o 20)| < 1+ |wol,  05(55,20) = 0o(wo0)

and
wi(loi(x)|) < wi(|xi]) + wi(1), 0 <i <n—2.
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Consider auxiliary regular equations
—u™ = fo(tu,. .., u"Y) (3.47)
where m > my.

Lemma 3.8. Let assumptions (3.3) and (3.4) hold. Then for each m €N,
m > mg, problem (3.47),(3.2) has a solution u,, € AC"'0,T], the se-
quence

{fn(t (1), - ul ™ (6) binzm (3.48)

is uniformly integrable on [0,T] and there exists a positive constants r such
that

[u V| <7 for m > my. (3.49)

m

Proof. Choose meN, m > my and put

—

gm(t) = sup f<t7$07 s axn—l) :

IN

= <0< po, & <ol <pi (0<i<n—2), [2,] < pnfl}-
Since f € Car([0,T] x D), we have g, € L1[0,7] and
Jm(t,zo, ... xn_1) < gm(t) for ae. t€1]0,T] and all (zo,...,x,-1) ER".

Since the homogeneous problem —u(™ = 0, (3.2) has only the trivial solu-
tion, the Fredholm type existence theorem guarantees the existence of a so-
lution u,, € AC" 0,T] of problem (3.47), (3.2). By virtue of (3.45) and
(3.40), Lemma [3.7 gives

[ul Ve <7, Ntimlloe > o, m > m, (3.50)

where r and « are positive constants taken from Lemma 3.7. Condition
(3.2) and the first inequality in (3.50) yield

[ul ™o <717 < pujoy, 0<j<n—1 (3.51)

It remains to verify that the sequence (3.48)) is uniformly integrable on [0, T7].
By inequality (3.40),

0 < frnltsum(t), ..., ult™D(t))
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for a.e. t€[0,7] and all m > my. From the inequality (see (3.51))

n—1 n—1
(7) j
0< h<t’n+;|un]z (t)|> < h(t,n+rjz:;Tj>

and from h(t,n 4+ r3.""  T9) € L1[0,T] we see that the sequence (3.48) is

J:
uniformly integrable on [0, 7] if the sequences

{w; (U )Y mzme, 0<j<n—2, (3.52)

have this property. We will distinguish three cases, namely p=n—1, p=0
and 1 <p<n-—2

Case (i). Suppose p = n — 1. Then Lemma 3.3 and the second inequality
in (3.50)) give

u%)(t) > Tn_ltn*jfl for te [O’T]’ 0<53<n—-2,m2>my. (353)
Hence
. o
wi(lu$ () < wilg =t Y

and since
1
/ wj(s”’j’l)ds <oo for 0<j<n—2
0

F

by assumption (3.4), the sequences in (3.52) are uniformly integrable on

[0,T] by Criterion A.4.

Case (ii). Suppose p=0. Let &, denote the unique zero of ugﬁ), 1<i<n—1,
in (0,7). Then, by Lemma 3.4 and inequality (3.50),

0< Sn—l,m < gn—Q,m <o < 52,m < gl,m =T (354)
and
> Lt”_j_l for 0 <t<¢&;
— Tn-1 =t =6&j+1m
. o
W) 32 g G — 1) for Gram <t <& (3.55)
o
S T (&m — 1) for &m<t<T
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for 0 <j<n-—2, m>mgy. Hence for these ;7 and m we have

. et for 0<t<E&im
ud (1) > § 7 ST= G, (3.56)
cjl&m —t] for §uim <t <T
where
c; = a min{T"" T} (3.57)
Since

1
/wj(s”jl)ds<oo for 0<j<n—2
0

by assumption (3.4), Criterion [A.4 guarantees that the sequences in (3.52)
are uniformly integrable on [0, 7.

Case (iii). Suppose 1<p<n—2. Then, by Lemma 3.5 and inequality (3.50),

ul?) has a unique zero &, in (0,7) for p+1<i<n-—1,

0< Sn—l,m < gn—Q,m < < gp—i-l,m < gp,m = T,

uld) (t) >

m

t" 7t for t€[0,T], 0<j<p—1, m>my

Tn—l

and inequality (3.55) holds for p<j<n—2 and m>mg. Now applying
arguments from Case (i) for 0 <j <p—1 and from Case (ii) for p<j<n-—2,
we can verify that the sequences in (3.52) are uniformly integrable on [0, 7.

Summarizing, we have proved that the sequences in (3.48) are uniformly
integrable on [0, T7. O

Main result

Theorem 3.9. Assume that assumptions (3.3) and (3.4) hold. Then there
exists a solution ue€ AC"0,T] of problem (3.1)), (3.2) such that

u >0 on (0,T] if p>1 and 0<j<p—1 (3.58)

and
u® >0 on (0,T). (3.59)
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Proof. By Lemma 3.8, for each meN, m > mgy > %, there exists
a solution wu,, € AC" 10,T] of problem (3.47), (3.2) satisfying inequality
(3.50), which means that {u,}m>m, is bounded in C™"7*0,T] and the se-
quence (3.48) is uniformly integrable on [0,7], which further implies that
uln “Nmsme is equicontinuous on [0, T]. Thus, by the Arzela-Ascoli theo-
rem, we can assume without loss of generality that {um, }m>m, is convergent

in C"10,7T] to a function ue C™ 1[0, T].

We now prove that the function ©9) has an at most finite number of zeros
on [0,7] for 0 < j <n—2. Then u€ AC" [0, T] and wu is a solution
of problem (3.1)), (3.2) by Theorem [1.7 since the function f in (3.1) has no
singularity in its last space variable. Let p = n —1. Then (3.53)) is true and
letting m — oo in (3.53) we obtain

wd) (t) > T gn—i=1
From this inequality and from condition (3.2)) we see that 0 is the unique zero
of u for 0<j<n—2. Let p=0. Then (3.56) holds for 0<j <n—2 and
m > my where ¢; is given in (3.57) and &, ,, denotes the unique zero of u,(fl)
in (0,7) (0 <i<n—1). Thelocalization of ¢ ,, is givenin (3.54). Passing
if necessary to subsequences, we can assume that {& ;,}m>m, IS convergent;
let lim,, o0& =&, 0<i<n—1 Letting m — oo in inequality (3.50)
yields

te[0,T), 0<j<n-—2. (3.60)

. c;it" 7L for 0 <t <&,
@) >4 T o<j<n—2 (3.61)
cjl§ —t| for & <t < T,

This and condition (3.2) show that u() has at most two zeros in [0, 7] for
0 <j<n-—2 Finally,let 1 <p < n—2. In this case we can show that
the inequality in (3.60) holds for ¢t€[0,7] and 0 < j < p—1 and that
in (3.61) for t€[0,T] and p < j <n —2. Therefore u) has at most two
zeros in [0, T] for 0 <j <n—2. Summarizing, we have proved that in all
the above cases u) has at most two zeros in [0,7] for 0 <j <n—2.

Finally, it follows from Lemma 3.2/ that »® >0 on (0,7) and if p >0
then from the inequalities in (3.60) for t€[0,7] and 0 < 7 < p—1 we
conclude that u) >0 on (0,T] for these j. O

EXAMPLE. Let v, 6, 5;,€(0,1), 0<a;< ﬁ and let a; € Loo[0,7] and
b; € L1[0,T] be nonnegative for 0 < j <n—2,0 <i <n—1. Then, by
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Theorem 3.9, the differential equation

—u n—2 n—l
) = s (7) ) T8
u ty (T—t)5 +j;0 "u/(j)’aj —l—;bl(t)‘u

has a solution u € AC™[0,T] satisfying the boundary conditions (3.2) and
inequalities (3.58), (3.59).

Bibliographical notes
Theorem 3.9 was adapted from Agarwal, O’Regan, Rachunkova and Sta-
nek [16].

Singular (n,p) problems were considered by Agarwal and O’Regan in [9],
[10] and Agarwal, O’Regan and Lakshmikantham [I5]. In [9] and [10] the ex-
istence of two positive solutions in the set C"1[0,1] N C™(0,1) was proved
for the differential equation

u™ (1) f(t,u) = 0,

where ¢ € CY(0,1)NL41[0,1] and f € C°([0,1]x(0,00)) are positive. The pa-
per [15] dealt with the differential equation

u™ 4+ o) f(t,u,..., uP") =0,

where ©€C?(0,1) N L1[0,1] and feC°([0,T] x (0,00)P) are positive. By
a combination of regularization and sequential techniques with a nonlinear
alternative of Leray-Schauder type, the authors proved the existence of a so-
lution € C"10,1]NC™0,1) with u) >0 on (0,7] for 0 < j <p—1.
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Conjugate problem

Let p be apositive integer, 1 < p < n—1. Consider the (p,n—p) conjugate
problem

(—=1)Pu™ = f(t,u, ... ,u"D), (4.1)

uD(0)=0, 0<i<n—p—1, u9(T)=0, 0<j<p—1, (4.2)

where n >3, feCar([0,7]xD), D CR" and f may be singular at the
value 0 of any of its space variables. Replacing ¢t by T —t if necessary,
we may assume that p—1<n—p—1, that is

-1
pe{l,...,g} for n even and pe{l,...,nT} for n odd. (4.3)

We observe that the larger p is chosen, the more complicated structure
of the set of all singular points of any solution to problem (4.1), (4.2) and
its derivatives is obtained. This fact will be shown in Lemmas 4.1/ and 4.2.
We note that if f is positive then all solutions of problem (4.1), (4.2) have
singular points of type I at ¢t = 0 and ¢t = T and also singular points
of type II. Problem (4.1), (4.2) with p = 1 is the (n,0) problem which
was considered in Chapter 3 devoted to the (n,p) problem. We assume
that n > 3 since problem (4.1)), (4.2) for n = 2 is the Dirichlet problem
discussed in Chapter 7.

We will use the following assumptions:

feCar([0,T) x D) where D = (0,00) x (R\ {0})""! and
there exists ¢ > 0 such that
c< f(t,iﬂo,. .. axnfl)

for a.e. t€[0,7] and all (z,...,x,-1) €D,

(4.4)

95
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(he Car([0,T] x [0,00)) is positive and nondecreasing in its

second variable and

™ —1 4.5
1 [T 1 it T#1, ( )
limsup—/ ht,2)dt < —, K={ T—1
z—oo < Jo K .
L n it T=1,
(w; : (0,00) — (0,00) is nonincreasing and
X 1 ‘ (4.6)
/ wi(s"7)ds <oo for 0<j<n-—1,
\ 0
( n—1 n—1
Pt 30, i) < (63 [ayl) + S wi(la)
7= =0 (4.7)

for a.e. t€[0, 7] and all (zo,...,z,-1) €D,

(where h and w; satisfy (4.5) and (4.6)

Localization analysis of zeros to solutions

Let f satisfy assumption (4.4), that is, f may be singular at the value 0
of any of its space variables and f > ¢ >0 on [0,7] x D. Then all singular
points of any solution of problem (4.1)), (4.2) and its derivatives coincide with
zeros of this solution and its derivatives. The localization analysis of zeros
of solutions to problem (4.1)), (4.2) and their derivatives up to order n — 1
can be studied by localization analysis of zeros of solutions to the differential
inequality

(=1 u™(t) >c>0 (4.8)
satisfying the boundary conditions (4.2). Define

B={uc AC" 10, T]: u satisfies (4.2) and (4.8) holds for a.e. t €[0,T]}.

Lemma 4.1. Let ueB andlet p=1. Then u >0 on (0,7) and u"
has precisely one zero on (0,T), 1<j<n-—1.

Proof. The assertion follows immediately from Lemmas 3.2 and 3.4l U
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Lemma 4.2. Let ueB, p>2 andlet (4.3) hold. Then

i) w>0 on (0,7),

(ii) u™® has precisely k zeros in (0,T) for k=1,...,p—1,
(iii) u®™ has precisely p zerosin (0,T) for k=p,...,n—p,

("=k) " has precisely k zeros in (0,T) for k=1,...,p— 1.

(iv) u
Proof. The proof is divided into three steps.
Step 1. Lower bounds for zeros.

By (4.2) we see that ' has at least one zero ¢\ in (0,7). Hence
uw'(0) = u’(tgl)) = u/(T) = 0, which implies that «” has at least two zeros
th),tg) in (0,7, t§2) < t§2), and consequently (if p > 3)

u’(0) = u' (1) = " (1Y) = u"(T) = 0.

By induction we conclude that u®, k=3,...,p—1, has at least k zeros
t9 W i (0,7), 0<t® <o <™ < T and, by (1.2) and (4.3),
u® ) = u® Py = =B EP) =BTy =0, k=3,... p—1

Therefore uP) has at least p zeros in (0,7). Now we will distinguish two
cases: (a) p< g and (b) p= 3.

Case (a). Let p < 5. Then p<n—p—1 and, by (4.2),
u0)=0, j=p,....n—p—1.

Therefore u®) has at least p zerosin (0,7) for k=p+1,...,n—p.

Case (b). Let p =% (clearly n is even in this case). Then p=n —p and

u™P) has at least p zeros in (0,T).

We have shown that in both cases u("™?) has at least p zerosin (0,T).
Since for u(™ % k=1,...,p—1, we cannot use (4.2) any more, we deduce
that u(™*) has at least k zerosin (0,T) for k=1,...,p—1. In particular
u™Y has at least one zero in (0,7).

Step 2. Ezact number of zeros.

By inequality (4.8), u™~Y is strictly monotonous on [0,7] and hence it
has precisely one zero in (0,7). Therefore, by Step 1, u"* has precisely
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k zeros in (0,7) for 2 < k < p—1 and u® has precisely p zeros in
(0,7) for p <k <n —p. Similarly, u®¥ has precisely k zeros in (0,7)
for 1<k <p-—1 and w has no zero in (0,7). We have proved that the
statements (ii)— (iv) are true.

Step 3. Positivity of u .

Denote by tgk) the first zero of u® in (0,7), 1<k <n—1. Inequality
(4.8) implies that (—1)?u™ ) <0 on [0,¢" ") and hence (—1)P u("~2 > 0
on [0,t""?). Therefore (—1)P*u >0 on [0,t{"7) for j=3,...,p.
In particular, we have u™ >0 on [0,¢"™")), wherefore, by virtue of (4.2),
we obtain u®*) >0 on (O,tgk)), 1<k <n-—p-—1, and consequently u > 0
on (0,7). O

Our next result provides estimates from below of the absolute value
of functions w € B and their derivatives up to order n — 1 on the interval
[0,7]. These estimates are necessary for applying Theorem [1.7 to problem
(4.1), (4.2) with f satistying assumption (4.4).

Lemma 4.3. Let u€ B and let (4.3) hold. Then for each i€{1,...,n—1}
there are p;+1 disjoint intervals (ay,ags1), 0 <k <p;, p; < (n—1)p such
that

pi

Ulax, ara] = 0,71 (4.9)

k=0

and for each k€ {0,...,p;} one of the inequalities
™9 (¢)] > Z,E'(t— ar) for t€|an, apsi] (4.10)

or
—i ¢ i
[ (1) > ﬁ(akﬂ —t)" for te€|ag, agi] (4.11)

15 satisfied.
Proof. Let tgj) be zeros of w9 in (0,7), 1 < j <n —1, described in
Lemmas 4.1/ and 4.2, Integrating inequality (4.8)) yields
(1) um=D() > e ("D — ) for teo,t" ],
(4.12)
(=) um=D(t) > c(t — ") for et 1.
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Now, integrating the first inequality in (4.12) from ¢€ [o,ti"‘z’) to tg”_2)

gives

n— c n—1 n—1 n—2 & n—2
(0P () = o [ =0 = (Y =P 2 Y 02

Hence, we get by such procedure that

[ (1) u (1) > % P — 02 fortefo, "),
(P 2 S =P for te [0,
(Pt 2 g (0 o) for b [0 "
| DI 2 S - for e[0T,
Let us choose i€{l,...,n — 1} and take all different zeros of functions

u™ D u™) ) which are in (0,7). By Lemmas 4.1 and 4.2, there is
a finite number p; < (n—1)p of these zeros. Let us put them in the natural
order and denote by ay,...,ap,. Set ag =0, ap,+1 =T. Thus we get p;+1
disjoint intervals (ag,ax+1), 0 <k < p;, satisfying (4.9).

If ¢ =1, then for a; = tﬁ”‘” and ay =T we get by (4.12) that

WD) > c(ag —t) for t€[ag,a]

and
V()| > c(t —ay) for t€[ar,as).

If i =2, we put tﬁ””’ = a, tg"il) = ay, tgnﬂ)

inequality (4.13)) gives (4.10) or (4.11)).

=asz, T = a4, and then

If i>2 and we integrate the inequalities in (4.13) (i —2)-times, we
get that on each [ag,ars1], K€ {0,...,p;} either (4.10) or (4.11) has to be
fulfilled. U

Existence result

In order to prove the main result (Theorem 4.7) we will need the following
three lemmas.
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Lemma 4.4. Let conditions (4.3) and (4.0) hold. Then there exist constants
A; >0,0<7<n-—1, such that for each u€ B the estimates

T
[ ettonar< 4, osisa-1, (4.14)
0

are satisfied.

Proof. Let ueB and let 1€{0,...,n — 1}. By Lemma /4.3 there exist
pi + 1 disjoint intervals (ag,ax+1), 0 <k <p; p; <(n—1)p, such that
(4.9) and either (4.10) or (4.11) are satisfied. Since w; is nonincreasing,
inequalities (4.10) and (4.11)) give

Pi k41
/wl(\u(z ) dt = Z/ w; (Ju?(8)]) dt

< pz [/+ “’i<(n - - )" ™) de

k=0 V%%

+ /a . w(ﬁ (apsr — t)"‘i> dt].

If we put ¢; = ((nfi)!)l/("_i), we have

T ) 2 . CiT ) _ 1 CiT )
/0 wi([u® ()]) dt < Di /0 wi(s" ") ds < M/o wi(s"7") ds.

C;

Hence inequality (4.14) holds with
o 1 c;T ]
C; 0

and, by assumption (4.6), A; <oo for 0 <i<n-—1. O

Lemma 4.5. Let conditions (1.3)) and (4.0) hold and let {u,,} CB. Then for
0<i<n—1 the sequence {wl(|u7(f@) (O)])} is uniformly integrable on [0,T].
Proof. Let i€{0,...,n — 1}. Then, by Lemma 4.3 there exist pp,; + 1
disjoint intervals (am g, @mi+1), 0 <k < pmiy Dmi < (n — 1) p, such that

Pm,i

U [am,ka afm,k—i—l] = [Oa T]a
k=0
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and for each k€{0,...,py,;} and meN one of the inequalities

. C —3
[ug) (8)] = (n— z‘)u(t = )"t for ¢ € [anp, am ]
or
. C —q
O 2 gy s =" for 4€ [t

is satisfied. Now the uniform integrability of {wz(\ugﬁ) (t)])} on [0,T] follows
from Criterion A.3. U

Lemma 4.6. Let conditions (4.3)), (4.5) and (4.0) hold. Then there ezists
a positive constant S > n such that for each we B satisfying

—

n—

(1) < bt + YD) + Sl (wPO) + (1) (415)

<
Il
o

for a.e. t€0,T], the estimate
|u||gn-1 < S (4.16)

holds.

Proof. Let weB. By Lemmas 4.1 and 4.2 and by condition (4.2) we find
t;€(0,T) such that ul(t;) =0 for 0<j<n—2. Put

max{[u" V()| : 0 <t < T} = p.

Then —p < u™ V() < p for t€[0,T]. Integrate this inequality from ¢, o
to t € (t,_s,T] and from t €[0,t,_5) to t,_o. Weget —pT <u"2(t)<pT
on [0,7]. Similarly, using u¥)(t;) =0 for 0 < j < n —2 and repeating
the integration, we obtain step by step

WO ()| < pT" 77", te[0,T], 0<j<n-3.
Hence
ul[gn1 < p K, (4.17)

where K is taken from condition (4.5). Now, integrating inequality (4.15)
over [0,t,-1] and [t,—1,7] and using the fact that ¢,_,€(0,7) is the
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unique zero of u"~Y by Lemmas /4.1 and 4.2 (and therefore (—1)? u»~1) <0
on [0,t,-1) and (—=1)?uY >0 on (t,_1,T] due to (4.8)) we get

0 < (—=1)PHaum=D(t)
tn—1
s/ (5 n+2|u0 ds+z/ [w;(JuD(s)]) + w;(1)] ds
t
for t€(0,t,-1] and

0 < (=1)Pu" ()

< /t (s n + Z A€ ds—l— Z/ i(Ju(s)]) + w;(1)] ds

tn—1

for t€[t,—1,T]. Hence, by (4.5) and (4.17),

|u(n—1)(t)|§/ h(t,n + pK) dt+z / w; (Ju? dt—i—Tw](l)]
0

for ¢t€[0,7]. Further, by Lemma 4.4, we can find positive constants A;,
0 < j <n-—1, independent of u and satisfying inequality (4.14). Therefore,
if we put

—

n—

A=) [A;+Tw;(1)],

.
Il
o

we have
T
pg/ h(t,n+ pK) dt + A. (4.18)
0

Since, by condition (4.5), limsup, ., 3 fOT h(t,z) dt < &, there exists a pos-
itive constant S > n such that

T
/ h(t,n+ Kz)dt+ A< z
0

whenever z > S. This and (4.18) give p < S, which shows that inequality
(4.16)) is true. U
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Theorem 4.7. Let conditions (4.3)—(4.7) hold. Then problem (4.1), (4.2)
has a solution we€ AC"'[0,T] and uw >0 on (0,T).

Proof. Step 1. Construction of auziliary reqular problems.

We construct auxiliary regular problems. Let S be the constant from
Lemma 4.0] satisfying inequality (4.16)). Set

|z| for |z| <8, x  for [z] <5,

S for |z| > 8, 2 for |2 > S,

|z]

Choose m €N and first define an auxiliary function h,, € Car([0, T] x R"!)
by the following recurrent formulas:

ft,xg, 1, ..., xy_y) if x9> %,
hno(t, To, @1,y ..y Tp1) =
f(t,%,:cl,...,xn,l) if zp < %,
Pomi(t, Toy ooy Ty ooy Tpm1)s
(hm,i_l(t,xo, ey Ty Tp1) if |z;| > %,
_ 2 Bt (6, T, -+ Tty =, Ty - Tpe1) (T + )
P i1 (t, o, - iy, = Ty T ) (25— %)]
\ if |z < %,
for 1<i<n-—1 and
R (t, 20, - 1) = hpn—1(t, Toy - . o, Tpe1).

Finally, for a.e. t €[0,7] and all (xg,...,z,—1) €R" put
fm(t, Loy L1y ,.fn,l) = hm(t, Uo(l‘o), O'(.Tl), c. ,0(37”,1)). (419)
Then f,, € Car([0,T] x R*) for meN and, by (4.4) and (4.19),

¢ < fomlty o, ., 2n1) < gm(t) (4.20)



64 CHAPTER 4. CONJUGATE PROBLEM

for a.e. t €[0,7] and all (zo,...,x,—1) €ER", where g, € L1[0,T]. Further,
for (zg,...,2,-1) €ER™ and m €N we have

max{0oo(zo), =} < |zo| + 1,

wo(max{oo(wo), 17 }) < wollzo]) +wo(S) < wol|zol) +wo(1)
and similarly
max{o(z;), =} < |z + 1,

wi(max{c(z;), = }) < wi(|z]) +wi(1), 1<i<n-—1.

’'m

Therefore, by assumption (4.7), for each m € N we have

fm(t, o, .y q) < h(t,n + i |x3|) + i[w](]x]\) + w;(1)] (4.21)

=0 =0
for a.e. t€[0,7] and all (zg,...,z,-1) €ER™

Consider the regular differential equation
(=1)Pu™ = f.(t, z0,. .., Tno1). (4.22)

Since the homogeneous problem (—1)?u(™ = 0, (4.2) has only the trivial
solution and f,, satisfies inequality (4.20), the Fredholm type existence theo-
rem guarantees that for each m € N there exists a solution u,, € AC" [0, T]
of problem (4.22), (4.2). Then it follows from inequalities (4.20) and (4.21)
that for each meN, wu,, € B and inequality (4.15) holds with u = wu,,.
Hence Lemma 4.6 shows that

|l < S, meN, (4.23)

and, by Lemma 1.3, for each i€ {1,...,n—1} there exist p,,; +1 disjoint
intervals (am i, @mrt1);, 0 <k <pPpi, Pmi < (n—1)p such that

Pm,i

U lamp: am i) = 0,77,
k=0

and for each k€{0,...,pn,;} and meN one of the inequalities
[l O] > 5t = ana)’ for ¢ [ame, amsi]

or
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W ¢ i
\uﬁ,’f )(t)] > ﬁ(am,lﬁrl —t)" for t€[amp, Gmit1]

is satisfied.

Step 2. Uniform integrability.

Consider the sequence

{fm(t,um(t), ..., u" D ()} € Ly[0,T]. (4.24)

m

Inequalities (4.20) and (4.21)) show that

0 < fi(t, um(t),... ,u,(g_l)(t))
n—1 n—1

< hftn o+ D2 (0)]) + 3Ly (0 (1) + 51

for meN and a.e. t € [0,7]. Since h e Car([0,7]x[0,00)) and u,, satisfies
(4.23), there exists h* € L;[0,T] such that

n—1
h(t,n + Z |u%)(t)|> < h*(t) forae. te[0,7] andall meN.
=0

Hence, in order to prove that (4.24) is uniformly integrable on [0,7] it
suffices to show that the sequences

{wi([u @D}, §=0,....n~1,

are uniformly integrable on [0,7]. This fact follows from Lemma 4.5 since
{um} C B. We have proved that (4.24) is uniformly integrable on [0, 7.

Step 3. Ezistence of a solution of problem (4.1), (4.2).

Consider the sequence {u,,} where wu,, is a solution of problem (4.22)),
(4.2). We know that (4.23) holds and since (4.24)) is uniformly integrable
on [0,7], the sequence {ugf_l)} is equicontinuous on [0,7]. Hence, by
the Arzela-Ascoli theorem, there exist u€ C™"'[0,7] and a subsequence
{uy,,} € {un} such that

lim ||ulm - UHCnfl =0.
m—0o0
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Letting m — oo and working with subsequences if necessary, we get

lim Pini = Pi ng(n_l)p7 1§Z§TL—1,

m—00
and

W%i_rgoalm,k =ay, 0<k<py,
where 0 = ap < a1 < -+ < a,, < T. In addition, (4.9) and either (4.10)
r (4.11) hold. Hence v, 0 < i < n —1, has a finite number of zeros.
Therefore, by Theorem [1.7, v € AC™"1[0,T] and wu is a solution of problem
(4.1), (4.2). From assumption (4.4) and Lemmas 4.1l and 1.2/ we get u > 0
on (0,7). O

ExXAMPLE. Let p be a positive integer, 1 <p<mn — 1. Consider the differ-
ential equation

n—1

(—1)Pu™ = — +uﬁo Z(

Jj=1

4 b (t) \u(j)lﬁj) (4.25)

where the functions a;€L[0,T], b;€L;[0,T] are nonnegative, a;€(0, n%])
and (;€(0,1) for 0 < j <n—1. Applying Theorem 4.7, problem (4.25),
(4.2) has a solution u€ AC"'0,T] and u >0 on (0,7).

Bibliographical notes

Theorem 4.7/ was adapted from Rachunkovéd and Stanék [160], [162]. Singular
(p,n—p) conjugate problems were discussed by Agarwal and O’Regan in
[6], [10] and by Eloe and Henderson in [80] (here with p=1) and [81] for
differential equations of the type

(=1 Pu™ = f(tu),

where f€C?((0,1) x (0,00)) is positive and f may be singular at u = 0.
Here positive solutions on (0,1) belong to the class C™7'[0,T] N C™(0,1).
The paper [10] discussed also the existence of two positive solutions. Exis-
tence results in [10], [80] and [81] are proved by fixed point theorems on cones,
whereas those in [6] by a combination of a sequential technique and a non-
linear alternative of Leray-Schauder type.



Chapter 5

Sturm-Liouville problem

We are now concerned with the Sturm-Liouville problem for the differential
equation

—u™ = f(tu, ... u"Y) (5.1)
with the boundary conditions
u(0)=0, 0<j<n-—3,
au™2(0) — BuD(0) =0, (5.2)
yu"=2(T) 4+ §u(T) = 0,
where n >3, «a,v>0, 3,6 >0. Here
f€Car([0,T] x D) and D = (0,00)" ! x (R\ {0}).

Notice that the function f may be singular at the value 0 of any of its space
variables. If f is positive, the solutions of problem (5.1), (5.2) have singular
points of type I at the end points of the interval [0,7] and also singular
points of type II.

We will impose the following conditions on the function f in (5.1):

(f€Car([0,T] x D) where D = (0,00)" " x (R\ {0})
and there exist positive constants a and r such that (53)
5.3
at”™ < f(t,zo,. .., Tp_1)
| for a.e. t€[0,T] and each (xo,...,7,-1) €D,
(heCar([0,T] x [0,00)) is positive and nondecreasing
in the second variable and
e 4
limsup—/ h(t,Vv)dt <1 (54)
V—00 v
Oﬁ n—j—2
where Vzn(——i—T) max{—, 0< 5 < n—2},
\ o} (n—j—2)!

67
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(

n—1 n—1
Fts3o, o wnn) S (6D [asl) + D willa)
0 =0

Jj=
for a.e. t €[0,T] and each (z,...,z,-1) €D,

where w; : (0,00) — (0,00) are nonincreasing, 0 < j <n —1, (5.5)

and

1 1
/ wn_1 (") dt < oo,/ w7 dt < 00, 0<j<n — 2,
\ 0 0

( n—1 n—1
Pt w0, B (6 Jos])+ 3 wila)

=0 =0

j#n—2

+q(t) wp—2(|zn—2])
for a.e. t€[0,T] and each (xo,...,2,_1) €D, (5.6)
where ¢ € L,[0,7] is nonnegative, w; : (0,00) — (0, 00)

are nonincreasing, 0 <j<n—1, and

1 1
/ wp_1 (T dt < oo,/ w77 dt < 00, 0<j<n — 3.
L Jo 0

Green function and a priori estimates

We denote by G(t,s) the Green function of the problem

au(0) — fu'(0) =0, ~yu(T)+dd(T)=0, (5.8)
where o,y >0 and (3,d > 0. Then (see e.g. Agarwal [I])
B+as)(0+~y(T—t) for 0<s<t<T

G(t,s) = (5.9)
B+at)(0+~(T —s)) for 0<t<s<T,

— Q.

7
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where d = ayT + ad + v > 0. We will discuss two cases, namely
min{3,d} = 0, that is, at least one of the constants 5 and ¢ equals zero,
and min{3,d} > 0, that is, both the constants § and ¢ are positive.

Let us choose positive constants a and r and define a set

A(r,a) = {u€ AC"0,T] : u fulfils (5.2) and (5.10)}
where

—u™(t) > at" forae. tel0,T].

Lemma 5.1. Let min{3,0} =0. Let ue A(r,a) and set

= (3)

Then u™Y s decreasing on [0,T],

a
> (-0t if tel0,¢],
u(n71)<t> r+1
_ _ r+1 -
where €€ (0,T) is the unique zero of w1
At f telo, L],
W2 (1) > if telo,3]
A(T—t) if te(L,T]
and
u(t) > Lt”‘j* for t€0,T], 0<j<n-—3.
“4(n—j—1)! b Y =J=

Proof. From (5.9), (5.10) and the equality
T
u"A(t) = —/ G(t,s)u™(s)ds, tel0,T],
0

it follows that

u=2(0) = -5 54T — ) us)as

T
Zaﬁv/ (T —s)s"ds >0,
dJo

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)



70 CHAPTER 5. STURM-LIOUVILLE PROBLEM

T
u" (T = —g/ (B + as)u™(s)ds
. (5.16)
CLO[(S/ r+1
> s ds >0,
d Jo
ToG(t, s)
-0y = — [ 2CBS) T g q
u (0) /0 % oot (s)ds

T T
-5 [ @9 ue)as= 257 [ -5 ds >0
d 0 d 0

and
— 1/T<ﬁ+a3) u™(s)ds < —m/Ts’"H ds < 0.
d Jo d Jo
Since u™~Y is decreasing on [0,7] by inequality (5.10) and

u"V(0) >0, «"N(T) <0,

we see that w1V has a unique zero ¢ € (0,7). Then

3 3
., (n—1) 1) = / (n) ds < — / "ds = _L r+1 tr—i—l
u (t) t u™(s)ds < —a t s"ds ) (& )

for t€[0,¢]. Hence,

(n=1)(4) > a o teo

W0 2 e, el

because of &1 — ¢+t > (¢ — )™ for t€]0,€]. Similarly, using the in-
equality "1 — & > (t — &)1 we get

t t
D (t) = / ul™(s) ds < —a/ s"ds
3 3

— L(tr—f—l _ €r+1) < —

TrI (t =& for te(€,T).

r+1
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We have proved that inequality (5.12) holds.

We now verify inequality (5.13). From the first equalities in (5.15) and
(5.10) and from the assumption min{3,0} =0 it follows that

min{u""2(0),u""?(T)} = 0.

Moreover, by inequality (5.10), ("2 is concave on [0,77] and consequently
to prove (5.13) it suffices to show that

T T
(n—Q) — > —
u ( 5 ) A 5 (5.17)

Due to inequality (5.12) we have

t t
u (1) = w2 (0) + / W V(s) ds > / (€—s)"ds
0 r+1 0

R L AR vy oy LA

for t€[0,€], since &2 — (£ — )" > ¢"2 holds in such a case. Similarly,
by (5.12), we obtain

T a T
um A () = u(T) — /t u"V(s) ds > R /t (s =€) ds

a

RSN (T—= ™ =@t—9""?)

a

2oy

for t€ (&, T], since (T —&)"™2—(t—¢&)""2 > (T —t)"™ holds in such a case.
Summarizing, we have

a

w2 (t) > mt’““ if tef0,¢] (5.18)
and
w2 (t) > - (T — )2 if te (&) (5.19)

(r+1)(r+2)



CHAPTER 5. STURM-LIOUVILLE PROBLEM

). Consequently if &> %,

72
then (5.17) follows from

We know that max{u™2(t): t€[0,T]} = u"2 (¢
then (5.11) and (5.18) yield (5.17) and if & < I
(5.11) and (5.19).

It remains to prove inequality (5.14). Using (5.13) and «™~3(0) =0, we

obtain
t t
u(n—3)( ) :/ u(n—2)(3) ds > A/ sds = §t2 for te€|0, g]
0 0
1)2

In particular, w™=3(£)>2(%)2. Since u"~? is increasing and (£)? < (%
we conclude that the inequality u(™=* (%) <u™=%(t) holdson [Z,T]. Thus,

n— tQ
ul 3)(15)2144'2! for te[L,T).

Consequently,

t2
(n—3)
u (t)2A4'2! for te[0,T7.

Now, using the equalities

t
U(j)(t)_/ U(jH)(S)dS for t€[0,7] and 0<j<n-—4
0

we can verify that inequalities (5.14) are satisfied.

Lemma 5.2. Let min{3,0} > 0. Let ue A(r,a) and set

a T T

B = 7 min{ﬂ’y/ (T — s)s" ds, a5/ st ds} > 0.
0 0

Then v is decreasing on [0,T], u

£€(0,T) is its unique zero,

u™ () > B for te[0,T]

n—1)

and
B n—j—2 .
A for t€]0,T], 0<j<n-3.

(5.20)

satisfies inequality (5.12)) where

(5.21)

(5.22)
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Proof. The properties of w1 follow immediately from Lemma 5.1 and
its proof. Next, by relations (5.15) and (5.16),

T
u"2(0) > airy/ (T'—s)s"ds > B,
0

and

T
u"(T) > a(;(S/ s ds > B.
0

Since 1" is concave on [0,T], these inequalities show that inequality

(5.21) is true. Now (5.21) and the equalities u)(0) =0, 0<j <n—3
imply that inequality (5.22)) holds. O

Lemma 5.3. Let min{3,0} =0 and let h and w;(0 < j <n—1) have
the properties given in conditions (5.4) and (5.5). Then there exists a positive
constant Sy such that for each we A(r,a) satisfying

n—1 n—1
—u () < h(t, nt S ul (t)|> + 37 [ (WD (0)]) + wy(1)] (5.23)
=0 =0
for a.e. t€[0,T], the estimates
|u || < So for0<j<n—1 (5.24)

are valid.

Proof. Let uwe A(r,a) satisfy inequality (5.23) for a.e. ¢t € [0,7]. By
Lemma 5.1, ™Y has a unique zero ¢ € (0,7) and u satisfies inequalities
(5.12)— (5.14) with A given in (5.11). From

s

u"2(0) =
o

w1 (0) >0

it follows that

\u(”_g)(tﬂ < p u(n—1)<0) n /t|u(n—1)(8)| ds < (5
0

(07 (67

+T) Ju )
for t€[0,7]. Thus

2], < (5 +T) TN (5.25)

(0%
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and then the equalities

4 1 t .
(9)(t):—/ (t— )"~ 3 ™= (5)ds, t€[0,T], 0<j <n—3
U ; S U s) ds, 1, 0<7<n—-3,
(n—37=3)"o
give
) Tn— -2 Tn—g—2
[u] o € —— 0" || < : (ﬁ +T) 1w Y|,
(n—j—2)! (n—j—2)
that is
(4) 4 (n—1) .
[u oo < — [l Voo, 0<j<n—3, (5.26)
n

where V' is given in condition (5.4). Now inequality (5.23) yields

|u(” 1) )| = ‘/ ”) s) ds

S/o [(s n+Z|u1) )—l—nz_i (Ju) (s) —Huj(l)]]ds

< [ [t VIS + Sl 0 + 0] s

J=0

for all ¢t € [0,7], i.e
T
W15 [ [+ V)
i | (5.27)
+ ) wi([u¥(s) +w](1)]] ds for t€[0,T].
7=0

Set

K: r+1

1 and ;= """ ——F—, 0<j<n-3
r !
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Since (see inequalities (5.12)— (5.14))

( T
| el
0
§/0£wn_1<rj%(g_t)r+1> dt+/£Twn_1< +1(t 5)r+1) dt
:% [/Kﬁ Wy () dt + /K(T—ﬁ) Woo1 (™Y dt}
0 0

2 KT
<2 /O w1 (),

/OT wn_2(|u("_2) (t)|) dt é /OT/2 wn_Q(At) dt + /T wn_g(A(T — t)) dt

T/2

9 [(AT)/2
= Z/O wn_g(t) dt
and (for 0 <j<n-—3)

/OT wi(Ju@ (1)) dt < /T w; (ﬁt”‘j‘l) dt

:—/ (I de,

we deduce from inequality (5.27) that

(5.28)

\

T
Hu(”l)Hoog/ h(s,m+ V]|u™ D) ds + A (5.29)
0

where

31 (AT)/
Z—/ t”]l)dt+—/ W (t) dt
=0 .7

2 KT n—1
+ E/O Waaa () dE+ T wj(1) < o0,
§=0
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According to our assumption (see condition (5.4)) we have

1 T
lim sup —/ h(t,Vv)dt <1,
0

V—00 v

and therefore there exists a positive constant S, such that
T
/ h(t,n+Vu)dt+ A <wv
0

whenever v > S,. This and (5.29) show that |u" V|, < S.. Now us-
ing inequalities (5.25) and (5.26) we see that inequality (5.24) holds with
So = S, max{1, ¥} O

Lemma 5.4. Let min{3,0} > 0 and let h,q and w; (0 <j <n-—1)
have the properties given in conditions (5.4) and (5.0). Then there exists
a positive constant Sy such that

|uP| < Sy, 0<j<n—1 (5.30)
for each uwe A(r,a) satisfying the inequality
n—1 n—1
) <t + SO+ Y (O O)]) (1)
=0 i:o2 (5.31)
j#n—

+q(t)[wn,2(\u(”_2) (0)]) + wn—2(1)] for a.e. t € [0,T].

Proof. Let uwe A(r,a) satisfy (5.31) for a.e. t€[0,7]. By Lemma 5.2] in-
equalities (5.12), (5.21)) and (5.22)) are true provided &€ (0,7 is the unique
zero of u™™ Y and B is given by (5.20). Since u"~2(0) = Zu~1(0) the
same reasoning as in the proof of Lemma 5.3/ shows that inequalities (5.25)
and (5.20) hold if V' is defined by (5.4). From inequalities (5.21)) and (5.22))
we obtain

([P (B)]) < waa(B),  t€[0,T]

and

/OT w;(Jul (#)]) dt < /OT wj(ﬁtn—jﬂ) dt

1 m;T )
=— / w;(t"772) dt
0

m;
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for 0 <j<n-—3, where m; = 43 Then (see (5.20), (5.28) and

(5.31))

) =] [

g/OT [h(s,n+§|u”) >+ Z w;([u?(s)]) + w;(1)]

B
(n—7—2)1 *

J#n 2
o+ q(s) [on-2 (a2 (s)]) + wn2(1)]] ds
T
§/ h(s,n+ V][u™ V) ds+ A, for te[0,T]
0
where
n—3 1 TTLjT )
M= Y [ a2 at + s fea(B) + (1)
J=0 0
KT
r+1
K/ wWn-1( zf+ dt—l—TZw]
J#n 2
Hence

T
|m@1wm53/ h(s,m 4+ V][u™ D) ds + Ay
0

and using the same procedure as in the proof of Lemma 5.3, we conclude
from the assumption limsup, ., ; fo (s,Vv)ds < 1 that inequality (5.30)
is true with a positive constant Sy. Il

Auxiliary regular problems

For each m €N and any positive constant L define oy, 71 € C°(R)
and fr ., € Car([0,7] x R™) by the formulas

% if |U|<%,

v if |v|<L+1,
orm(v) = q vl if <ol < L+1, 70(v) = q (L+1)

if |v|>L+1,
L+1 if Ju[>L+1,, [v]
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and
fom(t o, ... Tp_o, Tp_1)
f(t, 0nm(x0)y -y 0nm(Tn—2), 7L(Tn_1)) if |z, > 2
= % Jrom(t 2o, .o Tpeg, =) (Tpo1 + &)
—frm(t,zo, ..., Tpoa, —%))(xn_l - %) if |z, 4| < %

Then for a.e. t€[0,7] and all (zg,...,z,—1) ER",

at” < frm(t,xo, ..., Tn-1)

n-1 n-1 (5.32)
< h(t,n—i— Z \xj|) + Y [wj(|z;])+w;(1)]
=0

Jj=0

provided conditions (5.3)—(5.5) hold, and

i n—1
at" < fL,m(t7 oy - 7$n71) < h(t,n + Z ‘.TJ’)
1 0 (5.33)
+ [w; (J25]) + w;i ()] + q(t)[wn—2(l2;]) + wn—2(1)]
=0
\ j#n—2

provided conditions (5.3)), (5.4) and (5.6) hold.

Consider an auxiliary family of regular differential equations
—u™ = f (.. u™Y) (5.34)
depending on L >0 and meN.

Lemma 5.5. Let min{3,0} =0 and let conditions (5.3)— (5.5) hold. Let Sy
be the positive constant from Lemma 5.3. Then for each m €N, problem
(5.34), (5.2) with L =Sy has a solution u,, € A(r,a) and

[ufloe < So for 0<j<n—1. (5.35)



CHAPTER 5. STURM-LIOUVILLE PROBLEM 79

In addition, the sequence

{Foom(t, tm(t), ..., uin ™D (1))} (5.36)
is uniformly integrable on [0,T].
Proof. Put ¢,,(t) = sup{fs,.m(t, o, Tn-1) : (€g,...,2n_1) ER™}. Then

gn(®) = swp{ f(tao, w0 n) kS <S40
for 0<j<n-—2 and %S\xn,l\g&mtl}.

Since f € Car([0,T]xD), we have g, € L1]0,T]. Asthe homogeneous prob-
lem —u(™ =0, (5.2) has only the trivial solution, the Fredholm type exis-
tence theorem guarantees the existence of a solution w,, of problem (5.34),
(5.2) with L=S, for all meN. Besides, inequality (5.32) with L = S
yields

at” < = (0) < Bt + 3 [ 0)]) + Sl (D (0)]) + (1)

for a.e. t €[0,7]. Consequently wu,, € A(r,a) and inequality (5.35)) is true by
Lemmas 5.1/ and 5.3. Moreover (for m € N),

> (Em — )Tt for t€(0,&0)],
IR S (5.37)
r+ 1(t_£m)r+1 for ¢ € (&m, T],

where &, €(0,T) is the unique zero of ufffl),

72 At for t€[0, %],
w2 (t) > (5.38)
A(T —t) for te(L,T)

. A <
(4) > n—j—1 <5< )
wd) (t) > P t for t€[0, 7], 0<j<n-—3, (5.39)

where A is defined in formula (5.11). Since
0 < Fopum(ty um(t), ..., ul =D (t))

n—

< h(t,n(1450)) + Y _[wi([uf ()]) +w;(1)]

—_

.
Il
=)



80 CHAPTER 5. STURM-LIOUVILLE PROBLEM

for a.e. t € [0,7] and each meN and h(t,n(1+ Sy)) € L1[0,T] by (5.4),
to prove the uniform integrability of the sequence (5.30) it suffices to show
that the sequences

{wi([WP@®))}, 0<j<n—1

are uniformly integrable on [0,7]. Let 0 < j <n —3. Then

A A
yﬂﬁ*» te[0,T], meN,

O < s (==

and it follows from the properties of w; that wj(ﬁt”_j_l) € L1[0,T7.
Hence {wj(|u%) (t)])} is uniformly integrable on [0,77]. Analogously, (5.38)

gives wy_o(|uln 2 (#)]) < wa_a(p(t)) for t€[0,T] and meN, where

At for t€[0, %],
AT —t) for te(£,T).

Since wy,_o((t)) € L1[0,T), it follows that the sequence {wn_o(jult 2 ()}

is uniformly integrable on [0,7]. Furthermore, the uniform integrability of

{wn—1( ufg_l)(tﬂ)} follows from Criterion A.4. We have proved that the

sequence (5.360)) is uniformly integrable on [0, 7. O

Lemma 5.6. Let min{f3,0} > 0 and let conditions (5.3), (5.4) and (5.06)
hold. Let Sy be the positive constant from Lemma 5.4. Then for each
m €N, problem (5.34), (5.2) with L =S, has a solution u,, € A(r,a) and

[uf oo < Si for 0<j<n—1. (5.40)
In addition, the sequence

{fShm(tu um(t)7 s 7u£:;_1)(t))} (541)

is uniformly integrable on [0,T].

Proof. Essentially the same reasoning as in the first part of the proof of
Lemma 5.5/ shows that for each m € N there exists a solution u,, of problem
(5.34), (5.2) with L = S;. The fact that u,, € A(r,a) and wu,, satisfies
inequality (5.40) follows from Lemmas 5.2 and 5.4, It remains to verify
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that the sequence (5.41) is uniformly integrable on [0,7]. Notice that, by

Lemmas 5.2 and 5.4, u{l ™" satisfies inequality (5.37) where &, €(0,T) is

its unique zero and

u" () > B for te(0,T], (5.42)
. B .

D(t) > —————="77% for te[0,T], 0<j<n-—3 5.43

um()_(n_j_Q)! or tel0,T], 0<j<n-3, (5.43)

where B is given in formula (5.20). Hence

Wn—o (U (1)) < wa_a(B), t€[0,T], meN (5.44)

m

and

(W0 < 0y (=g ")

for t€(0,T), meN, 0<j<n-—3.

(5.45)

By conditions (5.4) and (5.6) we know that the functions h(t,n(1 + Sy)),

q(t) and wj(ﬁt”_j”) belong to the set L;[0,7] for 0 < j <n—3
(n—1)

and that the sequence {w,_1(|um “(t)])} is uniformly integrable on [0, 7],
which was shown in the proof of Lemma 5.5. Hence the uniform integrability
of the sequence (5.41) follows from (5.44), (5.45) and from the following
inequality (see (5.33))

0 < foym(t, um(t), ..., ul" V(1)) < h(t,n(1+5)))

i [wi ([u? (O)]) + wi (D] + ¢(t) [wa-a(lufy 2 (1)) + wa—a(1)]
e
for a.e. t€[0,7] and all meN. O

Existence results

Theorem 5.7. Let conditions (5.3) — (5.5) hold and let min{3,d} = 0.
Then problem (5.1)), (5.2) has a solution uwe AC™ 0, T]| such that

u™2 >0 on (0,T) and u'9 >0 on (0,T] for 0 < j <n —3. (5.46)
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Proof. By Lemma 5
problem (5.34), (5.2) with L = Sp. Lemmas 5.1, [5.3 and [5.5 show that w,,
satisfies inequalities (5.35) and (5.37)— (5.39) where A > 0 is given in (5.11)
and the sequence (5.30) is uniformly integrable on [0,7]. Hence {u,,} is
bounded in C"7!0,7] and {u%L*I)} is equicontinuous on [0, 7. Without
loss of generality we can assume that {u,,} is convergent in C™ [0, 7]

and {¢,} is convergent in R where &, € (0,7) denotes the unique zero of
(n—1)
Um

.5, for each m €N, there is a solution w,, € A(r,a) of

. Let limg, oo Uy, = u, lim,, .o &, =& Then

a

> (€ —t) for t€]0,¢]
N IR S (5.47)

a
< _ _ 4\ r+l f T
< r+1<5 t) or te(&,T),
At for t€0,%]
w2 (t) > (5.48)
A(T—t) for te (LT,
. A .
D) > ———— 71 ¢ T, 0<j<n-3. 4
u ()_4(n_j_1)! , te[0,T], 0<j<n-3 (5.49)

Hence u) has at most two zeros on [0,7] for 0 < j < n — 1. Applying
Theorem 1.7, we obtain that u € AC"1[0,T], w is a solution of problem
(5.1), (5.2) and (see (5.48) and (5.49)) u™2 >0 on (0,7T), u" >0 on
(0,7) for 0<j<n-3. O

Theorem 5.8. Assume (5.3), (5.4), (5.6) and let min{3,d} >0. Then there
exists a solution u€ AC™0,T] of problem (5.1)), (5.2) such that

w2 >0 on[0,7] and u) >0 on (0,7] for 0<j<n—3. (5.50)

Proof. Lemma 5.0 guarantees that for each m €N there exists a solution
Um € A(r,a) of problem (5.34), (5.2) with L = S;. By Lemmas 5.2, 5.4
and 0.0, wu,, satisfies inequalities (5.37), (5.40), (5.42) and (5.43) where
B > 0 is defined in formula (5.20) and the sequence (5.41) is uniformly inte-
grable on [0,7]. Without loss of generality we can assume that {u,} and
{&,} are convergent in C™ 1[0, 7] and R, respectively. Here &, € (0,T)
is the unique zero of ugf_l). Let lim,, oo U, = u, lim, o0 &n = & Then
inequalities (5.47) and

u" () > B, tel0,T), (5.51)
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B tn—j—Q

wmwzfﬁfffﬁf :

tel0,7], 0<j<n-—3, (5.52)

are true. Hence u) has at most one zero in [0,7] for 0 < j < n — 1,
Thus, by Theorem 1.7, ue AC™[0,T] is a solution of problem (5.1), (5.2)
and from (5.51) and (5.52) we see that (™2 >0 on [0,7] and u") > 0
on (0,7] for 0<j<n-—3. O

ExAMPLE. Consider the differential equation

—u™ = sin (%) + g ( (ngg?a + by (1) (uU))W)

an_l(t)
|u(n71) ’ Qn—1

(5.53)
+ bnq(t) ’u(n—l)pn_l

with the boundary conditions (5.2) where min{3,0} = 0. Theorem 5.7
guarantees this problem has a solution u € AC™"1[0,T] satisfying inequality
(5.46)) provided 7€ (0,00), o € (0, ﬁ) for 0<j <n—2, a1 €(0, =7),
v €(0,1), and a; € L]0, T, b; € L1][0,T] are nonnegative for 0<i<n-—1.

Now consider problem (5.53)), (5.2) where min{f3,0} > 0. If r € (0, 00),
a; € (0, 7=5=5) for 0<j<n—=3, an2€(0,00), 1€ (0, 57), %€ (0,1),
b; € L1[0,T] is nonnegative for 0 < ¢ < n —1 and finally a, 5 € L1[0,7],
an_1,a; € Lo [0, T] are nonnegative for 0 < k < n—3 then, by Theorem 5.8|

problem (5.53),(5.2) has a solution satisfying inequality (5.50).

Bibliographical notes

Theorems 5.7 and 5.8 were adapted from Rachtunkova and Stanék [159]. The
singular Sturm-Liouville problem for the equation

u™ + f(t,u,...,u"?)=0

is considered in Agarwal and Wong [26] where f e C°((0,1) x (0,00)"7!) is
positive. Here the existence of a solution ue€ C" !0,1] N C™(0,1) positive
on (0,1) is proved by a fixed point theorem for mappings that are decreasing
with respect to a cone in a Banach space.






Chapter 6

Lidstone problem

Let R_ = (—00,0), Ry =(0,00) and Ry =R\ {0}. We will consider the
singular Lidstone problem

(=1)"u® = f(t,u,...,u®), (6.1)
u®(0) =u®(T)=0, 0<j<n—1 (6.2)
where n>1 and fe€Car(]0,7] x D) with

Ry xRy xR_XRgx--- xRy xRy if n=2k—-1,

,D: 41;:2
Ry xRy xR_ xRy x---xR_xRy if n=2k

4k

(for n =1 and 2, we have D =R, xRy and D =R, xRy xR_ x Rg, re-
spectively). If n =1, problem (6.1), (6.2) reduces to the Dirichlet problem.
The function f may be singular at the value 0 of its space variables. If f
is positive on [0,7] x D, the solutions of problem (6.1)), (6.2) have singular
points of type [ at ¢t =0 and ¢t =T and also singular points of type II.

Green functions

Let j7€N. In our studies we will essentially use the Green functions
G,(t,s) of the problems

Then

“(t—T) for 0<s<t<T,

Gi(t,s) = (6.3)

N =+ M|

(s=T) for 0<t<s<T.

85
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If 7 >1 we have

T T
Gj(t, S) = /0 tee /0 Gl(t, Sj_l) Gl(Sj_l, Sj_Q) Ce Gl(Sl, S) dSl Ce de_l

—_—
(j—1) times

for (t,s)€[0,T] x [0,T]. Therefore the Green function G,(t,s) can be ex-
pressed as

G(t,s) = /O Gr(t,7) Gy (7, 8) dr (6.4)

for (t,s)€[0,7]x[0,7] and j > 1 (see Agarwal [1], Agarwal and Wong [25],
Wong and Agarwal [199]). Since Gi(t,s) <0 for (¢,s)€(0,7) x (0,7), we
conclude from (6.4) that

(=1)? G4(t,s) >0 for (t,5)€(0,T)x (0,T). (6.5)

The next lemma gives inequalities for the Green function G,(t,s).

Lemma 6.1. For (t,s)€[0,7T] x [0,T] and j€N, the inequality

T2j—5
Gt 5)| 2 oy ST~ (T ) (6.6)
holds.
Proof. The validity of inequality (6.6) will be proved by induction. Since
T—1t) (T —
%(T—t)ZSt( 72( ) for 0<s<t<T
G (t,5)| = . T — 1) (T — ) (6.7)
T(T—s)zs T3 %) for 0<t<s<T,

estimate (0.0) is true for j=1. Assume now that (0.6) holds for j=1i>1.
Then relations (6.4)— (6.7) give

T
Gira(t, 5)] = / G (8.7 |Gl 8)] dr
0

TQ i—8
> -
— 301,71

St(T—t)(T—s)/O (T —7)*dr

T2i—3
=35 st(T—1t)(T —s)
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for (t,s)€[0,7] x [0,T] and therefore (6.6) is valid for j =i+ 1. O

In the proof of Theorem 6.3/ we will need the following result.

Lemma 6.2. Let £€(0,T). Then

'/;s(T_s)ds

Proof. It suffices to prove inequality (6.8) only for ¢ €[, T]. Then

>

% (t—&)?2 for tel0,T]. (6.8)

2Tt +4TE -2 +tE4+E) =2t (T —t) +2&6(T —t) +26(T —€) >0

and therefore

/s<T—s>ds:é[3T<t2—52>—2<t3—53>1
£

t—¢
&

= [T(t—&)+2Tt+4TE-2(P+tE+ &%) > = (t— &)~

S

0

Main result

The next result provides sufficient conditions for the existence of a solution
of the singular Lidstone problem.

Theorem 6.3. Let f € Car([0,T] x D) and let there exist a € (0,00) such
that

a< f(t7x07~--7x2n71)

(6.9)
for a.e. t€[0,T] and each (zg, ..., xon_1) € D.
Let
2n—1 2n—1
t,To, ..., Top_ Sh(t, m)—{— w;(|T;
. ma) <8 D fal) + 3 () 610
7=0 7=0

for a.e. t€[0,T] and each (zo,...,Tom—1) €D,

where h € Car([0,T] x [0,00)) is positive and nondecreasing in the second
variable, w;: Ry — Ry is nonincreasing, 0 < j <2n —1,



88 CHAPTER 6. LIDSTONE PROBLEM

| m if T=1,
lim sup —/ h(t, Kv)dt <1 with K = q p2n _ 4 (6.11)

and
1 1
/ wan—1(s) ds < o0, / wej(s)ds <oo for 0<j<n-—1, (6.12)
0 0
1
/ wajr1(s?)ds < oo for 0<j<n-—2. (6.13)
0
Then problem (6.1), (6.2) has a solution uwe AC**1[0,T] and
(=1 u®) () >0 for t€(0,T) and 0<j<n—1. (6.14)

Proof. Step 1. Regularization.

For each meN, define X, ©m, Tm € C°(R), and R,, C R by the for-
mulas

v ifUZ%, —% ifv>—%,
W@ =3 T =y T
= if v < v if v<——,
Xm if n=2k—1,
T = Rm:R\(—%,%).
Om if n =2k,
Choose m € N and put
fmo(t, 2o, 21, T2, 3, . .., Top—2, Ton_1)
= f(ta Xm(x())» X1, Qom(xQ)a X3y oy Tm(-rQn—Q)a xQn—l)

for (t,Io,l’l,l‘Q,ZE?,, R ,iL‘Qn_g,(EQn_l) S [O,T]XRXRmXRXRmX' - xXRxR,,.
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Define f,, € Car([0,T] x R?") by the formula

fn(t,xo, w1, T2, T3, . .., Top_9, Top_1)
(% [fmo(t,xo, %, Lo, X3, .. Top_2, Ton_1)(T1 + %)
— fio(t, o, ==, T2, T3, ..., Top—2, Top—1)(T1 — =)]
for (t,zo,x1,22,23,...,Ton—2,Ton_1)
0TI XRX[-L LI x RX Ry X+ X RX Ry,
5 [fm@(t, To, T1, T, %, ey Top_9, Top1) (T3 + %)
_ — fmo(t, zo, 1, Ta, —%, ey Ton_9, Ton_1) (T3 — %)}
for (t,zo,x1,22,23,...,Ton—2,Ton—1)
€0, T] x R x [-L L] x ... x R x Ryp,
2 fmo(t, To, T1, @2, . . ., Tan—2, =) (Tan_1 + L)
— fino(t, @0, 21, T2, . ., Top—2, — =) (T2n-1 — =)]
\ for (t,0,x1,22,...,Tan2, Tan—1) € [0,T] x R x [-L L]

Then inequalities (6.9) and (6.10) imply that

a S fm(t, Lo, - - - 71'27171)

2n—1 2n—1 (6.15)
< (B2 3 fayl) + Dl ) + (1)

for a.e. t€[0,T] and all (x,..., 79, 1) € R

)|

Consider the sequence of approximate regular differential equations

(=1)"u® = f.(t,u,. .. ,u®). (6.16)
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Step 2. Solvability of problem (6.10), (6.2).

We first give a priori bounds for solutions of problem (6.16), (6.2). To
this end let wu,, € AC?"7'[0,T] be a solution of problem (6.16), (6.2). By
inequality (6.15) we have

(=D)"u®(t) >a >0 forae. tel0,T]. (6.17)

m

Furthermore, by the definitions of the Green functions G;(t,s), i=1,2,...,n,
the equality

(—1)7 (1) = (—1)" / Gyt 5) (—1)" 0 (5) (6.18)

holds for ¢ € [0,7] and 0 < j <n — 1. From relations (6.5) and (6.17) we
see that

(=1 u?(t) >0 for te€[0,T), 0 <j<n-1. (6.19)

Hence (—1)7ul?*" is decreasing on [0,7] for 0 < j < n — 1. Therefore
and due to boundary conditions (6.2) we conclude that uly +1)(§j’m) =0
holds for a unique ¢, € (0,7"). Moreover, from relations (6.0), (6.17) and
(6.18)) it follows that

2(n—7)—5 T
0T [
lug ()] > @ ————t(T —1t) | s(T—s)ds
30n—J 0
T2(n—j5)—2 .
=acrm (T =) for te[0,T], 0<j<n—1.

In particular,

' T2(n—3j)—2
|ugj)(t)!2amt(T_t) for t€[0, 7], 0<j<n-—1. (6.20)
Since
, ¢ . t T
ugﬁl)(t) :/g u%“)(s) ds and /E s(T —s)ds| > G (t— gjm)2
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by Lemma 6.2, we obtain

) T2(n—j)—3
ud V(O] 2 a s (t =€)
36 - 30n—7—2 ’ (6.21)
for t€[0,7]and 0<j<n-—2
and
WD) > alt — En1m| for te[0,T]. (6.22)

By inequality (6.17) we have |u7(73") (t)] > a>0 fora.e.tel[0,T]. Put

A =amin{l, Ay, Ay},

where
A L 2
I O e
1= min { g 0S5 Sn-2)
and
' T2n—j)—2 .
Agzmln{mfogj S?’L—l}

Then inequalities (6.20)— (6.22) give

()] > Al — Ll
W) > At —En)? for 0<j<n—2, (6.23)

ugj)t > At(T —t for 0<j5<n-—1,
| J

for t€[0,T]. Hence

T T
/ wan—1(July" "V (s)]) ds < / won—1(A|s = &uo1.m|) ds
0 0
1 /Agnl,m ( ) 1 A(T_énfl,m) ( )
= — wn_sds—i-—/ Wan—1(s) ds
A ), on—1 A ), on—1

9 AT
< Z/ won—1(s) ds,
0
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T T
| @@ s < [ wpeaals - g as
0 0

A(T=¢j,m) VAT
/ w2j+1 dS < —/ w2]+1 dS
T VA v,

and using the inequality

Tt
— for OStS%

HT -1 > 2
I ) for T<t<T
2 2 ="="

we compute

/OTW%(Iugj)(s)l) ds < /Ongj(As (T —s)) ds

TI2 - ATs T JAT(T — s) 4 (AT
< w ds—i—/w-—ds—— wai(s) ds.
/0 2J< 2 > . 2J< 2 > AT 23(5)

/2
So, we can summarize the above considerations as follows:
T ) AT
/ Wan— 1(‘U(2n % (s)])ds < —/ wap—1(5) ds, (6.24)
0 A Jo
¢ T ( VAT
w Uy 2j+1) )ds < —/ w ) ds,
/0 2 +1(| (s) 9j+1(8 (6.25)
L 7=0,1,...,n—2,
( T @) 4 AT?/2
waj(|u? (s)]) ds < — woi(s) ds,
| entuienas < 7 [ et -
L j=0,1,...,n—1,

From inequalities (6.24)— (6.20) and from (6.15) we obtain

ul?r=1( ‘/ (5, Um(s), ..., ul?"V(s))ds
gn 1I,m

< / [, tm(3), ... w2 D(s))] ds

0
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2n—1 2n—1

§/ ( 2n+Z|uJ) ds—l—Z/ w; | ) ds
0

2n—1

</0 ( 2n+Z|u )ds+A

for t €[0,7T], where

= _/ATwzn 1(s) ds + T;:/ waj1(s?) ds
Aizl/ TZ/szj(s) ds + z:;wj(l)

§=0
In particular,

2n—1
un= 1()|</ ( 2n+Z|u7) >d3+A for t€[0,7]. (6.27)
0
Notice that A < oo due to conditions (6.12) and (6.13). Since
4D < T uP V||, 0<j<2n—2, meN, (6.28)

which follows immediately from {7 ™ (&m)=0 and ugj)(O):O (0<j<n—-1),
inequality (6.27) shows that

T 2n—1
U1 </ n(s.2n+ 3 [0l ds + A
° j=0 (6.29)

T
< / h(s,2n + K [[u® Y| ) ds + A
0
where K is given in (6.11). By condition (6.1T),
1 T
lim sup — (/ h(s,2n + Kv) ds—i—A) <1
0

v—oo U

and therefore there exists a positive constant S such that

T
/ h(s,2n+ Kv)ds+ A <wv
0
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whenever v > S. Now (6.29) shows that

|urV] < S, meN, (6.30)

and then, by inequality (6.28)),
[u@ o < TS, 0<j<2n—2, meN. (6.31)

We have proved that there exists a positive constant S such that any solution
Uy, of problem (6.10), (6.2) satisfies inequalities (6.30) and (6.31), that is,
Hum”c2nfl S KS Set

1 if || < KS,

() =<2 if KS<|z|<2KS,
0 if |z|>2KS

and let f,, € Car([0,T] x R?") be given by

2n—1

Flt, o, .. Tony) = < Z |mj|) [fm(t, o, ..., Ton_1) — a] + a.
=0

Clearly, inequality (6.15) is satisfied with fm instead of f,,. Hence applying
the above procedure we obtain that ||t,,|c2.-1 < KS for any solution @,
of the differential equations

()" u®) = ft,u,...,u®Y)

satisfying the boundary conditions (6.2). Therefore Corollary (C.6 (with
©(t)=a and with 2n instead of n ) guarantees that problem (6.16), (6.2)
has a solution u,, € AC?"710,T] and |uyl/c2-—1 < KS.

Step 3. Limit processes.

By Step 2 we know that for each m &N there exists a solution wu,,

of problem (6.10), (6.2) satisfying inequalities (6.23)), (6.30) and (6.31). We

now show that the sequence {f,(un(t),... ,u%n_l)(t))} is uniformly inte-
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grable on [0,7]. From inequalities (6.15) and (6.23)) it follows that

a < fr(un(t),... ,ugn_l)(t))
2n—1 2n—1

<h (20t 30 W@ O1) + 3 ls(ud (O)) + (L)
< h(t,2n+ KS) + i w;(1) + nz_:ij(At(T —t))

n—2
+ ) wja (At = &m)?) + wan 1 (Al = &yt
7=0

for a.e. t€[0,7] where &, is the unique zero of u{ (0<j<n—1,
meN). We have h(t,2n+ KS) € L1]0,T] and also wy;(At(T'—t)) € L1[0,T]

by (6.12). Hence, to prove that {f,(umn(t),... ,ugn_l)(t))} is uniformly

integrable on [0,77, it suffices to show that the sequences

{wajea (At = &m))} Awona(Alt = &orml)}, 0<j<n -2,
are uniformly integrable on [0,7]. Due to conditions (6.12)) and (6.13)) this
fact follows from Criterion A4 (with b=A,r=2 for {wsi1(A(t—&m)?)}
and b=A,r=1 for {wo,_1(Alt —&,—1m|)} ). The uniform integrability of
{Fnum(®), .. ul™ (@)} yields that {ul"" "} is equicontinuous on [0, 7]
and consequently, by the Arzela-Ascoli theorem and the Bolzano-Weierstrass
Theorem, we can assume without loss of generality that {u,} is conver-
gent in C?"710,T] and {§;,,} is convergent in R for 0 < j < n — 1.
Let limy, oo tp, = uw and lim,, o&jm = & (0 < j < n—1). Then
ue C?70,T] satisfies the boundary conditions (6.2) and letting m — oo
in inequality (6.23) we get

WP ()] > Alt—Eoal,  [WPV@)] = A=) ()] > AT 1)
for t€[0,T], 0<j<n—2 and 0<i<n—1. Hence u'% has at most two
zeros in [0,7] for 0 < j <2n —1 and moreover, due to inequality (6.19),

u satisfies inequality (6.14). Therefore, by Theorem [1.7, u is a solution
of problem (6.1), (6.2) and we AC**~10,T]. O

ExaMPLE. Consider problem (6.1)), (6.2) with

2n—1 ak(t)
f(t,xo, ..., Ton—1) = p(t) + Z <’xk|ak
k=0

+ bt )
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on [0,7] x D where ay € Loo[0,T], p, by € L1[0,T] are nonnegative for
0<k<2n—1 and p(t) > a >0 for ae. t€[0,7]. If ag,_1,a9;€(0,1)
for 0 <j<n—1, ays1€(0,3) for 0<j<n—2 and G € (0,1)
for 0 < k < 2n — 1 then, by Theorem 6.3, the problem has a solution
u€ AC?10,T] satisfying inequality (6.14).

Bibliographical notes

Theorem 6.3 was adapted from Agarwal, O’Regan, Rachunkova and Sta-
nek [16]. The singular Lidstone problem for the differential equation

(—1)"u® = f(t,u)

is considered in Zhao [200]. Here f e C°((0,1) x (0,00)) is nonnegative and
f may be singular at w =0, ¢t =0 and/or t = 1. The existence of positive
solutions in the sets C?"72[0,1] N C?"(0,1) and C**71[0,1] N C?**(0,1) is
proved by a combination of the method of lower and upper functions with
the Schauder fixed point theorem. Other singular Lidstone problem for the
differential equation

(=) u® = f(t,u, —u", ... (=17 u®) . (=1)""Lyu?r=2)

may be found in Wei [198], where f € C((0,1) x (0,00)") is nonnegative
and f(t,xo,...,%,—1) may be singular at z; =0, =0,1,...,n—1, t=0
and/or t = 1. Sufficient and necessary conditions for the existence of positive
solutions in the sets C?"72[0,1] N C**(0,1) or C*"7'[0,1] N C*"(0,1) are
given. The results are proved by a combination of the method of lower and
upper functions with a maximal principle.
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Many nonlinear evolution partial differential equations, which act as mod-
els for combusting or other processes, have solutions which develop strong
singularities in a finite time, see the references in the books by Bebernes and
Eberly [35], Samarskii, Galaktionov, Kurdyumov and Mikhailov [175] and
in the survey paper by Levine [124]. The prototype of such problems is the
semilinear parabolic equation from combustion theory

Important examples of f include f(u) = exp(u) and f(u) = u”, B> 1.
In many physical systems, the diffusion term is not linear but depends on
the function u, for example

uy = (u” uy)y +u’, o> 0.

This equation has a porous-medium type diffusion term, and arises as a
model for the temperature profile of a fusion reactor plasma with one source
term (see Zmitrenko, Kurdyumov, Mikhailov and Samarskii [207] and for
further references see the works Samarskii, Galaktionov, Kurdyumov and
Mikhailov [175] or Le Roux and Wilhelmsson [123]). Another possibility is
that the diffusion term depends on its gradient. It occurs in the equation

up = (Jug|” ug). + exp(u)

which arises from studies of turbulent diffusion or the flow of a non-Newtonian
liquid. This equation is invariant under the respective Lie groups of trans-
formations (see e.g. Budd, Collins and Galaktionov [48]). Searching for
solutions which are invariant under these fransformations leads to the fol-
lowing ordinary differential equation for u with a quasilinear differential
operator:

(Ju' P72 ") — ctu + exp(u) — 1 =0,
where ¢ is a positive constant and p = o + 2. Let us put

op(y) = ly[P~2y for y € R.

If p> 1, then the quasilinear operator

u— (¢p(u))
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is called the (one-dimensional) p —Laplacian.

Further, motivated by various significant applications to non-Newtonian
fluid theory, diffusion of flows in porous media, nonlinear elasticity and
theory of capillary surfaces (see Atkinson and Bouillet [29], Esteban and
Vazquez [82], Phan-Thien [I51]), several authors have proposed the study
of radially symmetric solutions of the p —Laplace equation

div (|Vo[P=> Vo) = h(|z|,v).

Here V is the gradient, p > 1 and |z| is the Euclidean norm in R”
of v = (x1,...,2,), n > 1. Radially symmetric solutions of this partially
differential equation (i.e., solutions that depend only on the variable r = |z| )
satisfy the ordinary differential equation

- _ _ d
7“1 n(T'n lfvllp 2@')’:h(r,v), /:5.
If p=n, the change of variables ¢t = Inr transforms it into the equation
(‘u/’p—Q u/)/ — ent h(et u) I i
Y Y dt

and for p # n, the change of variables ¢t = r®="/®=1 yields the equation

(‘u/’p_Qu,)/: ‘p_l pt% h(t%,”&), lzi.
p—n dt

Both these equations have (one-dimensional) p —Laplacian ¢,.

This operator was also discussed for systems of second order differential
equations in Lu, O'Regan and Agarwal [130], Manasevich and Mawhin [131],
[132], Mawhin [137], Mawhin and Urenia [139], Nowakowski and Orpel [145],
Zhang [203]. Further modifications can be found in X.L. Fan and X. Fan [85],
Fan, Wu and Wang [86], where the p(t) —Laplacian u — (Ju/[P®)=2u)’ was
investigated and in Dambrosio [63] who worked with the (p,...,p,) —Lapla-
cian. The above operators have been sometimes replaced by their abstract
and more general version of the form

u— (o))

called the ¢ —Laplacian, where ¢: R — R is an increasing homeomorphism.
This leads to clearer exposition and better understanding of the methods that



are employed to derive existence results. See also Mandasevich, Mawhin [132],
where ¢: R"™ — R" is a strictly monotone homeomorphism.

Most of existence results for problems with ¢ —Laplacian (or with some
of its special versions) is proved under the assumption that the problems
are regular. See e.g. Dambrosio [63], X.L. Fan and X. Fan [85], Fan,
Wu and Wang [80], Liu [125], Lu, O’'Regan and Agarwal [130], Manasevich
and Mawhin [131], [132], Mawhin [I38], [I37], Mawhin and Urena [139],
O’Regan [147], Rachunkovéd and Tvrdy [169], Zhang [203] who consider two-
point boundary conditions (Dirichlet, Neumann, mixed and periodic). Fur-
ther we refer to the papers Agarwal, O’Regan and Stanék [20] or Nowakowski
and Orpel [I45] where some nonlocal boundary conditions can be found. Re-
cently some papers dealing with singular problems with ¢ —Laplacian have
been published. We can refer to Agarwal, Lii and O’Regan [3], Jiang [109],
[110], Wang and Gao [197] for the Dirichlet problem, to Jebelean and Mawhin
[107], [LO8], Liu [126], Polasek and Rachtunkova [153], Rachunkovd and Tvrdy
[170] for the periodic problem, to Agarwal, O’Regan, Stanék [18], [20] for
the mixed or nonlocal problems and to Rachunkové, Stanék and Tvrdy [163]
for other references and results.



Chapter 7

Dirichlet problem

Assume that
¢ 1is an increasing odd homeomorphism with ¢(R) = R.

In this chapter we consider the singular Dirichlet problem with ¢ — Laplacian
of the form

(p(u")) + f(t,u,u') =0, u(0)=u(T) =0, (7.1)
and its special cases, in particular, the problem of the form
u" + f(t,u,u’) =0, u(0)=u(T)=0, (7.2)

where ¢(y) = y. We will investigate problems (7.1) and (7.2) on the set
[0,7] x A. In general, the function f depends on the time variable t € [0, T]
and on two space variables z and y, where (z,y)€.A4 and A is a closed
subset of R2%. We assume that problems (7.1) and (7.2) are singular, which
means, by Chapter 1, that f does not satisfy the Carathéodory conditions
on [0,7]x.A. In what follows, the types of singularities of f will be exactly
specified for each problem under consideration.

In accordance with Chapter [1! we define:

Definition 7.1. A function w: [0,7] — R with ¢(u') € AC[0,T] is a solu-
tion of problem (7.1) if u satisfies

(o' (1)) + f(t,u(t),u'(t)) =0 ae. on [0,T]

and fulfils the boundary conditions u(0) = u(T) = 0. If A # R? we impose
on u in addition the condition (u(t),u'(t))€.A for te€[0,T].

A function we C[0,T] is a w-solution of problem (7.1) if there exists
a finite number of singular points ¢, €[0,7], v =1,...,r, such that if we
denote J =[0,T]\ {t,},_;, then ¢(u') € AC).(J), u satisfies

(p(u' () + f(t,u(t),u' (t)) =0 a.e. on [0,T]

101
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and fulfils the boundary conditions u(0) = u(T) = 0. If A # R? then
(u(t),uw'(t) € A for teJ.

Note that the condition ¢(u') € AC[0,T] implies uwe C'[0,T] and the
condition @(u') € AC,.(J) implies uwe C'(J). If f is supposed to be con-
tinuous on (0,7") x R? and can have only time singularities at ¢t = 0 and
t = T, then any solution (any w-solution) u of problem (7.1) moreover satis-
fies ¢(u') € C1(0,T). If we have a w-solution u which is not a solution, then
we do not know the behaviour of u' near singular points ¢,. But we often
need to know this behaviour. For example, if a singular ordinary differen-
tial equation arises from a partial differential equation with some symmetry
properties we need u' to be defined on the whole interval [0,7]. Therefore
we will focus our main attention on solutions and on such w-solutions that
have bounded first derivatives on J.

REMARK 7.2. We see that the Dirichlet conditions in (7.1) can be written in
the form € B, where

B={xeC[0,T]:2(0)=x(T) =0}

is a closed subset of C[0,7]. Hence, we can carry out the investigation of
problem (7.1)) in the spirit of the existence principles presented in Chapter [1:

e the singular problem (7.1)) is approximated by a sequence of solvable
regular problems,

e a sequence {u,} of approximate solutions is generated,
e a convergence of a suitable subsequence {uy, } is investigated,

e the type of this convergence determines the properties of its limit u
and, among other, determines whether « is a w-solution or a solution
of the original singular problem.

There are more possibilities how to construct an approximate sequence
of regular problems. Their choice depends on the type of singularities of
the nonlinearity f in (7.1) (time, space), on the type of singular points cor-
responding to a solution or a w-solution of problem (7.1) (type I, type II),
on the type of results desired (existence of a solution, a positive solution,
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a w-solution, uniqueness), and so on. A common idea is that approximate
functions f, have no singularities, f, # f on neighbourhoods U, of sin-
gular points of f, f, = f elsewhere, and lim,_ ., meas(U,) = 0. Having
such a sequence of {f,} we study regular problems

(p(u") + fu(t,u,u') =0, u(0)=A4,, u(T)=B, neN,

where A,,B,€R, lim, A, = lim, . B, = 0. In some proofs, one
simply puts A, = B, = 0 for neN. Solvability of these regular prob-
lems can be investigated by means of various methods which have been
developed for regular Dirichlet problems (fixed point theorems, topologi-
cal degree arguments — Cronin [59], Mawhin [135], the critical point theory
— Drébek [77], the topological transversality method — Granas, Guenther
and Lee [100], variational methods — Ambrosetti [27], Dosly and Rehdk [76],
Mawhin and Willem [140], lower and upper functions — De Coster and Ha-
bets [60], [61], [62], Kiguradze and Shekhter [118], Vasiliev and Klokov [194],
Wazewski method — Srzednicki [180], Diblik [73], etc.). Using these methods
we generate a sequence of approximate solutions {u,}. The crucial informa-
tion which enables us to realize the limit process concerns a priori estimates
of the approximate solutions wu,. In the next section we present some ex-
istence results and a priori estimates of solutions of regular problems which
will be used in the study of solvability of the singular problem (7.1)).

7.1 Regular Dirichlet problem

In this section we will study an auxiliary regular problem of the form
(p(u") + g(t,u,u’) =0, u(0)=A, w(T)= B, (7.3)

where g€ Car([0,T] x R?), A, BER.

Definition 7.3. A function w: [0,7] — R with ¢(u') € AC[0,T] is a solu-
tion of problem (7.3) if u satisfies

(G () + g(t, u(t),w/(£) =0 for ac. t€[0,T]
and fulfils the boundary conditions u(0) = A, «(7T) = B.

The simplest case when ¢ has a Lebesgue integrable majorant, is de-
scribed in the next theorem.
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Theorem 7.4. Assume that there is a function h € L1[0,T] such that
lg(t,z,y)| < h(t) for a.e. t€[0,T] and all =,y €R. (7.4)

Then problem (7.3) has a solution.

Proof. Step 1. Solution of an auziliary problem.

Consider the auxiliary problem
(o)) =b(t), w(0)=A4, u)=DB8, (7.5)

where b€ Ly[0,T]. It can be checked by direct computation that w is a so-
lution of problem (7.5) if and only if uw€ C'[0,T] satisfies the conditions

u(t) = A+ /Ot ¢t ((b(u'(O)) + /05 b(T)dT) ds
and

/OT o (o (0)) + / b(r)dr)ds = B - A

Step 2. Definition of functional ~y.
For each (€ C[0,T] define

Yo R =R, y(x) = /0 ot (x +€(s))ds.

Due to the assumption that ¢ is an increasing homeomorphism with ¢(R) =
R, the function 1, is continuous, increasing, and 1,(R) = R. Thus the
equation ¥,(xz) = B — A has exactly one root x = y(¢) € R. Therefore we
can define the functional

v:Cl0,T] = R, (v(¥)) =B — A.

Step 3. The functional ~v maps bounded sets to bounded sets.

Assume that M C C[0,7] and ce€ (0,00) are such that ||{]/o < ¢ for
each ¢ € M. Further assume that there exists a sequence {(,} C M such
that

lim v(¢,) =00 or lim v(¢,) = —oc.

n—oo n—oo
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Let the former possibility occur. Then
B — A= lim ¢, (v(6,)) > lim Té™H (y(£n) — ¢) = o0,

a contradiction. The latter possibility can be argued similarly. Thus (M)
is bounded.

Step 4. Functional ~ is continuous.
Consider a sequence {¢,} C C[0,T] and assume that
lim ¢, = ¢, in C[0,T].

By Step 3, the sequence {v(¢,)} C R is bounded and hence we can choose
a subsequence such that lim, ... v({,) = zo € R. We get

B— A=y (1(6,) /¢ V(o) + G, (8)) i,

which, for n — oo, yields

B— A= /T ¢~ (zo + Co(t)) dt.

Thus, according to Step 2, we have x¢ = v({y). It follows that any convergent
subsequence of {7y(¢,)} has the same limit ~(¢y). Since {v(¢,} is bounded,
we get v({y) = lim,, o v(4y).

Step 5. Definition of operator F.
Define operators N : C'[0,7] — C[0,T] and F : C'[0,T] — C*|[0,T]

and
Fa0) = A+ [ 07 (G + W) () )ds.

Step 1 and Step 2 yield that w is a solution of problem (7.3) if and only if
ue C0,T| satisfies

:A+A¢”@W@D+MWM@WM 61 (0)) = YN (u)).
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Therefore the operator equation u = F(u) is equivalent to problem (7.3).
Thus it suffices to prove that the operator F has a fixed point.

Step 6. Fized point of operator F.

Since the operators v and N are continuous, it follows that F is
continuous. Choose an arbitrary sequence {u,} C C'0,7] and denote
vy, = F(uy,) for neN. Then

(1) = 67 (YN () + N (w))(0),  t€[0.T), neN,

By condition (7.4) there is a ¢; € (0,00) such that |[(N(up)|s < ¢1. This
implies that the sequences {v,} and {v/} are bounded on [0,7]. Con-
sequently, the sequence {v,} is equicontinuous on [0,7]. Moreover, for

t1,t2 €[0,T] we have
)
/ h(s)ds|.
t1

Thus the sequence {¢(v)} is bounded and equicontinuous on [0,7]. Mak-
ing use of the Arzela-Ascoli theorem we can find subsequences {vy, } and
{o(vy,, )} uniformly convergent on [0,7]. Then {v; } is also uniformly con-
vergent on [0,7] and so, {v;,} is convergent in C'[0,T]. We have proved
that the operator F is compact on C'[0,T]. By the Schauder fixed point
theorem, F has a fixed point, which is a solution of problem (7.3). O

[B(vn(t1)) = d(vn (t2))] = [N (un)) (1) — (N (un)) (F2)] <

Method of a priori estimates

Using the method of a priori estimates we can get existence of solutions
of problem (7.3) even for functions g which do not satisfy (7.4) with some
h € Ly[0,T]. To this aim the following two lemmas will be useful. Define the
linear function

T—t t
t)=—A+ =B, te|0,T]. 7.6

alt) = A+ B, e[0T (76)
Motivated by the monographs Kiguradze [I15] or Kiguradze and Shekhter
[118] we will prove a priori estimates under one-sided growth conditions.
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Lemma 7.5 (A priori estimate — sublinear growth).

Let a,5€(0,1), s€(0,00). Let hy € L1[0,T] be nonnegative and let the
function a be given by (7.0). Further assume that

TAC (7.7)
y—oo Y

Then there exists r >0 such that the estimate
[tlloo + [10']lco < 7

is valid for each nonnegative function ho € L1[0,T] with ||holls <2 and for
each function w satisfying

¢(ul> € AC[O7 T]v ( ) (T) = B,

—(o(u'(t)))" sign(u(t) — a(t )) (7.8)
< ho(t) + b () (Ju®)|* + |[u'(t)|?) for a.e. t€]0,T).
Proof. Choose an arbitrary wu satisfying (7.8). Denote p = ||v/||« and let

p=|u'(to)]. Assume that p >|Z=2|. We have |lullo < pT +|A]. Now, we
shall consider four cases.

Case 1. Let u'(ty) = p, wu(to) < alty). This yields t,€ (0,7) and if we
put v(t) = u(t) —a(t) on [0,T], we have v'(ty) > 0, wv(typ) < 0. Since
v(0) =0, we can find t; €[0,¢) such that

'U/(tl) = O, Ul(t> >0 forte (tl, to)

This implies u(t) —a(t) = v(t) <0 on [t1,to]. Integrating the inequality in
(7.8), we get

/ (Gl (#))dt < [lhally + (T + [AD" + o)l

t1
Thus

P(p)

— <
p

(3 + [0 (%))

# (PR ) = o)

D=

(7.9)
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Since lim, .o F(y) =0, we deduce by assumption (7.7) that

—A
there exists p* > ' ’ such that ||u/|le < p*. (7.10)

We see that p* does not depend on the choice of u and hy.

Case 2. Let u'(ty) = p, wu(ty) > alty). So, for v = u —a we have
V'(tg) > 0, v(tp) > 0. Let t,€[0,7). Then there exists t; € (to,7") such
that

'U/<t1) =0, 'l/(t) >0 for te (t();tl)-

This implies u(t) —a(t) = v(t) >0 on (to,?1]. Integrating the inequality in
(7.8), we get

t1
—/ (o(u' () dt < [lholly + ((oT + [AD* + p%) [P |1

to

Thus relation (7.9) is valid which yields estimate (7.10). Now, let ¢, = 7.
Then there exists ¢; € (0,7") such that

’U,<t1) = 0, 'U,(t) >0 for te (tl,T)
Since v(T") =0, we see that u(t) —a(t) =v(t) <0 on (¢;,T). Integrating

the inequality in (7.8), we get

/ (6(/(t))) dt < ol + ((0T + AN + %) [Ihn -

t1

So, relation (7.9) and consequently estimate (7.10) are valid again.
Cases 3 and 4. Let

u'(to) = —p, u(to) > alty) or u'(to) = —p, u(ty) < a(ty).

Similarly, using the assumption that ¢ is odd, we can verify that estimate
(7.10) is true also in this remaining two cases.

Summarizing, if we put r=p*+ p*T + | A|, we get ||u|lco+]|t||oo <. O
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REMARK 7.6. (i) If ¢ does not fulfil condition (7.7), we replace the inequal-
ity in (7.8) by

~(@((0) sign(ul?) ~ af?)
< a0+ 1) [0 (M9

Then, arguing similarly to the proof of Lemma (7.5, we get

) + |¢(u’(t))|ﬂ> for a.e. t€[0,7T].

12 o (et o (B77)]) #Imleon = + 61,

This implies estimate (7.10) and consequently ||ul|oo + ||t/ ||oo < 7-

(i) If ¢(y) = ¢p(y) = |y[P~?y with p > 2, then condition (7.7) is always
satisfied.

Lemma 7.7 (A priori estimate — linear growth).

Assume that € (0,00) and that the function a is given by (7.0). Let
hi,he € L1[0,T] be nonnegative and let

lim % > Tkl + || ha1. (7.11)

y—00
Then there exists r >0 such that the estimate
[ulloe + [[t/floo <7

is valid for each nonnegative function hg € L1[0,T] with ||ho|l1 < 3 and for
each function u satisfying

o(u') € AC[0,T), u(0)=A, u(T)=B,
—(o(u'(£)))" sign(u(t) — a(t)) (7.12)
< ho(t) 4+ ha(t) |u(t)] + ha(t) |/ (t)| for a.e. t€]0,T].

Proof. Choose an arbitrary function u satisfying condition (7.12)). Denote
p = ||| andlet p=|u'(ty)|. We have |ullc < pT + |A|. Assume that
p > |BT_A|. Now, we shall consider four cases as in the proof of Lemma [7.5.
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Let /'(to) = p, wu(to) < a(ty). We argue as in the proof of Lemma [7.5
and find ¢, €[0,%y) such that u/(t;) = [Z24| and u(t) < a(t) on [ti,to).
Integrating the inequality in (7.12), we get

—A
%@S%(%+P<§T_N+pwmm)+Tmﬂﬁwwm:iﬂm

Since limy_.o Fi(y) = T||h1||1 + | h2]l1, we deduce by assumption (7.11) that
estimate (7.10) holds. The remaining three cases are similar. Therefore, if
we put r = p*+ p*T + |A], we get ||[u)lco + ||t/]|oo < 7 O
REMARK 7.8. (i) If condition (7.11) is not satisfied, we assume

T{[hafly + [h2lly <1

3

and replace the inequality in (7.12) by
—(o(u'(2)))" sign(u(t) — a(t))
u(t)—

<%Q+ﬁ1'¢( )WHMMMU@MfM&etEMTL

Then, arguing similarly to the proof of Lemma 7.7 and to Remark 7.6, we
get [Julloe + [[t/]loe < 7.

(i) We see that if ¢(y) = ¢p(y) = |y[P"2y with p > 2, then condition
(7.11) is fulfilled for each hy, hy € Ly[0,T7.

The following theorem relies on Lemma 7.5.

Theorem 7.9. Assume that the function a is given by (7.0). Let «, f€[0,1)
and let h € L41]0,T] be nonnegative. Further assume (7.7) and

g(t,z.y) sign(z — a(t)) < h(t)(L + |2[* + [y|”)

(7.13)
for a.e. t€[0,T] and all z,y€R.

Then problem (7.3) has a solution.
Proof. Let r be the constant of Lemma 7.5/ for hg = h; = h and » = ||h]|;.
Put M =max{|A|,|B|}, 7=r+ M, and define
—r if z < —T,
X(z) =9q =z if 2] <7 glta,y) = g(t x(x), x(y)) for ae. t€[0,T]

roif z> 7,
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and all z,y,2 € R. Then g€ Car([0,T] x R?) and there is a function
h e Ly[0,T] such that |g(t,z,y)] < h(t) for a.e. t€[0,T] and all z,y€eR.
Consider the auxiliary problem
(G0)) + Gt =0, u(0) = A, w(T) = B. (7.14)
By Theorem (7.4, problem (7.14) has a solution w. Since 7 > M, we have
sign(z — a(t)) = sign(x(z) — a(t)) for t€[0,T], x€R, and
—(o(u'(t))) sign(u(t) — a(t)) = g(t, x(u(t)), x(u'(¢))) sign (x(u(t)) — a(t))
< (t) (1 + [x(u(®)]* + [x (' (t))]%)
< h(E)(1+ |u(t)]* + |/ (t)|°)  for ae. te[0,T].
Thus, by Lemma [7.5, the function w satisfies ||[u]|s + ||¢]|cc < 7 and hence

u is also a solution of problem (7.3). 0

REMARK 7.10. If g satisfies inequality (7.13) with a,3€10,1), we will say
that g has one-sided sublinear growth in x and y. In this case each function
g+ go has also one-sided sublinear growth provided g¢o(t, x,y) sign(x —a(t))
is nonpositive on [0, 7] x R

EXAMPLE. Let A=B =0, h;€1,]0,T7], i=0,1,2,3, hy,hs be nonneg-
ative on [0,7]. For a.e. t€[0,7] and all z,y €R define the function

g(t,z,y) = ho(t) — hi(t) #° + ho(t)\/|y| —

We see that ¢ satisfies inequality (7.13) because a(t) = 0 and we can
write g in the form g = go + g1, where g (t,,y) = ho(t) + ha(t)/]y| and
go(t,r,y) = —hy(t)z® — hs(t) xy*. Here g; has a sublinear growth in z and
y and go(t,z,y)signz <0 on [0,7] x R%

The next theorem will be applicable to problem (7.3) with ¢(¢,z,y) hav-
ing one-sided linear growth in x and y.

Theorem 7.11. Let the function a be given by (7.0). Let ho, hq, he € L1[0,T]
be nonnegative and let condition (7.11)) hold. Further assume

gtz y)sign(x — a(t)) < ho(t) + ha(t)]z| + ha(t)[y|
for a.e. t€[0,T] and all z,y€R.

Then problem (7.3) has a solution.



112 CHAPTER 7. DIRICHLET PROBLEM

Proof. We argue as in the proof of Theorem 7.9 and use Lemma 7.7 instead
of Lemma [7.5. O

EXAMPLE. Let T=1,neN, A=0,B =1, ¢(y) =y, h€ L1[0,1] and let
¢ € Car(]0,1] x R?) be nonnegative. Then the function

gt,z,y) =h(t) +tx + 2y — (x — )" ot z,y)
satisfies the conditions of Theorem [7.11 because
g(t,z,y) sign(a —t) < [h(t)| +t |2 + 1 [y|
for a.e. t€[0,1] and for all z,y €R, and

1 1
5
limM:1>/ tdt+/ t?2dt = =,
0 0 6

y—oo Y

i.e. condition (7.11) is valid.

REMARK 7.12. If ¢ does not fulfil conditions (7.7) and (7.11) in Theo-
rems 7.9 and [7.11, respectively, we modify these theorems according to Re-
marks 7.6 and [7.8.

Method of lower and upper functions

It is well known that for regular second order boundary value problems
the lower and upper functions method is a useful instrument for proofs of their
solvability and for a priori estimates of their solutions. See e.g. De Coster
and Habets [60], [61], [62], Kiguradze and Shekhter [118], Ladde, Laksh-
mikantham and Vatsala [120], Rachunkovd and Tvrdy [167], [168], [169]
or Vasiliev and Klokov [194]. In literature several definitions of lower and
upper functions for regular boundary value problems can be found. (Note
that in some papers they are called lower and upper solutions). Here we will
use the following one.

Definition 7.13. A function o€ C[0,T] is called a lower function of prob-

lem (7.3)) if there is a finite set ¥ C (0,7") such that ¢(o’) € AC1,.([0,T]\ ),

o'(t+) == lmy_,, 0'(t) eR, o'(7—) :=limy_,_o'(t) eR for each T€X,
(p(a'(t)) + g(t,o(t),d’(t)) >0 for a.e. t€[0,T],

(7.15)
o(0) <A, o(T)< B, o/(t—) < o'(r+) for each T€X.
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P

If the inequalities in (7.15) are reversed, then o is called an upper function

of problem (7.3)).

We have seen that Theorems 7.9 and [7.11] can be used for problem (7.3))
provided g¢(t,z,y) satisfies sublinear or linear one-sided growth restrictions
with respect to x and y. Another class of functions ¢ is covered by the next
theorem which says that if there exist lower and upper functions o; < oy to
problem (7.3), it suffices to require the inequality in (7.4)) only for x € [0y, 03].
This implies that ¢(t,z,y) can grow in x arbitrarily.

Theorem 7.14. Let o1 and oy be a lower function and an upper function
of problem (7.3) and let o1(t) < o9(t) for t€[0,T]. Assume that there is
a function h € Ly[0,T] such that

lg(t,z,y)| < h(t) for a.e. t€|0,T] and all x € [o1(t),0q(t)],y €R.
Then problem (7.3) has a solution u such that
o1(t) < u(t) < oq(t) fortel0,T]. (7.16)

Proof. Step 1. Construction of an auziliary problem.

For a.e. t€[0, 7] and all z,yeR, £€]0,1], define

/

o1(t) — x o1(t) — x
gt o1(1), ) + e (t’ o1 (t) —x+ 1) * o(t) —x+1
if z< O'l(t),
gtz y) =9 g(t,z,y) if 01(t) < < oot),
x — o3(t) T — 0y(t)
9t o2(t), ) = @ (t’ x — o9(t) + 1) oz —oo(t)+1
L if z> 02(1?),

where

wilt,€) = sup{lg(t, o,(t), o4(D) — g(t, o)) ly— ol < 2}, i=1,2.

We see that w; € Car([0,7] x [0,1]) is nonnegative, nondecreasing in its
second variable and w;(t,0) =0 for a.e. t € [0,7], i = 1,2. Further, we have
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g€ Car([0, T]xR?) and there exists h € Ly[0,T] such that [§(t,z,y)| < h(t)
fora.e.t€[0,7] and all =,y € R. Thus, by Theorem 7.4, problem (7.14) with
g defined in this proof has a solution w.

Step 2. Solution u of the auziliary problem lies between o1 and os.

We will prove that estimate (7.16) holds. Denote wv(t) = u(t) — oo(t) for
t€[0,7T] and assume, on the contrary, that

max{v(t) : t€[0,T]} = v(ty) > 0.

Since u(0) = A,u(T) = B and 02(0) > A,09(T) > B, we have ty€ (0,7).
Moreover, Definition [7.13 implies that to &%, because v'(7—) < v'(7+) for
T€3X. So, we have t,€(0,7)\ X and ¢'(ty) = 0. This guarantees the
existence of ¢ € (to,7") such that

v(t)

<1
u(t)+1

v(t) >0 and [V'()] <

for t€[tg,t1] and [to,t1] NS = 0. Then

/

(6 (8)) = (9(05(1)))" = —g(t. u(t), ' (¢)
v(t)

v(t) +1 v(t) +1

S~—
—
-
oS
Q
o~
—
~~
N—
N—
SN—
~

= —g(t,09(1), 4 (1)) + ws (t,

> —g(t,oa(t), /(1)) + wa(t, [0 (1)]) = ($(05(t))) = —g(t, oa(t), o/ (1))

for a.e. t € [to, t1]. Hence

0< [ (6l (6)) = (B(os) ds = S (D) ~ 0(4(0). € (10,1

to

Therefore v = v’ — ol > 0 on (to, 1], which contradicts the assumption
that v has its maximum value at ty,. The inequality oq(t) < u(t) can be

proved similarly. Thus, u fulfils estimate (7.16) and so, u is a solution
of problem (7.3). d
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ExXAMPLE. Let A,B€R and ri,79€R be such that r < min{0, A, B}
and 79 > max{0, A, B} and

g(t,r1,0) >0, g(t,7m2,0) <0 for ae. t€[0,T].

Then the constant function oq(t) = r; satisfies condition (7.15) and hence,
o1 is a lower function of problem (7.3). Similarly oo(t) = o satisfies con-

dition (7.15) with the reversed inequalities and so, oy is an upper function
of problem (7.3). Here ¥ = 0.

The next lemmas on a priori estimates enable us to extend the existence
results of Theorems 7.9 and [7.11. The first two deal with the so called
Nagumo function w € C|[0,00) which is positive and fulfils

/OOO wt) = . (7.17)

Similar a priori estimates for ¢(y) =y can be found in Kiguradze [115] or
Kiguradze and Shekhter [118§].

Lemma 7.15 (A priori estimate — Nagumo condition I).

Assume that the function a is given by (7.6). Let ry, € (0,00), let
ho € L1][0,T] be nonnegative and let w € C[0,00) be positive and fulfil condi-
tion (7.17). Then there exists v > 0 such that for each function u satisfying

o(u')e ACI0,T], w(0)=A, u(T)=B, |ulw <ro,

(7.18)
—(p(u'())) sign(u(t)—a(t)) < sew(|o(u'(8))]) (ho(t) + [ ()])

the estimate ||u'||oo <1 is valid.

Proof. Choose an arbitrary u satisfying condition (7.18). Denote ||u/|| =p
and let p = [u/(to)|. Assume p > [Z=4|. We will consider four cases as in
the proof of Lemma [7.5.

Case 1. Let u/(to) = p, u(to) <a(ty). Then ty€ (0,7) and since u(0)=a(0),
we can find ¢; €[0,%) such that
B—-A B—-A

u/(tl) = ‘T‘ y U/(t) > ‘T‘ for te (tl,to).
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This implies
u(t) < af(t), u’(t) >0 for telty,to

and, by condition (7.18),

OO < seholt) + (1)) for a1, t]

(o(u'(1)))

Integration of the last inequality leads to

(o(/'(2)))
/tl (gb(u’(t)))dt < s(||olly + 2ro)
and

o0 s o(B-A)/T) 4
< h 2rg) =: K . 7.19
| 5<] sl +2r0) = K <oo. (7.9

Case 2. Let u/(to) = p, u(to) > a(ty). Let to€[0,T). Then there exists
ty € (to,T') such that

B—-A B—-A
Ul(tl) = ’T’, u’(t) > ‘T‘ for te (to,tl).

This implies
u(t) > a(t), u'(t) >0 for te€(ty,t1]

and, by condition (7.18),
< x(ho(t) +u'(t)) for a.e. t € [tg, t1].
Integration of the last inequality leads to
(o(u'(2)))’
— ——————dt < x(||hol|1 + 2r
[, Sty < a2

and we get relation (7.19).
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Now, let to = T. Then there exists t; € (0,7T) such that

u’(tl):‘BT_A‘, u'(t)>‘BT_A), u(t) < a(t) for te(t,T).

We get (7.19) as in Case 1.

Cases 3. and 4. In the remaining two cases we prove (7.19) similarly.

By condition (7.17) there is an r > |2=4| such that

Thus, by virtue of relation (7.19), p < r. Hence the estimate ||u/]|o <7 is
proved. O

Lemma 7.16 (A priori estimate — Nagumo condition II).

Let ay, as €10, T], a1 <az, y1, y2 €R, 1y, 3€(0,00). Furthermore,
let ho€ Ly[0,T] be nonnegative and let w e C[0,00) be positive and fulfil
condition (7.17). Then there exists r > 0 such that for each function u
satisfying

(6(u') € AC[0,T],  lullsc < o,
(o(u'(t))) sign(u/(t)—y1)
== w(|p(u () =p(y1)]) (ho(t)+[u'(t) — 1)
X for a.e. t€]0,as, (7.20)
(o(u'(t))) sign(v'(t) — y2)
< sew([o(u'(t)) — d(y2)]) (ho(t) + |u'(t) — y2)
for a.e. t€lay,T),

\

the estimate ||u'||oo <1 is valid.

Proof. Choose an arbitrary wu satisfying condition (7.20). By the Mean
Value Theorem we can find £ € (ay,az) such that [|u/(§)| < af%al = (.
Further we see that

sign(o(u'(t)) — ¢(y;)) = sign(u'(t) —y;), i=1,2, forte|0,T].



118 CHAPTER 7. DIRICHLET PROBLEM

Put v;(t) = (v (t)) — ¢(y;), i=1,2, for t€[0,T]. Then
i) < @lco) + |¢(s)| =i, i =1,2.

Condition (7.17) implies that there exists p; € (¢;,0), @ = 1,2, such that

Pi dS .
/Ci m > %(Hho”l + 27“() +T|yz|), 1 = 1,2 (721)

Assume
masc{or(8)] < t€ [0, €]} = [oa(a)] > .
Then a < ¢ and there exists € («, €] such that
[vi(B)] = c1, ()] 2 1 for t€[a,d].
By the inequality in (7.20) which holds on [0, as], we get

_vi(t) sign vi(t)

w(oa(@)])

Integrating this inequality over [a, 3] and using the substitution s = |v](¢)],
we arrive at

/ijl(an % < (/j ho(t)dt + /j ' (t) — yl\dt) : (7.22)

Since |v1(t)| = |p(W'(t)) — ¢(y1)| > 1 for te€[a, f], we see that u/(t) — 1
does not change its sign on [«, 5] and hence

B
/ (1) = yaldt =

So, (7.22)) leads to
Pt ds [v1(a)] ds
&5 B ol + 270 + T
/q = / < ol + 210 + Tl ),

which contradicts inequality (7.21). Therefore |vi(a)] < p; and we have
proved

|6(u/(t)) — ¢(yr)| < p1 - for t€[0,¢].

< s (ho(t) + |U'(t) —y1]) for ae. t€]a,f].

/j(u’(t) _ yl)dt' < 20+ Ty,
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The estimate

|6(u'(£) = d(y2)| < p2 for t €[, T]

can be proved similarly. Hence, we get |[u||o < 7 if we put r = ¢~ 1(p*),
where p* = max{py, p2} + max{|¢(y1)|, [#(y2)[}- m

If we investigate problem (7.3) with g¢(¢,x,y) having arbitrary growth
in z and growth in y controlled by the Nagumo condition (7.23) , we can
often use one of the following two theorems.

Theorem 7.17. Let a be given by (7.0), let o1 and oy be a lower function
and an upper function of problem (7.3) and let o1(t) < o9(t) for t€[0,T].
Assume that there exist »x € (0,00), a nonnegative function ho€ L]0, T]
and a positive function w € C[0,00) fulfilling condition (7.17) and

gtz y)sign(z — a(t)) < sw(|o(y)])(ho(t) + [y])

(7.23)
for a.e. t€[0,T] and all x € [o1(t),02(t)], yER.

Then problem (7.3) has a solution w satisfying estimate (7.16) and moreover,
|t||w < 7. Here r > 0 is the constant independent of w and given by
Lemma [7.15 for ro = max{||o1]|co; ||o2]loc }-

Proof. Without loss of generality we can assume

r > max{||o1]|so; [|o3loc }-

Define
1 if 0<z<n,
x(2) = 27“; S it r<z<on Gty = x(yhgltz,y)
0 if z>2r

for a.e. t€1[0,7] and all z,y €R,z€(0,00). Then ge Car([0,T]xR?) and
there is a function h € Ly[0,T] such that |§(t,z,y)| < h(t) for a.e. t €[0,T]
and all x € [oy(t),09(t)], y€R. Consider problem (7.14) with g defined
in this proof. Since o7 and oy are also lower and upper functions to this
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problem, we get by Theorem [7.14 that it has a solution u satisfying estimate
(7.16). Further,

—(o(u' (1)) sign(u(t) — a(t)) = g(t, u(t), u'(t)) sign(u(t) — a(t))
= x([u'(®)]) g(t, u(t), w'(1)) sign(u(t) — a(t))
< X[ (0)]) 2 w(l@(w'(1)]) (ho(t) + [/ (2)])
Wl (1)) (ho(t) + |/ (1)])  for ace. te€[0,T].

By Lemma [7.15] the function u satisfies |[v/||oc <7 and hence u is also a
solution of problem (7.3). O

EXAMPLE. Let k,neN, A=B=1, ceR, h; € L.[0,T], andlet hy € L1[0,T]
and ¢ € Car([0,T] x R?) be nonnegative functions. For a.e.t€[0,7] and
all x,y €R define the function

gt w,y) = ha(t) — 2* 1+ 22 (ha(t) + ey)dly) — (z — 1) p(t, 2, y).
We can find constant functions oy(t) =r; <1 and oy(t) =, > 1 which
are respectively lower and upper functions of problem (7.3) with ¢ defined
above. Moreover, ¢ fulfils inequality (7.23) with s =1,

w(s) = (1+c))(1+s) and ho(t) = [hi(t)] + max{|ri], ro}*|ha(t)].

By Theorem [7.17 our problem has a solution u satisfying r; < u(t) < ro
for t€[0,T].

The second form of the Nagumo condition is condition (7.24) which is
used in the next theorem.

Theorem 7.18. Let o1 and oy be a lower function and an upper function
of problem (7.3) and let o1(t) < oo(t) for t€[0,T]. Assume that there
exist ar,as €[0,T],a1 < ag, y1,y2€R, € (0,00), a nonnegative function
ho € L1[0,T] and a positive function w e C|[0,00) fulfilling condition (7.17)
and
(9(t,2,y) sign(y — y1) < sew(|$(y) — Sy (ho(H)+ly—p1)

2

t)], yeR,

gt z,y) sign(y — y2) > =2 w([6(y) — ¢(y2)[) (ho(t)+|y—y2])
for a.e. t€ay, T) and all x € [o1(t),09(t)], y ER.

or a.e. 0,as| and all x € |0y
f t€l0, a] €loi(t), o (7.24)
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Then problem (7.3) has a solution u satisfying estimate (7.10) and more-
over, ||[t|lo < 1. Here r >0 is the constant independent of u and given
by Lemma 716 for ro = max{||o1|/co, ||o2||00 }-

Proof. We define ¢ as in the proof of Theorem [7.17 using a sufficiently
large r from Lemma [7.16. Then, similarly to the proof of Theorem [7.17), we
get a solution w of problem (7.14) satisfying estimate (7.16) and condition
(7.20). By Lemma [7.16) the function u satisfies ||u/|| < 7 and hence u
is also a solution of problem (7.3). O

EXAMPLE. Let k€N beodd, A, B¢, 7r€R, y1=y2=0, a1, az€[0,T],
a; < ag, hy,he,hs€ L1]0,T]. Assume that h; is positive on [0,7] and

ho > 0a.e. on [0,a1], hy=0a.e on (ay,T],
hs =0 a.e. on [0,as], hg>0ae. on (az,T].
Consider problem (7.3) with ¢(y) =y and
g(t,,y) = () (r" — 2%) + cy® — ha(t)y® + ha(t)y
for a.e.t€[0,7] and all x,y€R. We can find 7,73 € R such that
ry < min{—|r|, A, B}, ry > max{|r|, A, B},
and
g(t,r1,0) >0, g(t,r2,0) <0 fora.e. t€l0,T].

Therefore the constant function oy(t) = r; satisfies condition (7.15) and
hence o7 is a lower function of the problem. Similarly, o9(t) = ro satisfies
condition (7.15)) with reversed inequalities and so, o, is an upper function
of this problem. Moreover, ¢ fulfils both the inequalities in (7.24) with =1
and

ho(t) = [ha(®)|([r[* + (max{|r],72})"),  w(s) = (Je| + 1)(1 + 5).

Hence, by Theorem[7.18, our problem has a solution u such that r; < u(t) <
ro for t€[0,T]. Note that since the growth restrictions in Theorem [7.18 are
only one-sided, the function g can have not only the quadratic term c?
but also terms with ¢ and 5.
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7.2 Dirichlet problem with time singularities

First we will study the singular problem (7.2) under the assumption
f€Car((0,T] x R*) has a time singularity at ¢ = 0, (7.25)

i.e. there exist =,y €R such that

[t plii=co tor ce .71
0

We want to prove the existence of a solution to (7.2) or the existence of
a w-solution u to (7.2)) satisfying

there exists r > 0 such that |u'(¢)] <r for t€(0,T]. (7.26)

According to Definition [7.1l and assumption (7.25), a w-solution wu of prob-
lem (7.2) has a continuous derivative on (0,7] but «' need not exist at
the singular point t=0. However, condition (7.20) guarantees that «’ must
be bounded near ¢ =0. Those who are interested in the existence of a w-
solution u with u' possibly unbounded near ¢=0 can find nice results in
Agarwal, Lii and O’Regan [3], Agarwal and O’Regan [4], [5], [7], [12], Kig-
uradze [115], [117], Kiguradze and Shekhter [118], Lomtatidze [127], Lom-
tatidze and Malaguti [128] or Lomtatidze and Torres [129].

If we modify theorems of Section [1.2] for the Dirichlet problem (7.2) with
time singularities we can extend the results of Section [7.1 and obtain the ex-
istence of w-solutions or solutions of (7.2). To this aim we present here
the version of Theorem [I.3/ for ty=0, n = 2 and A=R2 Consider a se-
quence of regular problems

u" + fe(t,u,u’) =0, u(0)=u(T)=0, (7.27)
where f € Car([0,T] x R?), keN.
Theorem 7.19. Let assumption (7.25) hold. Assume
for each k €N and each (x,y) € R?,
frt,x,y) = f(t,z,y) a.e. on [0, T\ Ay, (7.28)
where A, = [0,7) N[0, T,

and
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there exists a bounded set Q C C[0,T]
such that for each k€N (7.29)

the regular problem (7.27) has a solution wuy, € .

Then
there exist a function ue C[0,T] and a subsequence (7.30)
{ug,} C {ur} such that limy_, |Jug, — ul|e = 0, .
eh—>r<1>10 uy, (t) = u'(t) locally uniformly on (0,T7, (7.31)
ue ACL (0,T] and
| (7.32)
u is a w-solution of problem (7.2) satisfying (7.20)).

Assume, moreover, that there exist 1 € L1[0,T], n >0, ¢y €N and X €
{—1,1} such that

A S (8 g, (8), i, (£)) = (1)

(7.33)
for all Ce N, L > by, and for a.e. t € (0,n).

Then u is a solution of problem (7.2), i.e. ue AC[0,T].

If f(t,z,y) in (7.2) has one-sided sublinear growth in = and y, we use
Theorem [7.19 to modify Theorem (7.9 as follows.

Theorem 7.20. Let assumption (7.25) hold and let «, B€[0,1). Assume
that there exists a nonnegative function h € L1[0,T] such that

f(t,z,y) signa < (1) (1+ |z + [yl°)
for a.e. t€[0,T] and all x,yeR.

Then problem (7.2) has a w-solution u satisfying estimate (7.20).

Proof. Choose an arbitrary k€N and for z,y€R define the auxiliary
function

f(t,x,y)  forae te[0,T]\ A,

fk(tax)y) -
0 for a.e. t € Ay,
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where A, = [0,7] N[0, ). We see that f; € Car([0,T] x R?) fulfils con-
dition (7.28) and inequality (7.13) with a(t) = 0 and g = f;. Consider

the approximate regular problem
u” + fe(t,u,u’) =0, u(0)=u(T)=0. (7.34)

Let us put a(t) =0 and ¢(y) = y. By Theorem|[7.9, we deduce that problem
(7.34) has a solution wug. In this way we get a sequence {uy} of solutions
of (7.34), keN, satisfying

—uy(t) sign u(t) < h(H)(1+ |up()]* + |uj, (1))

for a.e. t€[0,7] and all k€ N. So, by Lemma [7.5 there exists r > 0 such
that

lluklloo + |t)le <7 for all keN.
Define the set

Q={zeC'[0,T]: ||zlloc + |2l <7}
Then condition (7.29) is valid and, by Theorem [7.19, we can find a subse-
quence {uy,} C {u} satisfying conditions (7.30), (7.31) and (7.32). O
EXAMPLE. Let k¥ € N, a€[l,00), let peC(R?) be positive and let
ho, hi, ha € L1]0,T]. Consider problem (7.2), where

L2+

o(,y)

o ho() b (828 + ha(1)]y

f(tvxay) = -

for a.e. t€[0,7] and all x,y €R. The first term of f is singular at ¢ = 0.
Further, f satisfies

Ft,z,y) signz < h(t)(1+ |z|5 + |y|2) for ae. t€[0,T] and z,y € R,

where h = |hg| + |h1| + |ha|. Therefore, by Theorem [7.20), the problem has
a w-solution satisfying (7.20).

If f(t,z,y) in (7.2) has one-sided linear growth in x and y, we can
decide about the existence of a w-solution by means of the following modifi-
cation of Theorem [7.11.
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Theorem 7.21. Let assumption (7.25) hold. Assume that there exist non-
negative functions hg, hy, ho € L1][0,T] such that

Tlhalls + l[h2fly < 1,

ft,x,y) signz < ho(t) + hq(t) |z] + ha(t) |y|
for a.e. t€[0,T] and all z, y€R.

Then problem (7.2) has a w-solution w satisfying estimate (7.20).

Proof. For k€N consider problem (7.34). Put a(t) =0 and ¢(y) = y.
Using Theorem 7.11and Lemma 7.7 we argue as in the proof of Theorem [7.20.
O

EXAMPLE. Let k€N, ac[l,0), a,beR, |a|+ [b] < i, let peC(R?)

be positive and let ho € L1[0, 1]. Consider problem (7.2), where T'=1 and
2 o(x,y)

1
. + ho(t) + —=(ax + by)

Vit

for a.e. t€[0,1] and all z,y€R. The first term of f is singular at ¢ = 0.
Further, f satisfies

f(t,ﬁ,y) ==

: |a] |b]
t,x,y)signx < |ho(t)| + —F=|x| + — for a.e. t€|0,1] and z,y € R.
[t z,y)sig |70 ()] \/%! | \/Zlyl [0,1] y
Therefore, by Theorem [7.21] the problem has a w-solution satisfying estimate
(7.26).

The next theorem shows that if f(¢,x,y) keeps its sign for small ¢ and
x, we get a solution of problem (7.2).

Theorem 7.22. Let all conditions of Theorem 7.201 or Theorem [7.21 be ful-
filled and let u be a w-solution of problem (7.2) satisfying estimate (7.20).
Further assume that

there exist A€ {—1,1} and 0€(0,T) such that (7.35)
.35
A f(t,x,y) <0 for a.e. t€(0,9) and all x € (=9,9),yE[—r,7].

Then w is a solution of problem (7.2)).
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Proof. For k€N consider problem (7.34). By the proof of Theorem [7.20
or Theorem [7.21] there exist r > 0 and a sequence of approximate solutions
{ug,} satisfying conditions (7.30), (7.31) and |lug,|lec + [|u},llc < v for
¢eN. The function w in (7.30) is a w-solution of problem (7.2) and fulfils
estimate (7.20)). To prove that u is a solution we will describe the behaviour
of ' at the singular point ¢ = 0. Since w(0) = 0, there exists n; € (0,0)
such that |u(t)| < d for £€(0,71). Then condition (7.35) gives

A0 = M) <0 Torae. 1€ (0.n)

and hence u' is strictly monotonous on (0,7;). Using estimate (7.20) we
see that lim; .o /' (t) € [—r, 7]

Let lim; o4 v'(t) # 0. Then

there exists n e (0, such that
{ 1€ (0,m) (7.36)

u(t) >0 on (0,n) (or u(t) <0on (0,7)).

Let lim; o4 v/(t) = 0. Since «’ is strictly monotonous on (0,7,), we have
uw'(t) # 0 for t€(0,m). This implies (7.30). Moreover, conditions (7.30)
and (7.30) yield ¢y > 0 such that

uk,(t) > 0on (0,m] (or ug,(t) <0 on (0,7])

for each /€N, /¢ > {y. Hence, under the assumptions of Theorem [7.20! or
Theorem [7.21, we have

Ao f, (8, up, (t), 1y, () > b(t)  for ae. t€(0,n], £> Lo,

where Ay = —sign uy,(t). Provided the assumptions of Theorem [7.20] hold,
we put ¥ (t) = —h(t)(1 +r* +r?) and if the assumptions of Theorem [7.21
are fulfilled, we put ¥(t) = —ho(t) — (r + 1) (h1(t) + ha(t)). Consequently,
inequality (7.33) holds and Theorem [7.19 implies ue AC[0,T], ie. w is
a solution of problem (7.2). O

EXAMPLE. Let k€N, a€[l,00), a,b€R, |a| <, b <0 and let ¢ e C(R?)
be positive. Consider problem (7.2), where T'=1 and

2k+1 1
(ol + 2 oen) | Loy

f(t7x7y):_ ta \/g
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for a.e. t€[0,1] and all z,y €R. Then f satisfies
: o] . la]

t,x,y) signe < = + — |z| + Vt for a.e. t€10,1] and all x,y € R.
f(t,z,y) sig N 2] vl [0, 1] Y
Therefore, by Theorem [7.21, the problem has a w-solution satisfying estimate

(7.26). We can check that there exists d > 0 such that

f(t,z,y) <0 forae. te[0,0] and all x € [=6,0],y € [—r,7].
Hence, by Theorem [7.22, wu is a solution of the problem.
Similarly we could modify other theorems of Section 7.1/ in order to get

a solution or a w-solution to problem (7.2). However, we switch our attention
to the more general singular problem (7.1)).

Dirichlet problem with ¢ — Laplacian

As before we assume that f fulfils condition (7.25) and we are interested
in the existence of a solution to problem (7.1) or of a w-solution w to (7.1)
satisfying estimate (7.20). Since problem (7.1) contains ¢ —Laplacian, we
cannot now use theorems of Section 1.2/ directly but we need to generalize
them for problems with ¢ —Laplacian. Consider the sequence of regular
problems

(o)) + fult,u,u') =0, u(0)=u(T)=0, (7.37)
where f;, € Car([0,T] x R?), keN.

Theorem 7.23 (First principle for ¢ —Laplacian and time singularities).
Let assumptions (7.25) and (7.28) hold. Further assume that

there exists a bounded set Q C C[0,T]
such that for each ke N (7.38)
the regular problem (7.37) has a solution wuy, € 2.

Then assertions (7.30) and (7.31) are valid, ¢(u') € AC1,.(0,T] and u is
a w-solution of problem (7.1)).

If, moreover, condition (7.33) is satisfied, then w is a solution of problem

(7.1), d.e. o(u')e AC|0,T].
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Proof. Step 1. Convergence of the sequence of approximate solutions.

Condition (7.38) implies that the sequence {u;} is bounded and equicon-
tinuous on [0,7]. By the Arzela-Ascoli theorem assertion (7.30)) is true and
u(0) = u(T) = 0. Since {u}} is bounded, we get, due to assumption (7.28),
that for each 7€ (0,7 there exist k- €N and h, € L;[0,7] such that for
each k >k,

| fr(s, up(s), up(s))] < h.(s) forae. se[r,T]. (7.39)

Hence problem (7.37) yields for k > k., ti,ta€[r,T|

to
/ h.(s)ds
t1

which implies that the sequence {¢(u})} is equicontinuous on [7,7]. By
virtue of the uniform continuity of ¢~! on compact intervals, the sequence
{uj.} is also equicontinuous on [7,7T]. The Arzela-Ascoli theorem implies
that for each compact subset K C (0,7] a subsequence of {uj} uniformly
converging to u’ on K can be chosen. Therefore, using the diagonalization
theorem, we can choose a subsequence {uy,} satisfying both (7.30) and
[@31).

|0(ui(t2)) — G (uy (1)) <

I

Step 2. Convergence of the sequence of approzimate nonlinearities.

Let V; be the set of all ¢+€[0,T] such that f(¢,-,-) : R*> — R is not
continuous and let V5 be the set of all t€[0,7] such that the equality
in (7.28) is not satisfied. Then meas (V; UV,) = 0. Choose an arbitrary
7€ (0,T)\ (V1UVy). Then there exists £y €N such that for ¢ > ¢, we have

o (7w (7), 1, (7)) = (7, ui, (7), 0, (7))
and, by (7.30) and (7.31)), the equality

lim fi (g, (7) v, (7)) = £, (), ()
holds. Hence,

eh—glo Fro (8, ur, (1), 1y, (1) = f(t, u(t),'(t)) for ae. t€[0,T]. (7.40)
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Step 3. The function u is a w-solution of problem (7.1).
Choose an arbitrary 7€ (0,7] and integrate the equality

(&g, (0)))" + fiy (& e, (£), i, () = 0 for ave. t €0, 7).

We get

o(ul, (T)) — S(at (7 /fu ), 1l (5)) ds = 0.

Applying conditions (7.39), (7.40) and the Lebesgue dominated convergence
theorem on [7,7T], we can deduce (having in mind that 7 is arbitrary) that
the limit u solves the equation

6 (T)) — / Fs,u(s),u(s) ds =0 for te(0,T].  (7.41)

This immediately yields that ¢(u') € AC).(0,7] and wu is a w-solution
of problem (7.1)).

Step 4. The function u is a solution of problem (7.1).

Assume, moreover, that condition (7.33) holds. Due to assumption (7.38)
there is a c€ (0,00) such that for each (€N

/0 (5. (5). 1t (5)) ds| = [0(u (0)) — S(ady, ()] < c.

So, by the Fatou lemma, using also condition (7.33) and equality (7.40),
we deduce that f(t,u(t),u/(t)) € L1]0,n]. Further, by virtue of assumption
(7.38) and assertions (7.30), (7.31)), the functions w and «' are bounded

n [n,7T]. Hence, assumption (7.25) implies f(¢,u(t),w'(t)) € L1[n, T], which
together with the above arguments yields f(t,u(t),u/(t)) € L1[0,T]. There-
fore due to equality (7.41) we have that ¢(u’) € AC[0,T], i.e. u isasolution
of problem (7.1)). O

Now, using Theorem [7.23, we will extend Theorem [7.17 which is based on
the existence of lower and upper functions to problem (7.1). Note that lower
and upper functions to problem (7.1) are understood in the sense of Defini-
tion [7.13.
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Theorem 7.24. Assume that (7.25) holds. Let o1 and oy be a lower
function and an upper function of problem (7.1) and let o,(t) < oo(t) for
te[0,T). Assume that there exist a nonnegative function he€ L1[0,T] and
a positive function w € C[0,00) fulfilling condition (7.17), further assume
that

there exists b >0 such that w(s)>b for se€]0,00) (7.42)

and

{f(t,l”,y) sign z < w(|o(y)])(h(t) + [yl)

(7.43)
for a.e. t€[0,T] and all x € [o1(t),02(t)], y €R.

Then problem (7.1) has a w-solution wu satisfying estimate (7.10) and
[t ]| 00 < 0.

If, moreover, condition (7.35) with r > ||| holds, then w is a solu-
tion of problem (7.1).
Proof. Step 1. Choose an arbitrary k€N and denote Ay = [0,7]N0, 1),
Akl = {tEAk : 01(25) = O'Q(t)}, AkQ = {tEAk : Ul(t) < Ug(t)}. Define
a function ¢, by

((¢(05(1)))' if @ > oa(t),
(z=01(t))(¢(05(1))) +(o2(t) =) (¢(01(1)))'

gr(t,x) = oa(t) — o (t)

if o1(t) <z < oy(t),
L(&(01 (1)) if @ <oi(t)

for a.e. t € Ay and all x € R and a function f, by

f(t,z,y) if te[0,T]\ Ag,
—qi(t, ) if teAg
for a.e. t €[0,T] and all x,y €R. Then f; € Car([0,T]xR?) and condition

(7.28) is valid. Consider problem (7.37) with f; defined in this proof. Then
o, and oy are also lower and upper functions to this problem. Moreover,
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due to inequalities (7.42), (7.43) and formula (7.44), fj satisfies inequality
(7:23) with g(t,,y) = fult,.y), alt) =0, 5= (1 + 1) and

ho(t) = h(t) + |((o1(£)))'| + [(d(o5(1))']-

Hence, for each k€N, Theorem 7.17 gives a solution wu of problem (7.37).
Moreover, each solution w;, satisfies estimate (7.10) and ||u}||s <7, where
r > 0 is the constant given by Lemma [7.15/ for ry = max{||o1]/co, [|02]|0 }
and for A= B =0.

Step 2. Define a set
Q={zecC'0,T):00 <z <0y on [0,T], ||2]|ec <7}

Then condition (7.38) is valid and, by Theorem [7.23, we can find a sub-
sequence {ug,} C {ur} such that assertions (7.30) and (7.31) hold and
the function uwe C[0,T] with ¢(u') € AC;.(0,T] is a w-solution of prob-
lem (7.I). Since {ug,} C €, we see that u fulfils estimate (7.16) and
[l <7

Step 3. Let condition (7.35) hold. Similarly to the proof of Theorem [7.22
we can show that there exist n >0 and ¢y > 0 such that either wy,(t) >0
on (0,n] for each €N, ¢> {4y or ug(t) <0 on (0,n for each (€N,
¢ > ¥¢,. Denote

wo = max{w(s) : s€[0,p(r)]}

U(t) = —[((01(1))'] = [(#(o3())'] — wo [a(t) + 7] forae. €0, T].
Since
— i, (8, ur, (1), up,, (1)) signug,(t) > 1p(t) for a.e. t€[0,n] and all £ > £y,

we see that fg, fulfils condition (7.33) with A\ = —signuy,(t). Therefore
Theorem [7.23 implies u € AC'[0,T], i.e. u is a solution of problem (7.1).
Il

EXAMPLE. Let k,neN, ceR, aell,o), £€(0,00), peC(R?*) and
1 € C(R). Further, assume that ¢ is nonnegative and ¢ (z) =0 if x <0
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and ¥(z) <0 if x > 0. Consider problem (7.1) where

fltzy) = (t—e)™ =2 + e’y oy) — 2™ ol y) + t%w)

for a.e. t€[0,7] and all z,y€R. The last term of f is singular at ¢ = 0.
We can find constant functions o1(t) =1 < 0 and o3(t) = r5 > 0 which are
lower and upper functions of the problem. Moreover, f satisfies inequalities
(7.35) and (7.43)). Indeed, we can choose 6 > 0 sufficiently small and put
A=1, r=max{|r|,re}, w(s) = (c|r*+1)(1+s), h(t)=|t— >
By Theorem [7.24, our problem has a solution w such that r; < u(t) < 7o
for t€0,77.

We continue with a generalization of Theorem [1.4/ to problem (7.1)).

Theorem 7.25 (Second principle for ¢ —Laplacian and time singularities).

Let the assumptions of Theorem [1.23) be satisfied with (7.33) replaced by
the assumption that there exist € L1[0,T], n >0, v€R, {eN and
Axe{—1,1} such that

A fke (t7 Uk, (t)7 u;cg (t)) Sign(u;ce (t) - ’7) > ¢<t>

(7.45)
for all £€N,{> {y and for a.e. t € (0,n).

Then the assertions of Theorem 7.23] remain valid.

Proof. By Theorem [7.23| there exist a sequence {uy,} and a function u
such that assertions (7.30) and (7.31) hold and w is a w-solution of problem
(7.1) with ¢(u') € ACi(0,T]. Arguing as in Step 4 of the proof of The-
orem 7.23] we see that to show ¢(u') € AC[0,T] it suffices to prove that
f(t,u(t), ' (t) € L1]0,n]. Put M =V, UV, UV3;UYVy, where

Vi ={te0,n]: f(t,-,-) : R* — R is not continuous},

Vy = {t€]0,n] : tis an isolated zero of u' —~},
Vis={te[0,n]: (6(u' (1)) + f(t,u(t),u (t)) = 0 is not fulfilled},
Vi = {t€[0,n] : the equality in condition (7.28) is not fulfilled}.

Then meas (M) = 0. Choose an arbitrary se€ (0,7]\ M.
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a) Let u/(s) # 7. Assume for example sign(u'(s) — ) = 1. Then there
exists fop €N such that for each ¢ > ¢, we have sign(uj, (s) —v) =1 and
so, due to properties (7.28), (7.30), (7.31) and since s¢&V; UV, we get

limy oo fi, (5, uk, (), up, (s)) sign(ug, () =)

(7.46)
= f(s,u(s),u'(s)) sign(u'(s) — ).

If sign(u'(s) —v) = —1, we get equality (7.40) in the same way.

b) Let s be an accumulation point of the set Vs, of isolated zeros of w — 7.
Then there exists a sequence {s,,} C (0,7] such that «'(s,) = v and
lim,, o0 Sm = s. Since ' is continuous on (0,7, we get u/(s) = . There-

fore ¢(u/'(sm)) = d(u/(s)) = (),
i 2 (sm)) = 6(u'(s))

m—00 Sm — S

=0,

and, by virtue of s Vs, we get 0= (¢(u/(s))) = —f(s,u(s),u'(s)). Since
sV UVy, we have by properties (7.28)), (7.30) and (7.31)

Tim fi, (s, ur,(5), 4, (5)) sign(u, (5) — )

= f(s,u(s),u'(s)) lim sign(uy,(s) —v) = 0.

{—o00

So, we have proved that equality (7.460)) is valid for a.e. s € [0, n].

Further, by assumption (7.38), there exist ¢ > 0 and ¢y €N such that
for ¢ > ¢,

/O "N Fue (5. (), () sign(udy (5) — ) ds < / 6(u () — O(7)] ds

< 1¢(uy, (0)) = oV + |(uy, (n) — (V)] < ¢,

and hence, due to assumption (7.45), we can use the Fatou lemma to de-
duce that A f(t, u(t),u/(t)) sign(v'(t) —v) € L1[0,7]  and, consequently,
f(tvu(t)’u/(t))el/l[o7n] O

Now, we are ready to extend Theorem [7.18 with the second form of Nagu-
mo condition to problem (7.1)).
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Theorem 7.26. Assume that (7.25) holds. Let o1 and oy be a lower
function and an upper function of problem (7.1) and let o,(t) < oo(t) for
te[0,T]. Assume that there exist ai,as € [0,T], a1 <asz, y1,y2 €R, anon-
negative function h € L1[0,T] and a positive function w € C[0,00) fulfilling
conditions (7.17), (7.42) and

(f(t,2,y) sign(y — 1) < w(lé(y) — o)) (R(E) + |y — nl)

(

for a.e. t€[0,as] and all x € [o1(t),02(t)], y €R, (7.47)
(
[

]
ft,z,y) sign(y — y2) 2 —w([6(y) = ¢(y2) D(A(E) + |y = 12)
for a.e. t €ay, T) and all x € [o1(t), 09(t)], y €R.

\

Then problem (7.1) has a solution u satisfying estimate (7.16)).

Proof. Choose an arbitrary k€N and consider problem (7.37) with fj
defined in the proof of Theorem [7.24. Let us put g¢(t,z,y) = fe(t,x,y),
a(t) =0, x=(3+1) and

ho(t) = h(t) + [(&(o1(1))'] + |(¢(o2(t)))]-

Here b > 0 is given by (7.42). Using Theorem [7.18 and Lemma [7.16/ and
arguing similarly to the proof of Theorem [7.24/ we show that conditions (7.28))
and (7.38)) are valid. So, by Theorem [7.25 we get a w-solution u of problem
(7.1). By Theorem [7.18, u also satisfies estimates (7.16) and (7.26), where
r > 0 is the constant found by Lemma [7.16 for ry = max{||o1]|co, ||o2|loc }-
Moreover, the first inequality in (7.47) gives

— g (8, upe, (), g, (1)) sign(uy, (t) —y1) > 9(t) for ae. t €0, ay),
where

p(t) = —wo(h(t)+r+lul) — [(@(a1(£))'] = [(e(o3()))'];

wo = max{w(s) : s €[0,(r) + |o(y1)[]}-

So, using Theorem [7.25 with A = —1, 7 = as and v = y;, we get that u
is a solution of problem (7.1). O

EXAMPLE. Assume that n€N, ¢, deR, a€[l,o), €€ (0,00). Choose
a1 €(0,%), ax=T, hi, ho,h3€ L[1]0,T], where hy(t) > € ae. on [0,7T].

=3,
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Let h3 be nonnegative a.e. on [0,7] and vanish a.e. on [0,%]. Consider

problem (7.1) where ¢(y) =y and
fltzy) = =ty +ha(t) y +c(y? +1) = hao(t) (*71 = d) + ha(t) y°

for a.e. t€[0,7] and all z,y€R. The first term is singular at t=0. Let
y1 =y2=0. We can find constant functions o;(t)=r; <0 and o2(t)=7,>0
which are lower and upper functions of the problem. Moreover, f satisfies
the conditions of Theorem [7.26. We see it if we put w(s) = (Jc| +1) (s + 1),
K = (|r1] +r2)> '+ |d| and h(t) = a7+ |hi(t)| + K ho(t) + 1.

T
2

7.3 Dirichlet problem with space singulari-
ties

Many papers studying problem (7.1)) or (7.2) with a space singularity at =0
concern the case that the nonlinearity f is positive. Such problems are re-
ferred to as positone ones in literature, see Agarwal and O’Regan [L1], [12] or
Stanék [183]. The positivity of f implies that each solution of (7.2)) is con-
cave and hence positive on (0,7), and if, moreover, f has a space singular-
ity at =0 but not at y, then each solution has only two singular points
0, T which are of type I. This makes the study of such problems easier
than of those having sign-changing f or space singularities at y because
the latter problems can generate solutions with singular points of type II.
First we will study the singular problem (7.2)) with a positive nonlinearity f
satisfying

fe€Car([0,T] x D), where D = (0,00) x R,
(7.48)
f has a space singularity at x = 0,

ie. limsup,_ o, |f(t,z,y)| = co for a.e.t€[0,7] and some y€R. In this
case we can use theorems of Section 1.3 and extend the existence results
of Section [7.1. To this aim we present here the version of Theorem /1.0 for
co=0, n=2 and A =[0,00)xR. We will consider the sequence of regular
problems

" + fe(t,u,u’) =0, u(0)=u(T)=0, (7.49)
where f;, € Car([0,T] x R?).
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Theorem 7.27. Assume that (7.48) holds and that

fult,x,y) = f(t,z,y) for a.e. t€[0,T], for each k > % (7.50)
and for each (z,y) €[0,00) X R, = > 1, |y| > 1, ‘
(there exists a bounded set Q C C'0,T)
such that for each k > %
(7.51)

the regular problem (7.49) has a solution wuy €
L and uy(t) =0 fort€[0,T].

Then there exist we C[0,T] and a subsequence {uy,} C {ur} such that

lim wuy, (t) = u(t) wuniformly on [0,T].

{—00

If, moreover, the set of singular points S = {s€[0,T] : u(s) =0} is finite,
then

lim wy, (t) = u'(t) locally uniformly on [0,T]\ S.

f—00

If, in addition,

on each interval [a,b] C [0,T]\ S

(7.52)
the sequence { fi,(t, ur,(t),uy, (t)} is uniformly integrable,
then we ACL.([0,T]\'S) and wu is a w-solution of problem (7.2).
Finally, if there exists a function ¥ € L1[0,T] such that
S (8, up, (t), 1y, () > (t) for a.e. t€[0,T] and all LEN, (7.53)

then we AC0,T] and w is a solution of problem (7.2).

The following lemma will be useful in the subsequent proofs.

Lemma 7.28. Let ¢ > 0. Then there exists n > 0 such that for each
function uwe€ AC'0,T] satisfying

uw(0) =uw(T) =0, —u"(t)>¢e forae tel0,T]
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the estimate

a(t) > nt for tel0,1], (7.54)
B n(T —t) for tE[%,T]. .

1s valid.

Proof. Let G(t,s) be the Green function of the problem —v"(t) = 0,
v(0) =v(T) =0, ie.

# for 0<t<s<T,
G(t,s) = (T 1)
— for0<s<t<T.

Let u be an arbitrary function fulfilling —u"(t) > ¢ for a.e. t€[0,7] and
u(0) = u(T) = 0. Then we have

u(t) = — /OT G(t,s)u"(s)ds > 5/OTG(t,s)ds

1 nt for te0,%],
= jet(T—1)2 2 .
n(T —t) for te[5,T]

if we choose 7 < 5%. U

If f(t,z,y) in (7.2) has one-sided sublinear growth in = and y, we use
Theorem [7.27 to modify Theorem 7.9 as follows.

Theorem 7.29. Let (7.48) hold and let ¢, v, d€(0,0), a, 3€[0,1). As-
sume that there exist a monnegative function go€ L1][0,T] and a function
e C(0,00) positive and nonincreasing on (0,00) satisfying

/T(lt7 + ) () dt < oo,

e < flt,x,y) <OT —1)°d(x) + go(t) (1 +2* + [y|?)
for a.e. t€[0,T] and all z€(0,00), yeR.

Then problem (7.2) has a solution positive on (0,T).
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Proof. Step 1. Construction of approximate reqular problems.

Choose an arbitrary k€N and for a.e.t€[0,7] and all z,y€R define
the auxiliary function

flt,z,y) if |z] >

t, , —
G VR

= I

We see that fr € Car([0,T] x R?) fulfils condition (7.50) and
e < filt,z,y) <E(T =1)"0(1) + 90(t) (14 (7)" + |2 + []”)
< h(t) (1 +[z|* + [yl?)

for a.e. t€[0,7] and all z,y€R, where h(t) = t"(T — )’ ¥() + 290(t).
Consider the approximate regular problem

u" + fi(t,u,u’) =0, u(0)=u(T)=0. (7.55)

Put a(t) =0 and ¢(y) = y. Then, by Theorem [7.9, problem (7.55) has
a solution wuy.

Step 2. Convergence of the sequence {uy} of approxzimate solutions.

Lemma [7.28 yields n€ (0,1) such that

nt for tel0, 1],
unlt) = : (7.56)
n(T—t) for te[L,T].
Clearly wuj,>0on (0,7). Further, the inequality t¥ (T — t)° ¢(ux(t)) < @Z(t)
holds for a.e. t € [0,T], where
- (T — t)%(nt) if telo, %],

T =P (T —0) it te[L,T]
Since () < () if z€(0,1], we have

felt,z,y) <t(T —1)%(x) + go(t) (24 2% + Jy|”)
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for a.e. t€[0,7] and all x€(0,00), y€R. Therefore
—ufl(t) < D(t) + go(t) (2 4+ u(t)® + |u}, (1)) for ae. te[0,T).

We can find 2 € (0,00) such that

T ~
/ W(t)dt < 5q for all keN.
0

Thus ||¢ + goll1 < 36 + ||lgo]s. Consider the sequence {uj} of solutions
of problems (7.55), k€ N. The functions wuy, k€N, satisfy condition (7.8)
for ¢(y) =y, a(t)=0, ho =1+ go, with 3 =35+ [[golls and hi = go.
By Lemma [7.5] there exists r» > 0 such that

llurlloo + |t)lloo <7 for keN.

Define a set Q= {z€C'0,T)]: ||z|l + ||2’|lcc < r}. Then condition (7.51)
is valid and, by Theorem [7.27, we can find a function v € C[0,T] and a sub-
sequence {ug,} C {uy} such that

lim wuy, () = u(t) uniformly on [0,7].

l—o0

Step 3. The function u is a solution of problem (7.2).

By estimate (7.50), w satisfies estimate (7.54), and w € C[0,T] is pos-
itive on (0,7T). By virtue of assumption (7.48) we know that f has only
a singularity at © = 0. The set § of singular points is finite because it
consists of two points 0 and 7. Hence, Theorem 7.27 yields

Jim uy, (t) = u/(t) locally uniformly on (0,T).

Let us choose an arbitrary interval [a,b] C (0,7"). Then there exists ¢, €N
such that for each ¢ > ¢, the inequality wuy, > % is valid on [a,b] and

1
Fro (; un (), ug, () < (T — t)%(%) +90(8)(2+ 1 + 1) = (1)
for a.e. t € [a,b]. Using Criterion [A.1l and the fact that ¢ € Ly[a,b], we get
that the sequence {fy,(t,ur,(t),u},(t))} is uniformly integrable on [a,b].
This yields that condition (7.52) holds and consequently, ue AC} (0,T) is

loc
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a w-solution of problem (7.2). Moreover, condition (7.53) is also satisfied
because the inequality 0 < fi, (¢, ug,(t), up, (t)) holds for a.e.t€[0,7] and
for all £€N. Due to Theorem [7.27, w is a solution of problem (7.2). O

EXAMPLE. Let hy, hy € L1]0,T] be nonnegative. For a.e.t€[0,7] and all
xz,y € R define a function

Nlw
njw

fltoy) =1+ % + WOV + ha(t)y/ ]yl

The second term of f has a space singularity at © = 0. Further, f satisfies
the conditions of Theorem 7.29 with e=1, a=8= %, y=0= %, P(x) =22
and go=1++ hy + he. Therefore, by Theorem [7.29, the problem

Njw

3
t2(T —t)
u’ +1+ — + h()Vu + ho(t)/|u/| =0, u(0)=u(T)=0
has a solution positive on (0,7).

Now, we will present conditions ensuring solvability of problems with
space singularities in the variables x and y and with singular points both
of type I and of type II. The main difficulty in the study of singular points
of type II is the fact that their location in [0,7] is not known. This is why
there are only few papers concerning solvability of such problems in mathe-
matical literature and no results about w-solutions are known.

Consider problem (7.2) under the assumption that f satisfies

(7.57)

fe€Car([0,T] x D), where D = (0,00) x (R\ {0}),
f has space singularities at + = 0 and y = 0,

ie.
limsup |f(t,z,y| = 0o for a.e. t€[0,7] and some y € R\ {0},
z—04

limsup |f(t,z,y| = oo for a.e. t €[0,T] and some z € (0, 00).
y—0

Conditions for solvability of problem (7.2)) provided f(¢,x,y) is positive and
has one-sided linear growth in x and y are formulated in the next theorem
which extends Theorem [7.11.
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Theorem 7.30. Let (7.57) hold and let ¢,7,6 € (0,00). Assume that there
are nonnegative functions g, hy, ha € L1]0,T] and functions 1,1, € C(0, 00)
positive and nonincreasing on (0,00) satisfying

T [hally 4 llhell < 1,
T T

/ (£ 4+ t°)y (t)dt < oo, / Yo(t)dt < oo,
0 0

e < f(t,z,y) SO(T = 1) Yi(x) + ¢alyl) + g(t) + ha(t)z + ha(t)]y]
for a.e. t€[0,T] and all z€(0,00), y€ R\ {0}).

Then problem (7.2)) has a solution positive on (0,T).

Proof. Due to condition (7.57), f has also a space singularity at its last
variable y and hence we cannot use Theorem [7.27, where condition (7.48))
is involved. We will use some arguments from the proof of Theorem [1.6.

Step 1. Construction of approximate reqular problems.

Choose an arbitrary k€N and for a.e.t€[0,7] and all z,y€R define

the auxiliary functions
ft lzly) it fa| > ¢
flt. ey iffa <y

fult, 2, y) = {

and

fk(t7x7y) if ’y| > %7
fk(t>x7y) = g(ﬁ(tvwvé) (y—i_%)_ﬁ(t’x?_%)(y_%))
if |yl <t
We see that fi € Car([0,T] x R?) fulfils
{ fk(tv$7y) :f(t7x7y> (758)

for a.e. t€[0,7] and all z €[}, 0), |y| €[}, 0).
Further,
e < fu(t,@,y)
< (T = 1)°91(3) + ¥a(3) + 9() + h () (|2 + 1) + ha()(|y] + 3)
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for a.e. t€[0,7] and all z,yeR. Put a(t) =0, ¢(y) =y and
ho(t) = (T = 1)°1 (1) + ¥a(3) + g(t) + ha(t) + ha(t).

Then, by Theorem [7.11, problem (7.55) with f; defined in this proof has
a solution wuy.

Step 2. Convergence of the sequence {uy} of approxzimate solutions.

Lemma [7.28 gives ne€(0,1) such that wu, satisfies estimate (7.50).
Clearly u; >0 on (0,7) and wj has a unique maximum point ¢, € (0,7).
Integrating the inequality ¢ < —uj(t) we get

{ ety —t) < ul(t) = |u(t)] for t€|0,t], (759
e(t —tr) < —up(t) = |uj(t)] for t€[ty,T).
Denote
~ (T — 1)1y if te0, L],
= { T ) feelo
(T =)0y (n(T —t) iftelL, T
and
~ QStk—t if ¢ O,tk,
Gty = | PO =) iTre 0
wQ(E(t—tk-)> ifte [tk,T]
Then

1(uk(®)) < i(t), a(jup(t)]) < dar(t) for ae. te [0, 7).
Since 1 (3) < ¢i(x) if z€(0,1] and Pa(y) < ¥o(lyl) if |yl < 3, we have
itz y) < O(T = 1)1 (x) +a(ly]) + g(8) + ha (t) (@ + 1) + ha(8) (|y| + 1)
for a.e. t€[0,7] and all x€(0,00), ye€R. Therefore
—uf (t) < P1() + Yon(t) + g(t) + ha(t) (un(t) + 1) + ha(t) (fur ()] + 1)

for a.e. t €[0,T]. Without loss of generality we may assume that ¢ <1 and
we can find ¢, 25 € (0,00) such that

~
2
~
|
~
N—
>,
<
—

T T
/ P1(t) dt < ¢4, / Yor(t) dt < 55, for all k€N.
0 0
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Thus ||ty + 1o + glli < 3e1 + 563 + ||g||y = 5. Consider the sequence {u;}
of solutions of problems (7.55), k€N. The functions wuy, k€N, satisfy
condition (7.12) for a(t) =0, ¢(y) =y and he = ¥y + Yax + g + by + ho.
By Lemma [7.7) there exists r € (n,00) such that ||ug||e + [|ug]lcc < 7 for

k € N. By the Arzela-Ascoli theorem we can find a function u e C[0,T] and
a subsequence {ug,} C {ur} such that

Zlim uk,(t) = u(t) uniformly on [0,7].

So, we have u(0) = u(T) = 0 and wu satisfies estimate (7.54). By esti-
mate (7.56), ux(%)>nZ for ke€N. Since the inequality ||u}|ls <7 holds

for k€N, we have n% <t <T-— 7]% for ke N. Therefore we can choose
the above subsequence so that limy . tx, = t, € (0,T).

Step 3. Convergence of the sequence {fr} of approximate nonlinearities.

Let us choose an arbitrary interval [a,b] C (0,7")\ {t,}. By virtue of es-
timates (7.50) and (7.59)) there exists ¢y, € N such that for each ¢ > ¢

1 1
u, (t) > R |uy, ()] > for a.e. t € [a, b] (7.60)
0

l
and
sz (tv Uk, (t)’ u;ﬁg (t))
< (T —=1)°1 (5 ) +aba(50)+g(t) +ha () 7+ ho(t) r=200() (7.61)

0

for a.e. t € [a, b].

Since ¢ € Ly[a,b], the sequence {u,} is equicontinuous on [a,b]. Having
in mind that [a,b] is arbitrary and using the Arzela-Ascoli theorem and
the diagonalization theorem, we can choose the subsequence {ug,} in such
a way that

Kli—{?o uy, (t) = u'(t) locally uniformly on (0,7)\ {t.}.
By estimate (7.59), u/(t) # 0 for t€(0,7) \ {t.}. Denote S = {0,t,,T}
and U =V, UV, US, where

Vi ={te€l0,T]: f(t,-,-) : D — R is not continuous},
Vo = {t €[0,T] : the equality in condition (7.58) is not fulfilled}.
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Choose an arbitrary t€[0,7] \ U. Then there exists ¢y € N such that for
each ¢ > {y estimates (7.60) hold. Since t¢&V; UV,, we have equality
Jrg(t up, (2),uy, () = f(t,u(t),w'(t)) and consequently,

T fo (8 0 (8), ), (6) = £2,u(t), ' (0). (762
Since meas () = 0, equality (7.62) holds for a.e. t € [0, T].

Step 4. The function w is a solution of problem (7.2).

First, we shall prove that w is a w-solution of (7.2). Choose an arbi-
trary interval [a,b] C (0,7) \ {t,}. Since condition (7.61) holds for each
¢ > ly, we get by equality (7.62) and the Lebesgue dominated convergence
theorem on [a,b] that f(¢,u(t),u/(t)) € Li]a,b] and if we pass to the limit
in the sequence

Uk

0 =)+ [ ) (), t€lab)

we get

/fsu '(s))ds, t€la,b)].

Having in mind that [a,b] C (0,7)\{t,} is an arbitrary interval, we conclude
that u is a w-solution of problem (7.2)).

Finally, we shall show that wu is a solution of (7.2). For each ¢ > ¢y we
have

T
[ it 0.6,0) = 4, 0) = i, (1) < 2
and
Sro(t un, (), 1, (1) > e for ae. te[0,T].

Hence, by (7.62) and the Fatou lemma, we have f(¢,u(t), v (t)) € L1]0,T].
Consequently, u€ AC[0,T)], i.e. u is a solution of problem (7.2). O

REMARK 7.31. Notice the fact that the point ¢, in the proof of Theorem [7.30
is a singular point of type I, because we do not know its position in (0, 7).
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EXAMPLE. Let c€(0,00). For a.e.t€[0,7] and all z,y€R\ {0} define
a function

t2 c 1 x
o) = VTt (14 5 ) (T bl).
[tz y) ( 2) T e \T ||
The first term has a space singularity at £ = 0 and the second at y = 0.
We can see that f satisfies the conditions of Theorem [7.30) if we put

1 1 c
¥=2, 0= 2 Yi(z) = - Va(lyl) = \/—m, g(t) = VT —1t,

1 1
0= M= T

and choose ¢ > 0 sufficiently small.

7.4 Dirichlet problem with mixed singulari-
ties

In this section we will study problems having the so called mixed singularities,
i.e. both time and space ones. Moreover, in some theorems we omit the
assumption that the nonlinearity f in the differential equation is positive.
In literature we can find results about the solvability of singular Dirichlet
problems with sign-changing nonlinearities which mostly concern w-solutions.
Here we will prove the existence of solutions to problem (7.1) provided f has
mized singularities. We assume that A;, Ay are closed intervals containing 0
and

f€Car((0,T) x D), where D = (A; \ {0}) x (A \ {0}),
f has time singularities at ¢t =0 and at t =T (7.63)
and space singularities at * =0 and at y =0,
i.e. there exists (x,y) €D such that
€ T
/ |f(t,xz,y)| dt = co and / |f(t,x,y)|dt = oo for each € € (0, %),
0 T—¢

limsup |f(t,z,y)| = o0 for a.e. t€[0,7] and some ye Ay \ {0},

z—0

limsup | f(t,z,y)| = oo for a.e. t€[0,T] and some z€ A;\ {0}.

y—0
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Since problem (7.1) contains ¢ —Laplacian and has mixed singularities, we
cannot use theorems of Sections 1.2/ and 1.3 Hence we will prove their new
generalized version. In order to do it we will consider the sequence of regular
problems

(p(u") + fe(t,u,u’) =0, w(0)=ag, u(T)= b, (7.64)
where fp € Car([0,T] x R?), ay, by €R, keN.

Theorem 7.32 (Principle for ¢ —Laplacian and mixed singularities).
Let (7.63) hold, let e, >0, n, >0 for k€N and let

lim e, =0, lim 7 =0.
k—oo k—o0

Assume that

fult,x,y) = f(t,x,y) for a.e. te [%,T — %], for each k > % (7.65)
and for each (z,y) € Ay X Ag, |x| > e, |y| > n, ‘
(there exists a bounded set Q C C10,T] such that
or each k> 2
Y T (7.66)

the reqular problem (7.64) has a solution wuy €
Land (u(t), w,(t) € Ay x Ay for t €10, T].

Then there exist we C[0,T] and a subsequence {uy,} C {ur} such that

lim g, (t) = w(t) wniformly on [0,T].

{—00
Further assume that there is a finite set S = {s1,...,s,} C (0,T) such that

the sequence {¢(u))} is equicontinuous
‘ (7.67)
on each interval [a,b] C (0,T)\S.

Then we CY((0,T)\S) and

lim wy, (t) = u'(t) locally uniformly on (0,T)\ S.

{—00
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Assume in addition limy_ ar =0, limy_ b =0 and let the set S have
the form

S={s€(0,T):u(s)=0 or u'(s)=0 or u'(s) does not exist}. (7.68)
Then ¢(u') € AC1((0,T)\S) and wu is a w-solution of problem (7.1).

Denote sy =0 and s,.+1 =T. Moreover, let there be ne (0,L), Xo, po,
ALy f1s ey Apats pwr1 E{=1,1}, Lo €N and ¢ € L1]0,T] such that

(A fi (), (1)) sign g, (8) > (1)
for a.e. te(s;—mn,s)N(0,7) (7.69)
and for all i€{0,...v+ 1}, £ > {,

(01 fot an (8), i, (1)) sign wf, (8) > (1)
for a.e. te(s;,s;+n)N(0,7T) (7.70)
and for all i€{0,...v+ 1}, £ > .

Then ¢(u') € AC[0,T] and w is a solution of problem (7.1). Moreover,
(u(t),u'(t)) € Ay x Ay holds for t€[0,T].

Proof. Step 1. Convergence of the sequence {uy,}.

Assume that conditions (7.63)), (7.65) and (7.66) hold. By (7.66) there
exists 7 > 0 such that the sequence {uz} of solutions to problem (7.64)
satisfies

2
|lukllcr <7 for k> T

Hence, the sequence {ux} is bounded and equicontinuous on [0,7]. Due to
the Arzela-Ascoli theorem this yields the existence of a function ue C|0,T]
and a subsequence {uy,} C {ux} such that lim, . ug,(t) = u(t) uniformly
on [0,77.

Step 2. Convergence of the sequence {uj,}.

Assume in addition to Step 1 that condition (7.67) holds and choose
an arbitrary interval [a,b] C (0,7)\ S. Then {¢(u))} and consequently
{u}.} is equicontinuous on [a,b]. Since {u} is also bounded on [a,b], we
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can use the Arzela-Ascoli theorem and choose a subsequence {uy,} such
that it uniformly converges on [0,7] and lim, . uy, () = «/() uniformly
on [a,b]. Using the diagonalization theorem we deduce that we can choose
the uniformly converging on [0,7] subsequence {u,} so that

zh—>r<l>lo uy, (t) = u'(t) locally uniformly on (0,T)\ S.
Therefore we C'((0,T)\ S).

Step 3. Convergence of the approzimate nonlinearities { fi,}.

Assume in addition to Step 2 that lim_ . ar =0, limg_. by =0 and
that condition (7.68)) holds. Then u(0) = u(7T") = 0. Define U = VUV, US,
where

Vi ={te(0,T7): f(t,-,-) : D — R is not continuous},
Vo ={t€(0,T) : the equality in condition (7.65)) is not fulfilled}.

Choose an arbitrary ¢ € (0,7)\ U. Then there exists fy €N such that for

all ¢ > {y we have te[kig’T_k%g] and

|uk£ (t)| > €kys |u;c@ (t)| > Mk, and fke (t’ Uk, (t)v u;w (t)) = f(tv Uk, (t)7 u;cg (t))

Since t is an arbitrary element in (0,7") \ U and meas () =0, we get

eh—glo Sre(t, un, (1), g, (1) = f(t,u(t),w'(t)) a.e. on [0,T]. (7.71)

Step 4. The function w 1is a w-solution.

Now, choose an arbitrary interval [a,b] C (0,7) \ S. Then there exist
reN, €*>0 and n* >0 such that for all ¢ > ¢*

| feo (8, ug, (2), 1y, ()] < h(t)  for a.e. t€[a,b]
where
h(t) = sup{|f(t,z, )| : " < |z| <7, 0" < y| <7} € Lafa, b].
Therefore we can apply the Lebesgue dominated convergence theorem and

get f(t,u(t),u/(t)) € Li[a,b] and

b b
lim/ fke(s,uke(s),ugl(s))d(S:/ f(s,u(s),u'(s)) ds.

{—o0
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Integrating the equality

(G, (£))) + i (£ s, (£), 1, (£)) = 0 for ae. t€[0,T] (7.72)

we get

¢(u§cé(t)> - ¢(u;€g (a’)) _'_/ fke (57 Uk, (5)7 uﬁw (5)) ds=0 for t€ [CL, b]?

which for ¢ — oo leads to
d(u'(t)) — / f(s,u(s),u(s))ds =0 for te]a,b.

Since [a,b] can be an arbitrary interval in (0,7") \ S, we deduce that
o(u') € ACe((0,7)\'S) and wu is a w-solution of problem (7.1).

Step 5. The function u is a solution.

Assume in addition to Step 3 that there exist né€ (0, %), A0y Auit,
Hoy - s i1 €{—1,1}, €N and ¢ € L1]0,T] such that conditions (7.69)
and (7.70) are valid. Since u is a w-solution of problem (7.1), it remains
to prove that ¢(u') € AC[0,T]. By Step 3, f(t,u(t),u'(t)) € Li[a,b] for each
la,b] C (0,7)\ S. So, it suffices to prove f(t,u(t),u'(t)) € Li[c;,d;] for
i=0,...,v4+1, where (¢;,d;) = (s;—n,s;+n)N(0,T). Choose an arbitrary
i€{0,...,v+1} and t€ (¢;,d;)\S. Then u/(t) # 0. If we use equality (7.71)
and the fact that {uj } locally uniformly converges to v’ on (0,7)\S, we
obtain

B i, (8w, (£), i, (8)) sign g, (8) = f(t, u(t), u'(£)) sign ' (2)

for a.e.t€c;,d;]. If we multiply equality (7.72) by signuj,(t) and then
integrate over [¢;,d;], we get for ¢ > £

d;
[ il (s).1 (5) s (5) s

< |, (di)]) + d(lug, (ci)]) < 26(r).

Therefore the Fatou lemma yields f(
(7.69) and (7.70). Hence f (¢, u(t),u (¢

t,u(t),u'(t)) € Li[c;, d;], by conditions
) € L1[0,T] and ¢(u') € AC[0,T]. O
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REMARK 7.33. (i) Theorem [7.32 guarantees the existence of a solution wu
which can change its sign.

(ii)) According to Step 4 of the proof of Theorem [7.32] we can claim that
Theorem [7.32] remains valid if we replace (7.70) with

Fro (8 ug (), 0, (1)) = (1)
for a.e. t€(s;—n,s,+n)N(0,7T) (7.73)
and all 1€{0,...v+ 1}, £ > /.

(iii) If f has no singularity at y = 0, then we can put 7, =0 for k€N
in Theorem [7.32. Moreover, due to Step 3 of the proof of Theorem [7.32)
the set S in (7.68) consists only of the zeros of w. This will be accounted
for in the next theorem where we will assume

{f € Car((0,T) x D) can change its sign, D = (0,00) x R, (7.74)

and f has mixed singularities at t=0,t="1T, x = 0.

Theorem 7.34. Let (7.74) hold. Let o1 and oy be a lower function and
an upper function of problem (7.1) and let

0< 0'1(t) < Og(t) fOT‘ te (O,T)

Assume that there exist ai,as €[0,T], a1 < as, a nonnegative function
he L1[0,T] and a positive function w e C|0,00) fulfilling conditions (7.17),
(7.42) and
(f(t,2,y) signy <w(|o))(h(t) + [y])

for a.e. te€l0,as] and all € o1(t),02(t)], yER,
f(t,2,y) signy > —w(|o(y) ) (h(t) + [y])

for a.e. t€fay,T] and all € [oy(t),02(t)], yER.

(7.75)

\

Then problem (7.1) has a solution u satisfying estimate (7.16)).

Proof. Choose an arbitrary k€N such that k& > %, and denote

Ay = [07%>U<T_%7T]

and
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Akl = {tGAk : Ul(t) = O'Q(t)}, Akg = {tGAk : 0'1(75) < O'Q(t)}

Further, define

o(t) if x<oy(t),
at,z) =
x if oq(t) <z
for t€[0,7] and z€R,

(((04(1)))’ if 7> (1),

(z—01()) (¢(o5(t))) +(02(t) —2) (¢(01 (1))’
gr(t,x) = oa(t)—o(t)

for a.e.t€ Ay and x€R and

ft,a(t,z),y) if te[0,T]\ Ay,
fk<t7x7y) = _(¢(0/1<t>>), if t€ A,
—gx(t, x) if teAg

for a.e. t€[0,7] and z,y€R.

Then fr€Car([0,T] x R?) and f; satisfies inequalities (7.24) where
g(t,z,y) = fut,z,y), y1 =y =0, =1 +1 with b given by (7.42)
and ho(t) = h(t)+|(¢(o1(t)))'| + |[(p(ah(t)))'|. Consider problem (7.37) with
fr defined in this proof. We see that ¢; and oy are also lower and upper
functions to problem (7.37). Hence, for each k€N, Theorem 7.18/gives a so-
lution wy of problem (7.37). Moreover, each solution wy satisfies estimate
(7.10) and [Ju}|lec < 7, where r > 0 is the constant found in Lemma [7.16
for ro = max{||o1||0o, ||02]|cc }- Define

Q={zeC'0,T):00 <z <0y on [0,T], |2']|ec <7}

Let us put A; =[0,00), Ay =R, e, = max{oy(3),01(T — 1)} and, according
to Remark [7.33 (iii), we have 7, =0 for k€N. Then conditions (7.65) and
(7.66)) are valid and, by Theorem 7.32, we can find a subsequence {u, }C{uy}
uniformly converging on [0,7] to a function we€ C|0,T].
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Choose [a,b] C (0,T). Then there exists ko €N such that for k& > ko
we have [a,b] C [+, — 1] and
|fi(t un (), wi ()] < h(t)  for ae. t€la,b],

where
h(t) = sup{|f(t,z,y)] : 1 <z < 0o(t), ly] <}

and r; = min{oy(t) : t€a,b]} >0. Since h€ Ly[a,b], we see that the se-
quence {¢(u))} is equicontinuous on [a,b]. Further, a; =0, by =0, k€ N.
According to Remark [7.33 (iii), the set S C (0,7") consists only of the zeros
of w. Since w is positive on (0,7), S is empty and we see that condi-
tions (7.67) and (7.68) hold. Hence, by Theorem [7.32, u is a w-solution
of problem (7.1)).

Denote wy = max{w(s): s€[0,¢(r)]} and

P(t) = =[(d(o1 (1)) = [(d(o3())'] — wolh(t) + r].
The first inequality in (7.75) implies that

— oo (8, up, (), uy, (1)) sign g, (t) > 1p(t) for a.e. t €0, as] and all £ > £,
and similarly the second inequality in (7.75) gives

o (8, up, (t), 1y, () signuy, (t) > (t) for ae. t€far, T] and all £ > £y,

So, if we put v=0,p0=—1,50=0 and A\ =1, =T,n= min{ay, T—a,},
we get inequalities (7.69) and (7.70). Therefore, by Theorem [7.32, u is a
solution of problem (7.1)). O

EXAMPLE. Let «a,B€[l,0), a€R, be (0, %)7 c€(0,00), de (0,3 —2b).
Consider problem (7.1) where ¢(y) =y and
t(T—t)

ft,z,y)=((T =)=t +a) (x—bt(T—1)) y+cy’ —d+ -

for a.e. t€[0, 7] and all z,y € R. The first term of f has time singularities
at t =0, t="T and the last term of f has a space singularity at = = 0.
Let us put o1(t) = bt (T—1t), o3(t) =ry > %2 (3+0), w(s) = (c+1)(s+1),
a; = ay = % If we choose a sufficiently large positive constant K and

S

3
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put h(t) = K, we can check that all conditions of Theorem [7.34 are fulfilled.
Therefore our problem has a solution wu satisfying (7.106).

The next theorem deals with problem (7.1) provided f has singularities
in all its variables.

Theorem 7.35. Let v€(0,%), e€(0 YWY ¢y, ep € (v,00), and let as-

Y v

sumption (7.63) hold with A, =1[0,00), Ay = [—c1,c2]. Denote
o(t) =min{cyt,c; (T —t)}  for t€[0,T]

and assume that
(f(t,ot),0'(t)) =0 forae tel0,T],
0< f(t,z,y)
for a.e. t€[0,T) and all z€(0,0(t)], y €[—c1,ca), (7.76)
e < f(t,z,y)
for a.e. t€[0,T) and all z€(0,0(t)], y€[—v,v].

\

Then problem (7.1) has a solution u satisfying
0<u(t)<o(t), —c <u(t)<cy for t€(0,T). (7.77)
Proof. Step 1. Ezxistence of approrimate solutions.

Choose k€N, k> 2 and put &, = min{o(3),0(T—1)}. For z,yeR
define

x if g, <, €2 it y>c

() = Bly) = Y if —c <y<eo,

g if x < ey, ey i y<—cy
)

£ it |yl <v,

0 if y<—c; or y>co,

el if v<y<cy,

co—v

aty if <y < —u.

\ c1—Vv
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Further, for a.e. t € [0, 7] and all z,y €R define auxiliary functions

. 1Y) if te(0.1) U (T~ 1, 7),
fk(twray) =
f(t anl@). By) it te [T — ),
and
fut,z,y) it |yl > ¢,
Telbwy) = Y & (fult 2 D + ) = fulto, =)y = 1) (7.78)
if |yl < 4.

Then f € Car([0,T] x R?) and we can find a function my € L1[0,T] such
that

|fe(t,z,y)] < mg(t) forae. te€[0,7] and all z€0,0(t)], yeR.

Moreover, fy satisfies condition (7.65) with ey=min{o(3),0(T—1)}, 7k = 7.
Due to (7.76) we have

fr(t,o(t),d'(t)) =0, fir(t,0,0) >0 forae. tel0,T],
and oy =0 and o are respectively a lower and an upper function of problem
(7.55) with fr defined in this proof. Hence, by Theorem [7.14] this problem
has a solution wu; and

0 <ug(t) <o(t) for t€l0,T)].

Step 2. A priori estimates of approrimate solutions.
Since fi(t,z,y) >0 for a.e. t€[0,7] and all z,y€R, we have
(p(up(t))) <0 forae tel0,7T).

This yields that ¢(u},) and u), are nonincreasing functions on [0,7]. More-
over,

—c; <u(t) <cy for tel0,T], 7.79
k
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because ui(0) = 0(0) = ux(T) = o(T) =0 and ¢'(0) = ¢, o'(T) = —c;1.
Let tx€(0,7) be a point of maximum of wj. Then u}(t;) =0 and

uy(t) >0 for t €0, tg],

uy(t) <0 for t €ty T

(i) Let t,—v>0. Then there exists a; €[0,t;) such that wu(t)<v for
t € [ag, tr]. Assuming a, <try—v and integrating the last inequality in as-
sumption (7.70), we get

ety —t) < Pp(up(t)) for te [ty — v, tx]. (7.80)
If ap >t —v and wui(t) > v for t€]0,ax), then similarly

ety —t) < (uy(t)) for t¢€lay,ty].
Since ¢(uy(t)) > ¢(v) >ev >e(tp —t) for t€ [ty —v,ar], we get estimate
(7.80)) again. Integration of (7.80) over [tx — v, ;] yields the estimate

u(ty) > /OV ¢ *(es) ds = vy > 0. (7.81)

(ii)) Let ty—v < 0. Then t,+v < T and there exists by € (tx, T] such that
—up(t) < v for te(ty, by]. Assuming by > t; + v and integrating the last
inequality in assumption (7.70) we obtain

et —ty) < —o(up(t)) for te [ty tx + v (7.82)
If b <tp+v and uy(t) < —v for te (b, T], then similarly
)

€ (t — tk) < —QS(u;c(t) for te [tk, bk]

Since —o(uy(t)) > ¢(v) > ev > e(t — tg) for te€[bg,tx + v], we get in-
equality (7.82)) again. Integration of (7.82) over [ty,t; + v] yields estimate
(7.81). Using this estimate and the fact the u) is nonincreasing on [0, 7]
we conclude that

ag(t) <ug(t) <o(t) for t€]0,7)],

where
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— for tel0, ],
an(t) =4 L
k Vo

F(T -t for te (Tl

Step 3. Convergence of the sequence of approrimate solutions.

Consider the sequence of solutions {u;}, k> Z. Define
Q={zecC'0,T]: 0<2<0(t), —c1 <2’ < cyon [0,7T]}.

Then condition (7.60) is valid and by Theorem [7.32 we can choose a sub-
sequence {uy,} C {ug} which is uniformly converging on [0,7] to a func-
tion u€C[0,T]. By estimates (7.79) and (7.81) we get 0 < 2 < ¢; and
ty <T—2 <T for keN. So, we can choose a subsequence {ug,} in such
a way that limg_ . tx, = t, € (0,7) and

a,(t) <u(t) <o(t) for t€]0,T], (7.83)
where
"oy for t€0,ty],
_ )T
O{u(t) — )

— (T —1) for te(t,,T].

Put § = {t,} and choose [a,b] C (0,t,). Then there exists ko €N such
that for k > ko we have [t —t,| < 3(t, —b), [a,0] C (3,t),

Vypa

up(t) > —— =1mq, P(uy(t)) >

T (t, —b) =:my on [a,b].

DO ™

Thus for a.e. t € [a, b]
| fie(t, un(2), uy (£))] < h(t) € Lafa, b],

where h(t) = sup{|f(t,z,y)| : mo < z < o(t), 07 (my) < y < o} If
we choose [a,b] C (t,,T), we argue similarly and obtain also a Lebesgue
integrable majorant for fy, k > ko, on [a,b]. So, we have proved that
condition (7.67) holds. By Theorem [7.32, we get ue C'((0,7)\ S) and
limy o uy, (t) = '(t) locally uniformly on (0,7)\ S.
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Step 4. The function w 1s a solution.

Since wj, is nonincreasing on [0,7] for k > ky, ' is nonincreasing

on (0,t,) and on (t,,T"). Therefore
0<u(t) <cy for tel0,t,), —c <u'(t)<0 for te(t,,T] (7.84)

and the limits lim; ., «/(t) and lim, .,  @/(t) exist.

(i) Let lim;.,—v/(t) = 0. Assume that there exists t* € (0,¢,) such that
W' (t*) = 0. Then «/(t) =0 for te[t*,t,] and, by the last inequality in as-
sumption (7.70),

0< ¢ telt,—t) <u'(t) for te[th,t,),

a contradiction. Similarly for lim; . . u'(t) = 0.

(ii) Let limg ., u/(t) > 0. Since u’ is nonincreasing, we have u'(t) > 0
for t€]0,t,). Similarly for lim; ., . v/ (f) < 0. Hence we have shown that
t, is the unique point in [0,7] where either u/(t,) = 0 or w/(¢,) does
not exist. By estimate (7.83) w is positive in (0,77). This implies that S
satisfies condition (7.68). Having in mind that a; = by = 0, k€N, we
get by Theorem [7.32 that ¢(u') € AC),.((0,7)\ S) and u is a w-solution
of problem (7.1). Finally, by assumption (7.76) and definition (7.78]), we have

o (8, ug, (£), 1, (t) > 0 forae t€[0,T], LeN.

Hence condition (7.73)) holds. According to Theorem [7.32] and Remark [7.33]
u is a solution of problem (7.1). Estimates (7.83) and (7.84) yield the re-
quired estimate (7.77). d

EXAMPLE. Let oy, ag, (1, B2 € (0,00), and let functions h; € Lj.(0,7),
i=1,2,3,4, be nonnegative. For a.e. t€[0,7] and all x,y €R define

ft,z,y)

1 ! :
— (1-¢?) (27 () 2 +ha(t) Y| + ha(t) 57+ ha(t) |y|6’2) '

We can check that f satisfies the conditions of Theorem [7.35.
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Chapter 8

Periodic Problem

The main goal of this chapter is to present existence results for singular
periodic problems of the form

(B)) = F(t,und). 51)
w(0) =w(T), u'(0)=1d(T), (8.2)

where 0 < T < o0, ¢: R — R is an increasing and odd homeomorphism
such that ¢(R) =R and

{fEC’ar([O,T] x ((0,00) x R))

(8.3)
and f has a space singularity at = = 0.

In accordance with Section 1.3, this means that

limsup |f(¢,z,y)] =00 fora.e. t€[0,7] and some yeR.
z—0+

Physicists say that f has an attractive singularity at x =0 if

limérlf f(t,z,y) = —oc0 forae.t€[0,7] and some yeR
since near the origin the force is directed inward. Alternatively, f is said to
have a repulsive singularity at x =0 if

limsup f(t,z,y) = oo for ae. t€[0,7] and some yeR
z—0+

Second order nonlinear differential equations or systems with singularities
appear naturally in the description of particles subject to Newtonian type
forces or to forces caused by compressed gases. Their mathematical study
started in the sixties by Forbat and Huaux [91], Huaux [106], Derwidué [70]
and Faure [87] , who considered positive solutions of equations describing
e.g. the motion of a piston in a cylinder closed at one extremity and sub-
ject to a periodic exterior force, to the restoring force of a perfect gas and

159
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to a viscosity friction. The equations they studied may be after suitable
substitutions transformed to

u' +cu = g +e(t),

where ¢ # 0 and [ # 0 can be either positive or negative. Equations of this
form are usually called Forbat equations and their Liénard type generaliza-
tions like

u” + h(u)u' = g(t,u) + e(t)
are sometimes also referred to as the generalized Forbat equations.

In the setting of Section 1.3, problem (8.1), (8.2) is investigated on the set
[0,7]x A, where A = [0,00)xR. In contrast to the Dirichlet problem (7.1)),
where each solution vanishes at t = 0 and ¢ =T and hence enters the space
singularity x =0 of f, all known existence results for the periodic problem
(8.1), (8.2) under assumption (8.3) concern positive solutions which do not
touch the space singularity x = 0 of the function f.

Definition 8.1. A function u: [0,7] — R is called a solution of problem
(8.1), (8.2) if ¢(v')e AC[0,T], (u(t),u'(t)) € A for t € [0,T],

(p(u' (1)) = f(t,u(t),u'(t)) fora.e. t€[0,T]

and condition (8.2) is satisfied. If «w > 0 on [0,7], then wu is called a positive
solution.

By Definition 8.1 and assumption (8.3) and with respect to the choice
A =1[0,00) x R we see that each solution of problem (8.1), (8.2) must be
nonnegative and can vanish just on a set of zero measure. The restriction
to positive solutions causes that the general existence principles in Theo-
rems 1.0 and [1.7/ about the limit of a sequence of approximate solutions need
not be employed here. On the other hand, the singular problem (8.1)), (8.2)
will be also investigated through regular approximate periodic problems gov-
erned by differential equations of the form

(¢(u/))/ = h(tvu7u,)v (84)
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where h e Car([0,T] x R?). As usual, by a solution of the regular problem
(8.4), (8.2) we understand a function u such that ¢(u') € AC[0,T], (8.2) is
true and

(p(u' (1)) = h(t,u(t),u'(t)) for ae. tc]0,T).
Notice that the requirement ¢(u’) € AC|[0,T] implies that ue C[0,T].

In this chapter we will extensively utilize the Leray-Schauder degree and
its finite dimensional special case — the Brouwer degree. For the definitions
and basic properties of these notions we refer to Appendix C. In particular,
see the Leray-Schauder degree theorem, the Borsuk antipodal theorem and
Remark (C.4.

We will also discuss various special cases of equation (8.1) including the
classical one with ¢(y) =y or those with f not depending on u' or with
f depending on u’ linearly. Let us notice that the assumption that ¢
is an odd function is only technical. We employ it just to simplify some
formulas occurring in this section.

8.1 Method of lower and upper functions

Regular problems

First, we will consider problem (8.4), (8.2), where he€ Car([0,T] x R?).
We bring some results which will be exploited in the investigation of the sin-
gular problem (8.1)), (8.2). The lower and upper functions method combined
with the topological degree argument is an important tool for proofs of solv-
ability of regular periodic problems.

Definition 8.2. We say that a function o€ C[0,T] is a lower function
of problem (8.4)), (8.2)) if there is an at most finite set ¥ C (0,7) such that
o(0’) € AC1,.([0,T] \ ¥),

o'(t+) = hIPJr d(r)eR, o'(t—):= lim o'(7)€eR for each teX,

T—t—

(p(a' (1)) > h(t,o(t),d'(t)) forae. te[0,T], (8.5)
0(0) =0o(T), o'(0) > o' (T) and o'(t+) > o'(t—) for all teX. (8.6)
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If the inequalities in (8.5) and (8.0) are reversed, o is called an upper func-
tion of problem (8.4), (8.2).

REMARK 8.3. It follows immediately from Definition 8.2 that |[|o]]/s < 00
and ||o}||cc < 0o hold for each lower function o; and each upper function
o of problem (8.4)), (8.2).

The role of lower and upper functions is demonstrated by the following
mazimum principle:

Lemma 8.4. Let o1 and oo be lower and upper ftinctz'ons of problem (8.4),
(8.2) and let o1 < 09 on [0,T]. Then for each fe& Car([0,T] x R?) and
each d € [01(0),02(0)] such that

o~

ft,x,y) < h(t,o1(t),oq(t)) for a.e. t€[0,T], all x € (—00,01(t))

, oi(t) —x
and all y € R such that |y — o} (t)| < #,
- (8.7)
f(t,z,y) > h(t,o2(t),04(t)) for a.e. t€[0,T], all x € (o9(t), )
/ z— 02(t>
R _ LAY
\ and all y € R such that |y — o5(t)| < P T
any solution u of the problem
(¢(u) = f(t,u,u'), u(0) =u(T)=d (8.8)

satisfies o1 <u < o9 on [0,T].

Proof. Let u be a solution of the auxiliary Dirichlet problem (8.8)). Denote
v =u — o; and assume that

v(tg) = minf{o(t): t€[0,T]} < 0.

Since d € [01(0),04(0)] and thanks to property (8.0) where o = oy, we may
assume that to € (0,7)\ X, ¢'(tp) =0, and there is t; € (tp, 7] such that
(to, tl] N Z = @ and

—v(t)

v(t) <0 and [v'(¢)] < =0

for all ¢ € [to, 1]
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Using property (8.5) and the first inequality in (8.7), we obtain
(6(u' (1) =(01(1)) <h(t,01(t), 01(1)) — (6(01 (1)) <O for ae. t € [to, ).

Hence
0> /t (6(u'(5)) = d(07(s))) ds=(u/(t)) — ¢(0' (1)) for ae. t€ (to, 1],

which leads to a contradiction with the definition of ¢y, i.e. w>oy on [0,T].
Similarly we can show that u < o9 on [0,7]. O

REMARK 8.5. Let he Car([0,7] x R) and let oy,09 € C[0,T] be such that
01 <09 on [0,T]. Furthermore, assume that there is ¢ € L1[0,T] such that

|h(t,z,y)| < (t) for ae. t€[0,T] and all (x,y) € [01(t), 02(t)] x R.

Then it is always possible to construct a function f € Car([0, 7] xR?) having
the following properties:

(i) f(t,z,y) = h(t,z,y) whenever z € [o((t),02(t)],

(i) there is ¢ € L1[0,T] such that |f(t,z,y)| < (t) for ae. t€0,T]
and all (z,y)€R2

(iii) f satisfies inequalities (8.7).
Indeed, let us define
wi(t, ()= sup |h(t,04(t), 0(t)) — h(t, 04(t), 2)]

2 €R, |0} (H)—2|<(

for i =1,2 and (¢,¢)€[0,7] x [0,1] and

( oy (t) —x oit) -z
h(t,o1(t),y) —w (t, o (t) —z + 1) - o(t) —x+1
if z<oq(t),
Fit e y) = (t..y) if z€n(t)o2(8)
x—JQ(t) iE—O'Q(t)
h(t, o2(t), y) + w2 (t’ x—oa(t) + 1) + T —o0y(t) +1
\ if $>02(t>
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for a.e. t€[0,7] and (z,y) € R%

One can verify that the functions w;, ¢ = 1,2, belong to the class
Car([0,7]x [0,1]) and map the set [0,7]x [0,1] into [0,00). In particular,
fe Car([0,T] x R?). Furthermore, it is easy to verify that f has properties
(i) and (ii). We will show that f satisfies also the first inequality in (8.7).
Indeed, let

o1(t) —z

t d — o (t _
l’<0'1() an |y 01( )‘<O'1<t)—$+]_

Then, since w; is nondecreasing in the second variable, we have

Ih(t,01(1), 04(1)) — (t,0n(1), )] < o (t at) —e )

o) —w+1
h(t,o1(t),y) < h(t,o1(t),01(t)) + wi (t7 %)

for a.e. t€[0,T]. Consequently,

I oi(t) —x o1(t) — x
t = h(t t — t —
f(wray) (701( )7y) WI(70'1(t)—$+1) Ul(t)—l'+1
< h(t,oq(t),0q(t)) for a.e. tel0,T].
Similarly, we can show that f satisfies also the second inequality in (8.7).
Now we will transform problem (8.4), (8.2) to a fixed point problem.

Having in mind that the periodic conditions (8.2) can be equivalently written
as

u(0) = u(T) = u(0) + u'(0) — u'(T),
we can proceed similarly to the proof of Theorem [7.4:

Let us consider the quasilinear Dirichlet problem

(p(z)) =b(t) ae. on[0,T], x(0)=z(T)=d (8.9)
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with b€ L1][0,T] and d € R. A function x€ C[0,T] is a solution of (8.9)
if and only if there is v € R such that

x(t):d+/ot¢—1(fy+/osb(7')d7'> ds fortel0,T]

and

/OTqb—l(w/osb(T)dT) ds = 0.

As in the proof of Theorem 7.4, we can see that for each ¢€ C[0,T] there
is a uniquely determined c¢:=y(¢) € R such that

/0 671 (c+ ((s)) ds = 0.

The functional ~: C[0,7] — R is continuous and maps bounded sets to
bounded sets (see Step 3 of the proof of Theorem [7.4). Thus, we can define
an operator K: C[0,7] — C'0,7] by

(K(0)(t) = / 67 (1(0) + £(s)) ds. (8.10)

Due to the continuity of ~ and of ¢!, the operator K is continuous as

well. Let N: C'[0,T] — C[0,T] and F:C*0,T] — C*[0,T] be given by

(N (w))(t) = / B(s, u(s),(s)) ds

and

(F(u))(t) = w(0) + u'(0) = u'(T) + (KN (u))(?)- (8.11)

In view of the definition of F, a function u€ C'[0,T] is a solution to prob-
lem (8.4), (8.2) if and only if it is a fixed point of F. Furthermore, since
the operators K and N are continuous, it follows that F is continuous.
The properties of the operator F are summarized by the following lemma.

Lemma 8.6. Let F: C'0,T] — C'[0,T] be defined by (8.11). Then F is
completely continuous and uwe€ C*0,T] is a solution to problem (8.4), (8.2)
if and only if F(u) = u.
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Proof. It remains to show that F is completely continuous. Let {u,} be
an arbitrary sequence bounded in C'[0,T]. Denote v, = F(u,) for n € N.
Then

un(t) = ¢~ (YN (un)) + (N (uy))(t)) for t€[0,7] and neN.
We can see that the sequences {v,} and {v]} are bounded on [0,7]. In

particular, the sequence {v,} is equicontinuous on [0,7]. Further, since
he Car([0,T] x R?), thereis m € Li[0,T] such that

|h(t, un(t),u, ()] < m(t) fora.e. t€[0,T] and all n€N.

/t f m(s)ds|

Therefore the sequence {¢(v))} is bounded and equicontinuous on [0, 7.
Making use of the Arzela-Ascoli theorem we can find subsequences {vy, }
and {¢(v;, )} uniformly convergent on [0,77]. Then {v } is also uniformly
convergent on [0,7] and so, {vg,} is convergent in C'[0,T]. We have
proved that the operator F maps any sequence bounded in C'[0, 7] to a set
relatively compact in C'[0,T]. Since we already know that F is continuous,
we can conclude that it is completely continuous in C*[0, . 4

So, for t1,t, € [0,T] we get

|6(vn(t1)) = d(v (f2))] = [N (un)) (1) — (N (un))(f2)] <

The next lemma describes the relationship between lower and upper func-
tions and the Leray-Schauder degree. We will consider the class of auxiliary
problems

(p(v")) = n(") h(t,v,v"), v(0)=v(T), v'(0) = (T), (8.12)
where 7 may be an arbitrary continuous function mapping R into [0, 1].

Lemma 8.7. Let oy and oy be lower and upper functions of problem (8.4)
(8.2) and let oy <o on[0,T]. Furthermore, assume that there exists r* >0
such that

|V ]|oo < 7* for each continuous n: R — [0,1] and (8.13)
8.13
for each solution v of (8.12) such that o1 < v < gy on [0,T].
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Finally, assume that F: C'0,T] — C'0,T] is defined by (3.11) and, for
p >0, denote

Q,={ueC'0,T]: 01 <u <oy on[0,T] and V||« < p}-. (8.14)
Then

deg(T — F,Q,) =1 for each p > r* such that F(u) # u on 0€2,.

Proof. Step 1. The Leray-Schauder degree of an auxiliary operator F.

Denote 2 = €,« and assume
F(u) #u forall ued. (8.15)
Furthermore, since 07,05 € L[0,T] (see Remark [8.3), we can define
1 if [y < R7,
R = 10} e tllob e and n(y) = 2_']%1 it B <|y|<2R", (8.16)
0 if |y| >2 R*.

Then o7 and oy are lower and upper functions for problem (8.12) and there
exists a function ¢ € L,[0,7] satisfying

In(y) h(t,z,y)| <(t) for ae. t€[0,T] and all (x,y) € [o1(t), 02(t)] x R.

Now, let f e Car([0,T] x R?) and t € L;[0,T] be such that

{f(t, z,y) =n(y) h(t, z,y) (8.17)
for a.e. t€[0,T] and all (z,y) € [01(t), 02(t)] X R,
1f(t,z,y)| < () for ae. t€[0,T] and all (z,y) € R? (8.18)

and f satisfies inequalities (8.7) with n(y) h(t,z,y) in place of h(t,z,y).
Such a function can be certainly constructed, see Remark [8.5.

Let an operator F: C0,T] — C0,T] be given by

F(u) = a(u(0) +u'(0) — ' (T)) + KN (u)), (8.19)
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(N (w)(t) = /0 (s, u(s),w(s)) ds for ueC0,T] and t€[0,7],

01(0) if x < 04(0),
alzx) =< if 01(0) <z < 09(0),
09(0) if > 09(0)

and K: C[0,T] — C'0,T] is defined by (8.10). According to Lemma [3.6,

the operator F is completely continuous. Moreover, it follows from the
definition of the operator F that the problem

(¢(u) = f(t,u,u'), u(0) =u(T) = a(u(0) +u'(0) - u/(T)) (8.20)

is equivalent to the operator equation F(u) = u. Due to relations (3.18)
and (8.19) we can find ry € (0,00) such that for any A€ 0,1], each fixed

point u of the operator A JF belongs to the set
B(ro) = {z € C'[0,T] : ||2]loo + [|2"l|c < ro}.

So, by the normalization property and the homotopy property from the
Leray-Schauder degree theorem, where

H\z) = (Z—AF)(z) and Q= B(ry),
we get

deg(Z — F, B(ro)) = deg(Z, B(ro)) = 1. (8.21)

Step 2. Fized points of the operator F.

Denote
Q= {ueQ:0(0) <u(0)+u(0) —u(T) < 02(0)}.

Obviously, F=F on Q and 1(0) < u(0) = u(0) + /(0) — &/ (T) < 55(0)
whenever F(u) =u and w €. In other words, we have

(f(u) =u and u€ Q) — ue Q. (8.22)

We shall show that the implication

<f(u) = u) — ueQ (8.23)
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is true, as well. To this end, assume that F(u) =wu. Then

a1(0) < u(0) = uw(T) = a(u(0) + ' (0) — «'(T)) < 79(0). (8.24)
This, together with Lemma 8.4, proves that the estimate

o1 <u<oy on [0,7] (8.25)

holds. Furthermore, taking into account relation (8.17), we conclude that

ftu(t), ' (t) = n('(t)) h(t,u(t),u'(t)) for a.e. t€[0,T]. (8.26)

We already know that «(0) = w(7). We shall show that u satisfies the sec-
ond condition from (8.2), i.e. that «'(0) = «/(T") holds. By virtue of (8.19),
this is true whenever

a1(0) < u(0) +u'(0) — u/(T) < 05(0). (8.27)

If the inequality «(0) + «/(0) — «/(T") > 02(0) were valid then, in accor-
dance with property (8.6) of lower functions, with inequality (8.24) and with
the definition of «, we would obtain

w(0) = u(T) = 02(0) = 02(T) and u'(0) > u/(T).

However, this together with the already justified estimate (8.25) can hold
only if 4(0) > «/(0) > «/(T) > o4(T), which contradicts property (8.6) of
lower functions. Therefore, w(0)4u'(0)—u'(T) < 02(0). Similarly we could
prove that w(0)+«/(0) —u/(T) > 01(0) is true as well. Consequently, rela-
tion (8.27) and hence also the equality «/(0) = «/(T") hold. To summarize, if
F(u) = u, then u solves problem (8.20)), satisfies the periodicity condition
(8.2) and relation (8.26). Therefore, it is a solution to problem (8.12). Fur-
thermore, having in mind that (8.25) holds and by virtue of relations (8.13)
and (8.16)), we conclude that

Therefore n(u'(t))=1 on [0,7] and wu is a solution to problem (8.4), (8.2
(cf. (8.10)). In other words, F(u) = u and ue€ ) due to relations (8.15)
(8.25) and (8.28). Now, recalling that o¢1(0) <u(0)+u'(0) —u/(T") < 02(0)
holds whenever F(u) =u and uw€(2, we conclude that u € Q. This com-
pletes the proof of implication (8.23).

|v]|oo < 7" < R*. (8.28)
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Step 3. The Leray-Schauder degree of the operator F .

Having in mind implication (8.22) and applying the excision property
of the Leray-Schauder degree we get

deg(Z — F,Q) = deg(Z — F, Q).

The equality F = F on Q implies that deg(Z — F, Q) = deg(Z — F, Q).
On the other hand, implication (8.23) gives

deg(Z — F, Q) = deg(Z — F, B(Ry)).
Therefore, by (8.21),
deg(Z — F,Q) = deg(Z — F, Q) = deg(Z — F, B(Ry)) = 1.
Finally, notice that due to assumption (8.13)) the implication
(f(u) =u and o0y <u <oy on [O,TD = uef)

is valid. So, we have proved that
deg(T — F,Q,) =deg(Z - F, Q) =1
for each p > r* such that F(u) #u on 09,. O

Lemma 8.7 offers a possibility to get existence results for problems having
a pair of lower and upper functions o; and oy satisfying

o1 S 09 on [O,T] (829)

In such a case we say that oy and o, are well-ordered and the existence
of a constant r* with property (8.13) is usually ensured by conditions of
Nagumo type. A suitable version of such conditions is provided by the next
lemma.

Lemma 8.8. Let a, B€C[0,T] be such that a« < [ on [0,T] and assume
that

€ L1[0,T] is nonnegative, ey, €9 € {—1,1},
O ar /°° dt (8.30)
0

w € C(R) is positive and / ¥

o w(t)
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Then there is an r* > 0 such that
|/ ||oo < 7 (8.31)

holds for each function we C0,T] fulfilling the periodicity conditions (8.2)
and, in addition, possessing the following properties: ¢(u') € AC|0,T],

a<u<pf on [0,T]

and
&2 (G (8))) < () — () w(o(' (1)) if w(t) <0 (3.32)

Proof. Denote

Q ={ueC'0,T]: p(u') € AC[0,T], u(0) = u(T), v'(0) = u/(T),
a<u<Bon[0,T]}

and
N, ={t€l0,T]:u'(t) =0} forueQ.

Let a function w€ @ fulfilling inequalities (8.32) a.e. on [0,7] be given.
We want to show that then the a priori estimate (8.31) holds with r* in-
dependent of the choice of ue Q. Without any loss of generality we may
assume that ||u'||oc > 0. Let ¢,€[0,7] be such that |u/'(t,)] = ||t|oo-
Since u(0) = u(T), we have N, # 0.

(i) First, let «/(¢,) > 0 and & = 1. We may assume that ¢, € (0,7].
Moreover, let N, N [0,¢,) # 0. Then there is t; € N, N [0,t,) such that
uw'(t) >0 on (t1,t,]. Hence, in view of estimates (8.32), we have

(p(u' (1)) < (W(t) + u(t)) w('(t)) for ae. t € [ty,t).

Consequently,

[ [ OEON T g sy

w(t) Sy w@ () b

<9l + 2flulloo < 9ol + 2 (el + 118l0),
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1.e.

sll) g
[ <+ 2O+ 1), -

On the other hand, if A, N[0,t,) =0, then « >0 on [0,t,]. Therefore,

W' (T) =/(0) > 0 and there is ¢, € N, such that « >0 on (t,7]. Using
estimates (8.32), we get

d)(UI(O))i_ ¢(u’(T))i_ T(gb(u’(t)))'
/0 w(t) _/¢(u’(t2)) w(t) _/tQ w(u'(t)) at

< / () +u®)) dt < [[¢]ls + 2 (elloo + 1Bl

and
D) gt (e (1))
/gb(u’(O)) w(t) —/0 ) a
< / ")+ u®) dt < 9]+ 2 (lodloe + 15]ls)-

Thus,

/¢<||u'||oo> &t /¢<u'<o>> at o (t)
e a
0 (t) 0 wt)  Jowiy w(t)

< 2([[¢lh + 2 (lelloe +11Bllo0))

S

1.e.

d(llv | oo)
/0 % <2(Jlls + 2 (el + 1810)) (8.34)

(ii) Now, let «'(t,) >0 and e;= — 1. Since u(0)=u(T"), we may assume
that t, €[0,T). Moreover, let N,N(t,,T]# 0. Then thereis t3 € N,N(t,,T)
such that v/ >0 on [t,,t3). Using estimates (8.32) we obtain

(6w (1) = = ((t) + u(t)) w(w/(t)) for a.e. L€ [ty ts].
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Therefore,

ollw’lle)  q¢ - t3 (qb(u’(t)))/ ts
A R e e M CET O

<9l + 2 ([[elloo + 18l0),

i.e. (8.33) holds also in this case.

If MuN(ty, T)=0, then o' >0on [t,,T]. Furthermore, «'(0)=u'(T)>0
and there is t4, € N, such that «'>0 on [0,t4). Using estimates (8.32), we
obtain

(p(u' (1)) > — ((t) + u(t)) w(@/ (1)) for a.e. t [0, t4] U [ty, T).

Hence

CASET o (0) g o (t) gy

L sl w0t e o0
L) [T 6w)
- A dtLL ()

<2 (¢l + 2 (ladle + 181))

i.e. (8.34) is again true.

To summarize, inequality (8.34) is true whenever «/(t,) > 0. Analogously
we can prove that

[ <2l + 2 (lale + 15 (8:3)
—o(ull) @(1)

holds provided /(t,) < 0.

On the other hand, conditions (8.30) imply that we can choose r* > 0
such that

O At U A
mm{/ :A }> (10l + 2 (lafloo + 181120))

_pry W(t) w(t)
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However, this may hold simultaneously with inequalities (8.34) and (8.35)
only if estimate (8.31)) is true for all u e Q fulfilling (8.32). O

In the case that the given problem possesses only lower and upper func-
tions o7 and o9 which are not well-ordered , i.e. if

01(1) > oa(7) for some 7€ [0,7T], (8.36)

the following a priori estimate is available.

Lemma 8.9. Let ¢ € L1[0,T], r*=¢"(||¢]l1) and e €{—1,1}. Then the es-
timate ||u'||oo <1* holds for each we C'0,T] fulfilling the periodicity con-
ditions (8.2) and such that ¢(u') € AC[0,T] and

e(p(u/ (1)) > () for a.e. t€[0,T].

Analogously, ||u'||. <7* holds for each uwe C0,T| fulfilling the periodicity
conditions (8.2) and such that ¢(u') € AC[0,T] and

e (o (1)) > () for a.e. te[0,T].

Proof. Let uweC0,T] fulfil ¢(u')€ AC[0,T], the periodicity conditions
(8.2) and let

(G (1)) > (t) for ae. te0,T).

Put v = ¢(v'). Then ve AC[0,T], v(0) = v(T), v > ae. on [0,7]
and there is a t, € (0,7") such that v(t,) = 0. We have

¥ < —/t lp(s)| ds < v(t) for te (t,,T) (8.37)

and

=] < —/tv [(s)| ds < —v(t) for te]0,t,).

In particular, since v(0) = v(7T),

el < - / (s)] ds < o(T) = v(0) < / )] ds < 0l (838)
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Furthermore, if ¢ €[0,t,], then using (8.37) and (8.38) we obtain

/w ()| ds > — /w |ds—/|¢ s > bl

Similarly, for ¢ € [t,, T] we get

[ wlas < [w@las [ elds < o,

Summarizing, we can see that the estimates ||v]c = ||[¢(u)||eo < ||¢||1 and
[W]|oo < @ 1(||20||1) are satisfied.

In the cases (4(v'(t))) <v(t) or e(a(v'(t))) > (t) the proof follows

a similar argument. O

The next assertion provides an existence principle which covers also the
case (8.30):
Theorem 8.10. Let o, and oy be lower and upper functions of prob-

lem (8.4), (8.2) and let assumption (8.306) hold. Furthermore, let there be
me L]0,T] and e€{—-1,1} such that

eh(t,z,y) >m(t) forae t€[0,T] and all z,yeR

and let ¢ = —(|m| + 2).
Then problem (8.4), (8.2) has a solution u satisfying

[0/ loe < &7 ([[90]11) (8.39)
and
{min{ol(Tu), oo(7u) } < u(r,) < max{oy(7,),09(7)}

(8.40)
for some T, €[0,T].

Proof. Let ¢ = 1.
Step 1. Auziliary problem and operator representation.

Put r* = ¢~ 1(||¢]|1). By Lemma 8.9 we have

{Hu’”OO <r* for each u € C1[0,T] fulfilling (8.2) and such that (8.41)

o(u') € AC[0,T) and (o(u'(t))" > (t) for a.e. t€[0,T].
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Furthermore, put ¢* = ||o1||oc + ||02|lec + T'7* and define for a.e. t €0, T
and all (z,y)€R?
(—(Im(t)| + 1) if £ < —(c"+1),

h(t,z,y) + (x + ) (jm(t)| + 1 + h(t, z,y))
- if —(c"+1)<z<—c,

t,x,y) = .
J(tzy) h(t,z,y) if —c*<uz<cr,
h(t,xz,y) + (x — c*) |m(t)| if ¢ <o <c* 41,
LAt 2, y) + [m(1)] if o >c" +1.

Let us consider the auxiliary problem

(o(u)) = f(t,u, i), u(0) =w(T), o'(0)=u'(T). (8.42)
We have

(f(t,x,y) <0 if < —(c"+1),

) Ji(t,x,y) >0 it x>c" +1, (8.43)

ftzy) =ht,x,y) if vel-c ]
for a.e. t€[0,T] and all z,y€R

\
and

f(t,z,y) > (t) forae t€[0,T] and all z,y€eR. (8.44)

Furthermore, o; and oy are lower and upper functions of (8.42) and, more-
over, o3(t) = —c* —2 and o4(t) = ¢* + 2 form another pair of lower and
upper functions for (8.42)). We have

o3 < min{oy, 09} < max{oy,03} < o4 on [0,7].

Denote

Qo ={uecC0,T]: 05 <u < oy0n[0,T], |t/||c <7},
O ={ueQy: 03 <u<oyon 0,7}
Qo ={ueQy: 01 <u<oyon(0,T]}
and
Q= \ U UQ,.
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Let F be given by (8.11). Clearly, Q is the set of all u €y for which
the relations ||u/[| < 7* and

u(ty) < o1(ty) and wu(sy) > o9(s,) for some t,,s, €[0,T] (8.45)
are satisfied. Furthermore, Q; N Qs =0 and 0Q =900, UINQ; UINs.

By Lemma [8.6, problem (8.42) is equivalent to the operator equation
F(u) =w in C'0,T], where

a

W)@ = [ Fs,uls)w(s)) ds
ndN /O

F(u) = u(0) +u'(0) — o/ (T) + K(N(u))
and K: C[0,T] — C'[0,T] is given by (8.10). Let F be given by (8.11).
Clearly, F(u) = F(u) for uweC'[0,T] such that |lullew < c*.

Step 2. First a priori estimate.

We will prove the implication
(ﬁ(u) =u and u eﬁo> = u ). (8.46)
To this aim, first notice that by (8.41) and (8.44) the implication

(f(u) - u) — ] < 7 (8.47)

holds. Now, assume that F(u) = u and uwe€d€. Taking into account
(8.47), we can see that this can happen only if
= t)=c"+2 = mi t)=—(c"+2 8.48
(o) = s ult) = 42 or ule) = min u(t) = —(¢ +2) (549
for some a€[0,T). In the former case, we have «'(a) =0 and u(t) > ¢*+1
on [a, ] for some f€ (a,T]. Due to (8.43), we have also

(p(u' (1)) = f(t,u(t),v'(t)) >0 for ae. t€|a, ],

ie. w(t) > 0 on («,f], a contradiction. Similarly we can prove that
the latter case in (8.48)) is impossible. This shows that u satisfies the esti-
mate

Julleo < ¢ +2, (8.49)
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wherefrom, with respect to (8.47), implication (8.40) follows.
Step 3. Second a priori estimate.

Next we will prove that the implication
<j-:(u) =u and uGﬁ) = ||Ju)|eo < ¢ (8.50)

is true. Indeed, let F(u) = u and uwed€. By (8.47) we have [[u/||s < 7
and (8.49). Consequently, either ©w €0, or uedQy. This means that
there is a 7, €[0,7] such that either w(7,) = o1(7.) or u(7.) = o2(7u).
In both these cases we have |u(7,)| < [|o1]|oo + ||o2]|o- Consequently,

t
)] < futr)l + [ 1 (6)] ds < s + sl + 717 = o

This completes the proof of estimate (8.50).

Step 4. Existence of a solution to problem (8.4), (8.2).

(i) Let F(u)=u and uwedQ. By (8.50), we have F(u)= F(u)=u and
u is a solution to problem (8.4), (8.2).

(i) Let F(u) # u on 9. Then using successively Lemma 8.7 for three
well-ordered couples: {03,004}, {03,092} and {oy,04} of lower and upper
functions for problem (8.4), (8.2), we get

deg(Z — f, Qo) = deg(Z — ]?, 0) = deg(Z — f, Q) =1.

Since by (8.36) we have ©; N Qy =), the additivity property of the degree
yields that the equalities

deg(Z — F,Q) = deg(Z — F, Q) — deg(T — F, Q) — deg(Z — F, Q) = —1

hold. So F has a fixed point u in €. Moreover, by Step 3, we have
|lul]|so < ¢* and hence

F(t ult), w'(£)) = h(t, u(t),u'(t))

holds for a.e. ¢ €[0,T]. This means that u is a solution to (8.4), (8.2).

We can proceed analogously when ¢ = —1. U
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Singular problems

Now we are going to consider problem (8.1)), (8.2) where f satisfies
condition (8.3). We will present sufficient conditions in terms of lower and
upper functions for the existence of positive solutions to the singular problem
(8.1), (8.2). Lower and upper functions o; and oy are defined similarly
to those for the regular problem (8.4), (8.2) (see Definition 8.2). However,
since problem (8.1)), (8.2) is investigated on [0,7]x.A where A = [0,00) xR,
only such o7 and o9 which are positive a.e. on [0,7] make sense.

Definition 8.11. We say that a function o€ C[0,T] is a lower function
of problem (8.1), (8.2) provided o(t) € (0,00) for a.e. t€[0,7] and there is
a finite set X C (0,7) such that ¢(c') € AC.([0,7] \ X) and (8.5) and
(8.6)) are satisfied.

If the inequalities in (8.5) and (8.0) are reversed, o is called an upper
function of problem (8.4), (8.2).

The first existence result concerns problem (8.1), (8.2) possessing well-
ordered lower and upper functions.

Theorem 8.12. Let there exist lower and upper functions o1 and oy of
problem (8.1), (8.2) such that oy > oy >0 on [0,T]. Furthermore, let for
a.e. t€[0,T] and each (x,y) € [o1(t),o2(t)] x R the inequalities

{61 ft, ) < () +y)w(ey) if y>0, (851)
&2 f(t, 2, y) < (V1) —y)wloy)) o y <0
hold with €1,e9,w and 1 satisfying (8.30).

Then problem (8.1), (8.2) has a positive solution u such that

o <u<oy on [0,T] (8.52)

Proof. Step 1. The case o1 < 0y .
Assume that oy < g9 on [0,7]. Consider the auxiliary regular problem
(8.4), (8.2) with h defined for a.e. t€[0,7] and (z,y)€R? by
[t ou(t),y) if z <oi(t),
h(t,a:,y) = f<t7$7y> if $€[Ul(t)702<t)]a
f(t,oa(t),y) if x> oo(t).
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Clearly, heCar([0,T] x R*) and o; and oy are a lower and an upper
function of problem (8.4), (8.2). Choose an arbitrary continuous function
n:R —[0,1] and let v be an arbitrary solution of problem (8.12)) fulfilling
o1 < v <oy on [0,7]. Since (8.51) is satisfied with h instead of f, we
have for a.e. t€[0,T]

e2 (6('(1))) < (¥(t) = v () w(o(v'(t)) i V() <0.

Hence we can apply Lemma 8.8 to deduce that (8.13) is satisfied. Let
F: CY0,T] — C'0,7] and Q = .- be defined by (8.11) and (8.14),
respectively. Then there are two possibilities: either F has a fixed point
ued or F(u)#u on 0N

(i) Let F(u) = u for some uwedf). In view of Lemma 8.6 and of the
definition of h, it follows that u is a solution to (8.1), (8.2) fulfilling (8.52).

(ii) If F(u) # w on 0F, then by Lemma 8.7 we have deg(Z — F,Q) =1,
which implies that F has a fixed point v € Q. Asin (a), this fixed point is
a solution to (8.1), (8.2) fulfilling (8.52).

Step 2. The case o1 < 0y .

For each k€N the function o, = o9 + % is also an upper function
of problem (8.4), (8.2) and o0y < g, on [0,7]. Hence, in the general case
when the strict inequality between o¢; and oy need not hold, we can use
Step 1 to show that for each k€N there exists a solution wuy to (8.4), (8.2)
such that

u(t) € [o1(t), 02(t) + 1] for t€[0,7] and |u|ls <77,

where r* >0 is the constant given by Lemma 8.8 where a = o; and
B = 09+ 1. Using the Arzela-Ascoli theorem and the Lebesgue dominated
convergence theorem for the sequences {ux} and {h(t,ug(t), u)(t))} we get
a solution u of (8.1), (8.2) as the limit of a subsequence of {u} on C[0,T].

O
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REMARK 8.13. Let functions a and [ continuous on [0,7] and such
that 3 > a > 0 on [0,7] be given. We say that a function f satis-
fies the Nagumo conditions with respect to the couple «, § if there are
e1, e2 € {—1,1} and functions w, ¥ having properties (8.30) and such that
(8.51) is satisfied for a.e. t€[0,7] and all (z,y) € [a(t), B(t)] x R. Notice
that the Nagumo conditions with respect to «, 3 are satisfied in particular if
ft,z,y)=—h(x)y+g(t,z), where h € C[0,00) and g€ Car(]0,T] x (0,00)).
Indeed, for a.e. t€[0,7] and each (x,y)€ [a(t), 5(t)] x R we have

[f (&2, y)| < Ah(@)] fyl + gt )] < K (9(F) + |y])
where

K =1+ max{[h(z)|: x €[5, |8]loc]}, ¢(t) = sup{lg(t, x)|: z €9, [|5]loc]}
and 0 = min{a(t): t€[0,7]}. (By assumption, we have ¢ > 0.)

ExXAMPLE. Theorem .12 provides the existence of a positive solution to
problem (8.1), (8.2) also for

[t xy) =gt x)y™ ™ + h(z)y ply) —ax™™ + ba’?

for a.e. t€[0,7] and all (z,y)€ (0,00) x R, where ge& Car([0,7] x R) is
nonnegative, n € N, a,b, \;, Ao € (0,00) and h e C0, 00).

The last result of this section concerns the case when the given problem
possesses lower and upper functions, but no pair of them is well-ordered. We
will restrict ourselves to the equation

((u'))" = g(u) + p(t, u,u'), (8.53)

where p is a well-behaved function (p € Car([0,7T] x R?)) and g has a sin-
gularity at the origin. Recall that problem (8.53)), (8.2) is investigated on the
set [0,7] x A, where A=[0,00) x R.

The key assumption is that

1
h%l_‘r g(s) ds = +o0. (8.54)

Clearly, condition (8.54) implies that

limsup g(z) = +o0, (8.55)
z—0+
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which means that ¢ has a space repulsive singularity at the origin. Repul-
sive singularities having property (8.54) are called strong singularities and
the function ¢ is then usually said to be a strong repulsive singular force.
We will refer to condition (8.54) as to the strong repulsive singularity condi-
tion . On the other hand, if condition (8.55) is satisfied together with

1

$Er61+ : g(s)dseR,

then the singularity of f at z = 0 is called a weak singularity and g is
said to be a weak repulsive singular force.

The meaning of the strong repulsive singularity condition is revealed by
the following lemma.

Lemma 8.14. Let pe Car([0,T] x R?) and let g€ C(0,00). Furthermore,
let g satisfy the strong repulsive singularity condition (8.54) and let there be
a function m € L1[0,T] such that

g(x) +p(t,z,y) >m(t) forae t€]0,T] and allz >0, yecR. (8.56)

Then each lower function oy of problem (8.53), (8.2)) is positive on the whole
interval [0, T].

Proof. Let o, be a lower function for (8.53), (8.2) and p := ||o}||cc. Then
p < oo and, by virtue of the property (8.5) for o = oy, we have

(6(01(1))) (01(t) = p) < g(01(1)) (01(t) — p) +p(t, 01(1), 01 (1)) (01() — p)
for a.e. t€[0,T]. Furthermore, due to (8.54) there is § > 0 such that

6/
lim g(s)ds =00 for all § € (0,0). (8.57)

r—0+ =

Let an arbitrary € >0 be given. Since in view of Definition 8.11/ we have
01>0 a.e. on [0,T], we can choose ty € (0,¢| insuch a way that oy (o) > 0.
Put t* =sup{t € [ty,T]: o1(s) > 0 on [tg,t]}. Let o1(t*) = 0. Then there is
a t' € (ty,t*) such that

o1(t)€0,0) forall tel[t,¢*]. (8.58)
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Let t, € (t',t") be an increasing sequence such that lim, .., ¢, = t*. Then

lim o1(t,) = or(t") = 0 (8.59)

n—oo

and

[ iy i) - a

tn

< /t’ n9(01<t>) (Ui(t) —p) dt-!—/t, p(t,al(t),ai(t)) (Ull(t) — p)dt

o1 (t) tn
- _/ g(s) ds—p/ (g9(o1(t)) +p(t, o1(t), 01(1)) dt
Ul(tn) 2

- /t plt,ou(t), 04 (1)) o4 (1) dt.

Therefore, for each n €N we have
o1 (t/)
/ g(s) ds
o1 (tn)
tn

S/t/n|(¢(03(t)))’||01(t)—p| dt+/ p(t, o1 (1), ()] |0, (1)) dt

t

—plf@ww»+p@awxd@»ws@

T
mMeczp@wwwm+Am@mmmmmw+wm><w

On the other hand, thanks to relations (8.57)—(8.59) we have

o1(t)
lim g(s)ds = o0,
=% J o (tn)
a contradiction. Thus, oy(t*) > 0. It follows that ¢* = T, since otherwise
we would get a contradiction with the definition of ¢*. In particular, we can
see that oy(t) is positive on any interval (g,7], € > 0, and, as we also have
01(0) = 01(T") > 0 in view of the periodicity condition (8.0), this completes
the proof of the lemma. O
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REMARK 8.15. Lemma .14/ says, in particular, that under assumptions
(8.54) and (8.56), where m € L1[0,T], each solution u€ C*[0,T] of problem
(8.53), (8.2) must be positive at each t € [0, T].

Theorem 8.16. Let pe Car([0,T] x R?*) and ge C(0,00). Furthermore,
let the strong repulsive singularity condition (8.54) and condition (8.56)) with
some m € L1]0,T] be satisfied. Finally, let there be lower and upper func-
tions o1 and oy of problem (8.53)), (8.2)) such that relation (8.30) is true
and o9 >0 on [0,T].

Then problem (8.53), (8.2) possesses a positive solution w having prop-
erties (8.39) and (8.40).
Proof. Put r* = ¢ '(||¢|1), where ¢ = |m|+ 2. Let us define

R =|o1]lec + |lo2llcc; 7 =7"+]0}|lc and B=R+1r*T. (8.60)
Since p€ Car([0,T] x R?), thereis p€ Li[0,T] such that
Ip(t, z,y)| < p(t) for a.e. t €[0,T] and all (x,y) € [0, B] x [—r,r]. (8.61)

By Lemma 814, ¢; > 0 on [0,7]. Since we assume o9 > 0 on [0,77], it
follows that ¢ := min{{o(t),02(t)}: t€[0,T]} > 0. Now, put

B
K = |5l + / 19(s)] ds.

By (8.54) there exists €€ (0,d) such that g(¢) >0 and

/6 g(s)ds > K. (8.62)

For a.e. t€[0,7] and all (z,y)€R? define

gle) ifz<e,

ht,z,y) = g(x t,x,y), where g(z)=
(t,z,y) = g(z) + p(t, . y) g9(x) {g(x) o> e

Then he€ Car([0,T] x R?), o, and oy are a lower and an upper function
of problem (8.4), (8.2) and, by assumption (8.50)),

h(t,z,y) > m(t) for a.e. t€[0,7] and all z > 0,y € R.
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By Theorem [8.10), problem (8.4), (8.2) has a solution w satisfying estimate
(8.39) and 6 < u(t,) < R for some t,€[0,7]. In particular, u < B for all
t€[0,7]. It remains to show that u > ¢ on [0,7]. Let to,t; €[0,7] be
such that

u(to) = min{u(t): t€[0,7]} and wu(t;) = max{u(t): t€[0,7T]}.
We have u/(tg) = v/ (t1) = 0 and wu(ty) € [0, B]. Put v(t) = ¢(u/(t)) for
t€[0,7]. Then u'(t) = ¢ (v(t)) on [0,T], v(ty) =v(t;) = #(0) and

v(t1)

[ wa= [“veewwa- [ a-n

to to ’U(to)

Thus, multiplying both sides of the equality

(6(u'(t))" = h(t,u(t), (1))

by «/(t) and integrating from ¢, to t;, we get

u(ty) t1
/ g(s)ds < / Ip(t, u(t), w' ()| [ (t)] dt < ||plly ™.

(to) to

Therefore
P

o6y~ utto) + [“otras= [ gieyas

(to)

u(t1) B B
g/( | §<s>ds+/6 Ig(s)ldsﬁllﬁlllr*+/5 9(s)] ds = K.
u(to

Since g(g) > 0, this contradicts inequality (8.62) whenever
u(to) = min{u(t): t€[0,7T]} < e.
Hence, wu(t) > ¢ on [0,7], which means that u is a solution to problem

(8.53), (8.2). O

EXAMPLE. Let
g(x) =az ™ +ba*? for x€(0,00),

where a,b, Ao € (0,00) and A; > 1. Then Theorem .10 provides the exis-
tence of a positive solution to problem (8.53), (8.2) if pe€ Car([0,T] x R?)
is bounded below, i.e. there is m € L1][0,T] such that p(t,z,y) > m(t) for
a.e. t € 0,7] and all (z,y) € R?
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8.2 Attractive singular forces

This section is devoted to the singular problem (8.1), (8.2) where f has
an attractive singularity at x = 0, which means that, in addition to (8.3)),
it has also the following property:

lim(i)gf flt,z,y) = —oc0 forae. t€[0,7] and some yeR.

Such a situation can be treated by means of lower and upper functions asso-
ciated with the problem. We can decide whether the problem has constant
lower and upper functions and to find them provided they exist. In general,
however, it is easy neither to find lower and upper functions which need not
be constant nor to prove their existence, which can make the application of
theorems like Theorem [8.12! difficult. A simple possibility how to find non-
constant lower or upper functions to problem (8.1)), (8.2)) is offered by the
following lemma. In what follows we use the standard notation for mean
values of integrable functions: for y € L1]0,T], the symbol 7 stands for

1 T
gie f/0 y(t) dt.

Lemma 8.17. (i) Let there exist A >0 and b€ Ly[0,T) such that b >0,

{f(t, r.y) 2 () 56

for a.e. t€[0,T] and all x € [A, B], |y| < ¢~ (||b]]1),
where B —A > 2T ¢ *([|b]1).
Then problem (8.1), (8.2) possesses an upper function oo such that
A<oy<B on [0,7T]

(ii) If A,B and be L]0, T] satisfy analogous conditions but with b < 0
and

{f(t z,y) < b(t)

(8.64)
for a.e. t€[0,T] and all x € [A, B], |y| < ¢~ (||b]]1),

then problem (8.1), (8.2) possesses a lower function oy such that

A<o; <B on [0,7T]
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Proof. (i) Assume that b > 0 and relation (8.63) is true. For a given
deR, let x4 be a solution of the quasilinear auxiliary Dirichlet problem
(8.9). Then

d(xy (1)) = o2l (t)) + /tb(s) ds for all t,ty€[0,T].

to

Since b > 0, it follows that /,(T) > 2/,(0). Since 4(0) = z4(T), there is
a tg€(0,T) such that a/(t;) = 0. Thus

o(ay(1)) = / “b(s)ds for e [0.T]

tq

and so ||7/)||cc < @7 (||b]]1) for each d€R and ||zollee < T ¢ (||b]|1). Put
oy =A+T ¢ (]|b]|1) + zo. Then

A<oy <A+2T ¢ Y|b]1) B on [0,T].
Having in mind assumption (8.63) and the definition of x4, we can see that
09 is an upper function of problem (8.1), (8.2).
(ii) If b <0 and assumption (8.64) is valid, then oy = A+T ¢~ (||b]|1) + =0
is a lower function of problem (8.1), (8.2) and A <oy < B on [0,7]. O

Corollary 8.18. Let there exist v > 0, A > r and be L1[0,T] such that
b>0, (8.63) with B—A>2T¢*(||b]l1) and

f(t,r,0) <0 forae tel0,T]

hold. Furthermore, let for a.e. t€[0,T] and each (x,y)€ [r, B] xR inequal-
ities (8.51) be true with €1, e9, w, ¥ satisfying (8.30).

Then problem (8.1), (8.2) has a positive solution w such that
r<u<DBon|0,T] (8.65)

Proof. By Lemma 8.17, problem (8.1), (8.2) has an upper function o9 such
that o9 € [A, B] on [0,7]. Furthermore, o, = r is a lower function of (8.1)),
(8.2) and 0 < 0y <09 on [0,7]. By Theorem [8.12, problem (8.1), (8.2)) has
a positive solution u satisfying (8.65). O
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Now, let us consider the Liénard equation

(o))" + h(u) u' = g(u) + e(t), (8.66)
where
heCl0,0), g€ C(0,00), e€ L]0, T] (8.67)

and ¢ has an attractive space singularity at = =0, i.e.

hxnléllfg(x) = —00. (8.68)

The next lemma shows that problem (8.60), (8.2) possesses an upper
function whenever

liminf [g(z) + €] > 0. (8.69)

Lemma 8.19. Let conditions (8.67) and (8.69) hold. Furthermore, assume
that there exists « € (0,00) such that

lim inf [6W)] > 0. (8.70)
lyl—oo [y|®

Then for an arbitrary r€ (0,00), problem (8.60), (8.2) possesses an upper
function o9 such that oo >1r on [0,T].

Proof. Step 1. Construction of operator Fj.
Choose 7€ (0,00). By assumption (8.69) there is R > r such that

glx)+e>0 for > R. (8.71)
Take an arbitrary c¢€R and consider the auxiliary Dirichlet problem
(p() + Xh(v+c)v' = Ab(t), v(0)=v(T) =0, (8.72)

where b(t) = go + e(t) for a.e. t € [0,T], go = inf{g(x): x€[R,0)}
and Ae€0,1] is a parameter. For a given A€[0,1] define an operator
F: CV0,T] xR — C[0,T] xR by

Fyr: (v,a) — (/O ¢ Ha+ A /Os[b(T) — h(v(T) +¢) V(7)) d7) ds,

s
0

0 /0 6 (a+ A / b(r) — h(u(7) + ¢) v'(r)] dr) ds>.
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Taking into account that the second component of F, has a finite dimen-
sional range and using an argument analogous to those applying to the proof
of Lemma 8.0/ (see also the proof of Theorem [7.4) we can show that the op-
erator F, is completely continuous for each A€ [0, 1]. Furthermore, v is
a solution of the Dirichlet problem (8.72) satisfying ¢(v'(0)) = a if and only
it Fa(v,a) = (v,a).

Step 2. A priori estimates of fized points of Fy.

Choose A€ (0,1] and assume that (v,a) € C'[0,T] x R is a fixed point
of the operator F,. We have

(p(v' (1)) 4+ Ah(v(t) + ) v'(t) = Ab(t) for a.e. t€[0,T], (8.73)

v(0)=v(T)=0 and ¢(v'(0)) =a. Multiplying equality (8.73) by wv(¢) and
integrating over [0,7], we get

_/0 (' () V(1) dt_)\/o b(t) v(t) dt. (8.74)

Let a€(0,00) be such that relation (8.70) holds. Then there are k>0 and
Yo >0 such that

k
<3 for y > yo. (8.75)

Next, since ¢ is odd, we have ¢(y)y > 0 and |p(y)| = ¢(|y|) for each
y€R. In particular, ¢(|y|)|y| = ¢(y)y for all yeR. Relation (8.74) can
be now rewritten as

—kllvll &5 —/0 ﬁ(lv’(t)!)!v’(t)\dt=A/0 b(t) v(t) dt. (8.76)

Denote J ={t€0,T]: |v'(t)] > yo} and M = max{f(y): y€[0,y0]} and
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assume that ||v|l« > 1. Then relations (8.75) and (8.76) imply

N B(|v'(t o
Fl 1ot < bl ol + MyoT — [ U et gy

g ()]
k «
< (lIolly + MyoT) |lv]|oo + §||v’||ail1 ,
1.e.

Jolistt < 7

a1 < 7 (Pl + MyoT) [0 .

Further, as the Holder inequality yields

T
[0l < / [v'(s)] ds < T+ [0, (8.77)
0

we conclude that

2 a
||’U’||oc+1 < (% (Hle + MyOT)) Ta+1,

Now, using (8.77) once more, we get

a

2
ol <7 (3 (10l + M7

Thus, including into our consideration also the case ||v]s < 1, we conclude
that v satisfies the estimate

2 «@
ol < o= (3 (0l + M0T) ) 1. 879

As v(0) = v(T), thereis 79€ (0,7) such that v'(r9) = 0. Hence, integrat-
ing equality (8.73) we obtain

v(t) t

oV (1)) + A / h(x +c¢)dz = A / b(s)ds for t€]0,T],

v(70) 0

wherefrom the estimate

|o(v' ()] < 32:=||b]|1 + 2d max{|h(z)|: |z| < |c|+d} forall t€]0,T]
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follows. Consequently,
[Vl < 67 (5) and |a| = |¢(v'(0))] < 5. (8.79)

On the other hand, it is easy to see that Fy(v,a) = (v,a) if and only if
(v,a) = (0,0). This, together with (8.79), imply that if we choose

p>d+ ¢~ () + 5,
we get (v,a) € B(p), where

B(p) ={(v,a) €CT[0,T] x R [[v]lo + |al < p}-

Step 3. Properties of the Leray-Schauder degree of Fy.

By Step 2 and by the homotopy property from the Leray-Schauder degree
theorem, where H(\,z) = (Z — Fy)(x) and Q = B(p), we get

deg(Z — F1,B(p)) = deg(T — Fo, B(p)).

Moreover, Fy is an odd mapping, and hence by the Borsuk antipodal theo-
rem we see that

deg(Z — Fo, B(p)) # 0.

Therefore, by the existence property of the Leray-Schauder degree, we deduce
that for each c€R the operator F; has a fixed point (v, a.). It follows
from the construction of the operator F; that v. is a solution of the aux-
iliary Dirichlet problem (8.72) with A =1 and a. = ¢(v.(0)). Moreover,
|velloo < d on [0,7] holds due to (8.78).

Step 4. Construction of an upper function os.

Put ¢=R+d and o9 = v.+ c. Then 05(0) = 02(T) = ¢ and, due to
(8.71), we have

B(04(T)) — 6(05(0) = TE="T (g0 +7©) > 0.

Furthermore, o3(t) > ¢ —d = R on [0,T]. Therefore, due to inequality
&.71),

(6(05(1)))" = —h(o2(t)) 05(t) + go + e(t)
< —h(oa(t)) ob(t) + g(oa(t)) + e(t) for a.e. t€|0,T].
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This shows that o9 is an upper function for (8.60), (8.2)). d

The following alternative assertion can be proved by an argument analo-
gous to that used in the proof of the previous lemma.

Lemma 8.20. Assume (8.67) and

limsup [g(z) + €] < 0.
Then for an arbitrary r € (0,00), problem (8.60), (8.2) possesses a lower
function oy such that o1 >r on [0,T].

A straightforward application of Theorem 8.12/and Lemma 8.19/ gives the
following result.

Theorem 8.21. Assume (3.67)— (8.70) and let there exist r € (0,00) such
that

g(r)+e(t) <0 forae tel0,T].

Then problem (8.60), (8.2)) has a positive solution u such that w > r on
[0,7].

Proof. Let r € (0,00) be such that g(r)+e(t) <0 for a.e. t€[0,7]. Then
o1(t) = r is a lower function of problem (8.60), (8.2). Furthermore, due
to assumption (8.70) and Lemma 8.19, problem (8.66), (8.2) has an upper
function o9 such that oy >r =0, >0 on [0,7]. Thus, by Theorem 8.12
and Remark [8.13, problem (8.60)), (8.2) has a positive solution u such that
u(t) € [r,o9(t)] for each te0,T]. O

EXAMPLE. Let g€ C(0,00) satisfy (8.68). Then we can guarantee the exis-
tence of a positive constant r for which the inequality ¢(r)+e(t) <0 holds
a.e. on [0,7] provided

limjnf (9(r) + [l ) < 0.

This occurs e.g. if sup ess{e(t): t€[0,T]} < co. In particular, Theorem 8.21
applies to problem (8.60), (8.2)) if

¢ = ¢p, PE(1,00), €>0, sup ess{e(t): t€[0,T]} < o0
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and g(z) = —ax™ +ba*2, where a,b, A\, As € (0,00).
Further, notice that condition (8.70) is satisfied e.g. by

o(y) = (lyly +v) 1n<1+ﬁ> or () =y (exp(y?) - 1).

8.3 Strong repulsive singular forces

In this section we study the singular problem (8.1), (8.2) with f having
a repulsive singularity at x = 0. Recall that this means that, in addition
to (8.3), the relation

limsup f(t,z,y) = o0 fora.e. t€[0,7] and some y€eR
z—0+

is true. In general, in this case, the existence of a pair of associated lower
and upper functions having the opposite order is typical. This causes that
such a case is more difficult and more interesting than that of an attractive
singularity:.

The next assertion deals with equation (8.53) and is a direct corollary
of Theorem 8.16.

Theorem 8.22. Assume that g€ C(0,00) and p€ Car([0,T] xR?) satisfy
the strong repulsive singularity condition (8.54) and inequality (8.56) with
some m€ L1[0,T]. Furthermore, let there be a function b€ L,]0,T] and
constants r, A, B € (0,00) such that

b<0, A>r, B—A>2T ¢ '(|o]h),
g(r) +p(t,r,0) >0 forae te|0,T]

and

g(x) +p(t, x,y) < b()
for a.e. t€10,T] and all x € [A, B] and |y| < ¢~*(||b]]1).

Then problem (8.53), (8.2) has a positive solution w such that

u(ty) € [r,B] for some t,€[0,T].
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Proof. By Lemma [8.17 (ii) there is a lower function o; of problem (8.53),
(8.2) such that A < o3 < B on [0,7]. Moreover, by our assumptions,
o5(t) = r is an upper function of problem (8.53), (8.2). Using Theorem [8.16
we complete the proof. O

In particular, Theorem 8.22] provides for the Duffing equation with the
¢ —Laplacian

(6(u) = g(u) + e(t) (8.80)
the following immediate corollary.

Corollary 8.23. Let e€ L1[0,T], inf ess{e(t): t€[0,T]}> — oo and let
g€ C(0,00) satisfy the strong repulsive singularity condition (8.54). Further,
let

g« = inf{g(z): x €(0,00)} > —0c0
and let there be A > 0 such that
g(x)+e<0 for x€[A B], where B—A>2T¢ (|le—e|.).
Then problem (8.80), (8.2) has a positive solution u such that u(t,) < B

for some t, €10,T).

Proof. By the strong singularity condition (8.54) we have (8.55). Since,
moreover, we assume inf ess{e(t): t€[0,7]} > —oo, we can certainly find
an r € (0,A) such that g(r)+e(t) >0 fora.e. t€[0,7]. The assertion then
follows by Theorem [8.22 if we put b(t) = e(t) —e and m(t) = g.+e(t) a.e.
on [0,T7. O

In the remaining part of the section we will consider the Liénard equation

(op(u) + h(u)u' = g(u) + e(t) (8.81)

with the p-Laplacian ¢,(y) = |y[P~?y. To this aim, the following continua-
tion type principle will be helpful.

Lemma 8.24. Let pe(1,00), he C[0,0), g€ C(0,00) and e€ L1[0,T].
Furthermore, assume that there exist r>0, R>r and R >0 such that
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(i) the inequalities r < v < R on [0,T] and ||V'||ec < R' hold for each
A€ (0,1] and for each positive solution v of the problem

(6(0")) = A(=h(v) V' + g(v) + (1)),
{U(O) =o(T), v'(0)=v(T), (8.82)

(ii) (g(z)+e=0) = r <z <R,

(iii) (g(r) + ) (g(R) + &) < 0.

Then problem (8.81), (8.2) has at least one solution u such that r <u < R
on [0,T].
Proof. Step 1. Construction of the operator F.

First, notice that integrating the differential equation in (8.82)) over the in-
terval [0,7] and taking into account the periodicity conditions we arrive at

0= /0 g(v(s))ds+Te

for all solutions wu of problem (8.82).

(8.83)

Let us consider the problems

(6p()) = Fat,0)(t),  0(0) = o(T), v'(0) = v'(T), (8.84)
where A€ (0,1] and

At 0)(@) = X (=h(v(t) V'(t) + g(v(t)) + e(t)) + (1 — ) wo(v),

wo(v) = % </0Tg(v(s)) ds +T€)

for veC0,T] and for a.e. t€[0,T]. Due to (8.83), we can see that for
each A€0,1] problems (8.82) and (8.84) are equivalent. Furthermore, for
A=1 problem (8.84) reduces to problem (8.81)), (8.2) (with v instead of ).

As in the proof of Theorem [7.4/ (see also the introduction to Lemma 8.6
in Section [8.1), we denote by v the functional on C[0,7] which is uniquely
determined by the relation

/o ¢ (y(0) + £(s)) ds = 0. (8.85)
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Similarly, the operator K: C[0,T] — C'[0,T] is defined by (8.10), i.e

-/ ({0 + €(s) ds.

Recall that both v and K are continuous. Now, for A€ [0,1], we define
operators Ny : | 0 0,7] — C[0,T] and Fy: C*0, T] — CY0,T] by

/fASU

Fa(u)(t) = u(0) +u/(0) — v/ (T) + K(Ny(u)).

(8.86)

Arguing as in the proof of Lemma 8.6, we can show that for each A€ [0, 1]
the operator F) is completely continuous. Moreover, a function v € C1[0,T]
solves problem (8.84) if and only if it is a fixed point of F). In particular,
u e C0,T] is a solution of (R.81)), (8.2) if and only if F;(u) = wu.

Step 2. Properties of the fixed points of Fy.
We state that
Fi(v) #£v  forall A€[0,1] and ve€IQ, (8.87)

where
Q={ved'0,T]:r<v< Rand |/|< R on [0,T]}.

Indeed, if A > 0, then relation (8.87) follows from assumption (i), while for
A =0 it is a corollary of the following claim.
CramM. veCh0,T] is a fixed point of Fy if and only if there is z € (r, R)
such that v(t) =2 on [0,7] and

g(z)+e=0. (8.88)

Proof of CLAIM. For each ve(C'0,7T] and each t € [0,7] we have
fo(t,v)(t) = wo(v) and (Ny(v))(t) = twe(v). Let ¢ € R. If wy(v) # 0,
then

/0 @ (e No(v)() dt:/o q(c+ two(v)) di=

¢+ Two(v)[* — ||
qwo(v)

?
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where ¢ = z%' In particular,

T
/O ¢, (c+No(v)(t))dt =0 if and only if ¢ = —F w(v).

On the other hand, if wy(v) =0, then
T
/ ¢, (c+No(v)(t)) dt =T ¢, (¢) =0 if and only if ¢=0.
0

Since v(Np(v)) is the only solution of equation (8.85) with ¢ = Ny(v), we
can summarize that

c=7No(v)) = =L wo(v) for veC'0,T).

Inserting this into the definition of Fj, we get
Fow)(t) =v(0) +0'(0) = (T)+ | ¢," (wo(v) (s—7F)) ds
0

= 0(0) +v(0) = '(T) + § 6 (wo(v) (|t = 3" = (3)") -
Consequently, ve C*0,T] is a fixed point of F, if and only if
v(t) = v(0) +0'(0) — (T + % Pq(wo(v)) (|t—%’q — (%)q) for t € [0,T].
In particular, for ¢ =0, this relation reduces to v(0) = v(0) +v'(0) —v'(T),

which yields v/(0) = ¢'(T"). Similarly, inserting t = T gives v(T") = v(0).
On the other hand,

(0) = du(an(0) =31 s (1) for 1%
and
V'(T) —'(0) =2 bq (wo(v)) (%)q—l '

Thus, v'(0) =v'(T") can hold if and only if wy(v) = 0, which gives v(t) =
v(0) on [0,7]. Denoting = = v(0), we can see that wg(v) = 0 if and only if
g(x)+e = 0. However, by assumption (ii), any x € R satisfying this equation
must belong to the interval (r, R). On the other hand, if g(x)+e=0 and
v=u=x on [0,T], then v is obviously a fixed point of Fy. This completes
the proof of the claim. &
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Step 3. Properties of the Leray-Schauder degree of F)y.
By (8.87) and by the homotopy property of the degree we have

deg(Z — F1,Q) = deg(Z — Fo, Q). (8.89)
Denote
X ={veC'0,T]: v(t) =v(0) on [0,7]} and Qy=QNX

Then Q) = {veX:r <wv(0) < R} and, by CLAIM in Step 2, each fixed
point of Fy belongs to €25. Consequently, the excision property of the topo-
logical degree yields

deg(Z — Fo, Q) = deg(Z — Fo, Q). (8.90)
Step 4. Construction and properties of the operator .71:“.

For pe[0,1] define F,: X — C0,T] by

Ful0)() = 0(0) + 6, (9(0(0)) +2) [1 = et (=57 = (5)")] -
We have
Fo(v) = v(0) + ¢, (9(v(0)) +2) and Fi(v) = Fo(v) for veX.

Similarly to F), the operators .7?“, e [0,1], are also completely continu-
ous. By CLAIM in Step 2, Fi(v) # v for all v€ 9. Let ¢ be the natural
isometrical isomorphism R — X, i.e.

i(z)(t)=x for z€R and i '(v) =v(0) for veX.
Assume that pe€0,1),z€R,v =i(z) and ﬁu(v) =v. Then
0 (9(x) +2) [1—p+ 2 (=3[~ (5)")| =0 forall teo,7].

If ¢ =0, this relation reduces to g(x) +€ =0, which is due to assumption
(ii) possible only if = € (r, R). To summarize,

fu(v) #v forallvedy andall pel0,1].
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Therefore, using the homotopy property of the degree and taking into account
that dim X =1, we conclude that

deg(Z — Fo, Q) = deg(T — Fy, Q) = dp(Z — Fo, ), (8.91)

where dp(Z — ]::0, ) stands for the Brouwer degree of I — Fo with respect
to Qo.

Step 5. The Brouwer degree of I — Fo.
Define ®:R — R by &®(z) = g(z) +e Then

(T — Fo)(i(z)) = i(®(x)) for each z€R.

In other words, ® =i 'o(Z — ]?0) o 7. Consequently, by Remark (C.4, we
have

dp(Z — Fo, Q) = dp(®, (1, R)). (8.92)
Put
U(z) = B(r) Z:;’f B(R)

Then ¥ has a unique zero xg € (r, R) and

O(R) — (r)
v’ =—" 7
(o) R—r
Hence, by the definition of the Brouwer degree in R we have
dp(V, (r, R)) = sign ¥'(zo) = sign (®(R) — ®(r)).

By the homotopy property and thanks to our assumption (iii), we conclude
that

dp(®, (r,R)) = dp(¥, (r, R)) = sign (P(R) — ®(r)) # 0. (8.93)
Step 6. Fized point of Fi.
To summarize, by (8.89)—(8.93) we have

deg(I— fl,Q) 7£ 0,
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which, in view of the existence property of the topological degree, shows that
F1 has a fixed point v € Q. By Step 1 this means that problem (8.81)), (8.2)
has a solution. O

Lemma 8.24] enables us to prove the following result, where we meet
the symbol m, defined for pe€(1,00) by

27 (p— 1)
mw, = -
P p sin (%)

Clearly m, = w. Furthermore, (7£)? is the first eigenvalue of the quasilinear
Dirichlet problem

(@p(u)) + Agp(u) =0, u(0) =u(T)=0
(see Appendix D).

Theorem 8.25. Assume that pe€ (1,00), heC[0,0), e€ [41]0,T]. Fur-
thermore, let g€ C(0,00) satisfy the strong repulsive singularity condition
(8.54) and conditions

liminf [g(z) +€] > 0 > limsup [g(x) + €] (8.94)

z—0+ T—00

and
p

(8.95)

there exist nonnegative constants a, vy such that a < (%)
and g(x)x > —(axP +v)  for all z > 0.

Then problem (8.81)), (8.2) has a positive solution.
Proof. We will verify that the assumptions of Lemma [8.24] are satisfied.

Step 1. One-point estimate.
First, we will show that
there are Ry > 0 and Ry > Ry such that
v(ty) € (Ro, Ry) for some t, €[0,T] (8.96)

holds for each A € (0, 1] and each positive solution v of (8.82).
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So, assume that A€ (0,1] and that v is a positive solution to the auxiliary
problem (8.82). By the first inequality in assumption (8.94), there is Ry >0
such that

g(x)+e>0 whenever x € (0, Ry). (8.97)

If g(v(t)) +€ >0 were valid on [0,7], we would have

A @w@»+ew>mzié<mmw»+adt>a

which contradicts (8.83). This shows that max{v(t): t€[0,7]} > Ry.

Similarly, by the second inequality in assumption (8.94)), there is Ry > Ry
such that

g(x)+e <0 whenever x > Ry (8.98)
and min{v(t): t€[0,7]} < Ry. This proves (8.90).
Step 2. Upper estimate of solutions to the auzxiliary problem (8.82)).
We claim that
there is R > 0 such that
v<Ron[0,T] (8.99)
holds for each A € (0,1] and each positive solution v of (8.82).

Indeed, assume that A€ (0,1] and v is a positive solution to the auxiliary
problem (8.82). Multiplying the differential equation in (8.82) by wv(¢) and
integrating over [0,7] we get

T T
vl = [ sty ets s+ [ ets)uls) ds
0 0
and using assumption (8.95) we arrive at the inequality
1115 < allvll + llellllollec +~ T (8.100)

Further, by (8.96) we have

t
0 < v(t) = vity) +/ J(s)ds < Ry + TH||l, for t€[0,T],  (3.101)
ty



202 CHAPTER 8. PERIODIC PROBLEM

where ¢ = -£-. Now put

p—1

v(t+t,) —v(ty) if 0<t<T—t,,
y(t) =
v(it+t,—T)) —wv(t,) if T—t,<t<T.

Since y€ C'(0,7], y(0) = y(T) = 0 and [y+o(t,)[}5 = [v]}5. we can apply
the sharp Poincaré inequality (see Lemma [D.2) to show that

Iyllo < Zl/lly = Z 1o/l

Now, we can see that for arbitrary positive numbers ¢ and ¢y we can
always find a positive constant ¢y such that (x+c¢p)? < (14¢)aP+cy holds
for each = > 0. Indeed, the inequality (x+c¢p)? < (14¢)a? holds whenever
x> 20 :=co ((1+)"/? —1)~' and the expression |(x +co)? — (1 +¢)a?| is
certainly bounded on the interval [0,z0]. As a result, we can state that for
an arbitrary € > 0 there is ¢; > 0 such that

I\? p
ol < (ol + o) 72 ) < @42 (2) I+ e

Inserting this into inequality (8.100)), choosing ¢ € (O, é ()P — 1) and hav-
ing in mind estimate (8.101), we deduce that we can choose ¢y > 0 such
that

@l < T4 el 11, +
holds with
p
a= (1—@(1+5) (%) > > 0.

However, this is possible only if there is R, € (0,00) independent of A and
v and such that |v'||, < R,. Therefore

O<v(t)<Ri+TiR,+1 on [0,T]

for each A€ (0,1] and each positive solution v of (8.82), i.e., statement
1
(8.99) is true with R= Ry +T4 R, + 1.

Step 3. Estimate of the derivatives of solutions to problem (8.82)).
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Now we show that

there is R’ > 0 such that
v < R on [0,T] (8.102)

for each X\ € (0, 1] and each positive solution v of (8.82).

Let A€ (0,1] and let v be a positive solution to the auxiliary problem
(8.82). In particular, we have v(0) = v(T") and, therefore, there is t' € [0, T]
such that ¢'(t") = 0. Integrating the differential equation in (8.82) over the
interval [t';t] and taking into account statement (8.99), we obtain

R
|v'<t>|p-19(/o Ih(@)] de + el +

[ atetepias)) o1
for t €10, 7.

Thanks to assumption (8.94), we can choose b > 0 in such a way that
inf{g(z) : z€(0,R]} > —b and, by (8.99), also g(v(t)) > —b on [0,T].
Therefore, |g(v(t))] < g(v(t)) + 2b holds for all t€[0,7]. From this in-
equality, using (8.83)), we deduce that

t
/ 9(0(s))] ds| < 26T + [lell,
t/

which inserted into (8.103)) yields (8.102) with

1

R = (/OR|h(x)|dx+2(bT+ ||e||1))“ > 0.

Step 4. Lower estimate of solutions to problem (8.82)).
Choose A€ (0,1] andlet v be a positive solution of problem (8.82). Put

R
H = max{|h(x)|: x€[0,R]} and K = R’QTH+/ lg(x)| dz + R'||e||;.

Ro

By (8.54) there is r € (0, Ry) such that

Ry
/ g(x)dx > K for all z€(0,r]. (8.104)
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Let ty, to€[0,7] be such that
v(ty) = minf{ov(t): t€[0,7]} and wv(tz) = max{v(t): t€[0,T]}.

In view of (8.2) we have v'(t1) = v'(t2) = 0. Denote w(t) = ¢,(v'(t)) for
t€[0,T]. Then v'(t) = ¢, (w(t)) on [0,T] and w(ty) = w(ty) = ¢p(0) =

Let, as before, ¢ = p%l. Then ¢, = ¢, 1 and we have also

w(tz2)

[ @y vma= [T wooweyi= [ oo

t1 t1 w(tl)

Thus, multiplying the differential equation in (8.82) by ¢'(¢) and integrating
from t; to ty yields

to Ro v(t2) to
0= —/ h(v(t)) v'?(t) dt+/ g(x) dx+/ g(x) dx+/ e(t)'(t) dt.
t1 v(t1) Ro t1
It follows that
Ro R
| awds <RPTH [ lgfa)]do s Rl
’U(tl) Ro

which is, owing to (8.104), possible only when wv(t;) > r.

Step 5. Final conclusion.
To summarize, there are r, R and R’ such that assumption (i) from
Lemma [8.24' is satisfied. Furthermore, since by Step 1 we have

glx)+e>0 if0<zx<Ry and g(z)+e<0 ifz >R,

and 0 <r < Ry < Ry < R, it is easy to see that also assumptions (ii) and
(iii) of Lemma [8.24] are satisfied. Hence, applying Lemma 8.24, we complete
the proof of the theorem. O

The following two results are consequences of Theorem 8.25 and its proof.

Corollary 8.26. Let all assumptions of Theorem 8.25 be satisfied but with
(8.95) replaced by

1i££f% > — ().

Then problem (8.81), (8.2) has a positive solution.
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Proof. Let

lim inf 9(z)
T—00 [Ep_l

>—a>—(2)".
Then there exists A > 0 such that
g(x)x > —ax? forall x> A.

Furthermore, by (8.94) we have g, = inf{g(z): z€(0,A)} > —oo. There-
fore, g(z)xz > —|g.] A > —oo for all z€(0,A). So, we can summarize
that condition (8.95)) is satisfied. The proof is completed by means of Theo-
rem [8.25. U

Corollary 8.27. Let all assumptions of Theorem 8.25 be satisfied but with
(8.95) replaced by

e€ L1[0,T] and h(x) > h, >0 (or h(z) < —h, <0) for all z€]0,00).

Then problem (8.81), (8.2) has a positive solution.

Proof. Assume that the dissipativity condition
h(z) > h, >0 for all x €0, 00)

is satisfied. Then the proof is analogous to that of Theorem [8.25, just the
estimate (8.99) is now obtained more easily. Indeed: let A€ (0,1] and let v
be a positive solution of (8.82). Let Ry, R; and t, be found as in (8.96),
i.e., Ry issuch that (8.97) is true, Ry > Ry, g(z)+e <0 for x > R; and
v(t,) € (Ro, R1). Put w(t) = ¢(v'(t)) for t€[0,T]. Then v'(t) = ¢~ (w(t))
on [0,T], w(0) = ¢(v'(0)) = ¢(v'(T)) = w(T) and

T T w(T)
/0 (6(0/()))' v/ (s) ds = / w/(s) 6~ (w(s)) ds = / =0

Thus, multiplying the differential equation in (8.82) by ¢’ and integrating
over the interval [0,7], we obtain h,||v'||2 < |le||2 and, consequently,

t
U(t):y(tv)+/ q/(s)ds<R1+\/THZ¢+1 for all ¢t €0, T].
to *

Thus, (8.99) is true with R = Ri+VT %—1—1. Now, we can repeat Steps 3-5
of the proof of Theorem 18.25. O
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ExaMPLES. (i) Clearly, if g€ C(0,00) fulfils condition (8.94) and, in ad-
dition, also liminf, .. g(xz) > —oo, it satisfies also condition (8.95) and,
hence, in such a case Theorem [8.25 ensures the existence of a positive solu-
tion to problem (8.81), (8.2). In particular, Theorem 8.25 implies that prob-
lem (8.81), (8.2) with g(z)=pF2"* on (0,00), >0, a>1, heC[0,00)
and e € L'0,T] has a positive solution if € < 0. Moreover, integrating both
sides of the differential equation in (8.81) over [0,7] and taking into account
that ¢ is positive on (0,00), we can see that the condition € < 0 is also
necessary for the existence of a positive solution to (8.81), (8.2).

(ii) Let pe(l,00), heC[0,00),0 < a < (%)?, >0 and o > 1. Then,
by Corollary 8.20, the problem
(| |P72 ) + h(uw) v = —au?™ + L + sinu + e(t),
ua
w(0) =u(T), u'(0)=u(T)
has a positive solution for each e € L]0, T].

Similarly, if in addition p > 2, m is the integer part of p —2 and

m
_ B
r) = —aaxP! cgx'+— for x>0,
9(x) + ;:O +3
then, by Corollary .26, problem (8.81), (8.2) has a positive solution for
arbitrary coefficients ¢;€R, i=0,1,...,m, and each e€ L]0, 7.

(iii) Let pe(l,00),c # 0,a > 0,3 > 0, a > 1. Then, by Corollary [8.27,
the problem

(| [P2 ) + cu' = % —a exp(u) +e(t), u(0)=u(T), u'(0) = (T)

has a solution for each e € Ly[0,T].

8.4 Weak repulsive singular forces

Here, unlike the previous section, we do not assume the strong singularity
condition. We will restrict ourselves to the case that f does not depend
on ', i.e., we consider the equation

(6p(w)) = [f(t,u), (8.105)
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where f € Car([0,T] x (0,00)) can have a weak repulsive singularity at the
origin, i.e.

limsup f(t,z) = oo for a.e. t € [0,T]
z—0+

can hold.

The next existence principle relies on the comparison of the given problem
with the related quasilinear problem fulfilling the antimaximum principle.

Theorem 8.28. Let feCar([0,T] x (0,00)) and p€[2,00). Further, let
r€(0,00), A€lr,00) and pe L1[0,T], B€ L]0, T] be such that u(t)>0
forae t€[0,T], >0, <0,

f(t,z) < B(t) for a.e. t€[0,T] and all x € [A, B] (8.106)

and
ft, )+ p(t) pp(z —r) >0 for a.e. t€[0,T) and all z € [r,B], (8.107)

where

B—AZz 3¢, (Imlh),
(8.108)
m(t)=max{ sup{f(t,z): z€[r, A]}, B(t),0} for a.e. t€[0,T]

and
(v >0 on [0, T] holds for each v € C0,T] such that
¢p(v') € ACI0, T1,
(@p(v'(1))" + pu(t) dp(v(t)) 2 0 for a.e. t€[0,T],
v(0) =(T), 0'(0) = v(T).

Then problem (8.105), (8.2) has a solution u such that

(8.109)

\

r<u<B on [0,T] and |v|s < ¢, (Ilm]1). (8.110)

Proof. Part I. First, assume that 3 < 0.

Step 1. Upper and lower functions of an auxiliary regular problem.



208 CHAPTER 8. PERIODIC PROBLEM

Put
ftr) = p(t) gp(x —r) if x <,
ft,z) =< f(t,2) if zelr, B, (8.111)
f(t, B) if ©>B
and consider an auxiliary problem
(¢p(u)) = F(t,u), u(0) =w(T), u'(0)=v/(T). (8.112)

We have f € Car([0,T] x R). Furthermore, by (8.100), (8.107) and (8.111),
the inequalities

ft,x) < pB(t) if ze€lA 00) (8.113)
and
Flt,z) + p(t) ¢p(x —7r) >0 forall zeR (8.114)

are valid for a.e. t€[0,7]. In particular, in view of (8.111) we have

f(t,z) > h(t) := —p(t) ¢pp(B—r) for a.e. t€[0,T] and all z € R, (8.115)

with he L:[0,T].
By (8.114), 09 = r is an upper function of (8.112). Further, if b = -3,

then b€ L;[0,7] and b = 0 and, similarly to the proofs of Lemma 8.6/ or

of Theorem 7.4, we can see that there is a uniquely defined oye C*0,T]
such that ¢,(a() € AC[0,T],

(pp(op(t))) =b(t) forae. t€]0,T] and 0¢(0) = 00(T) = 0.
Now, let us choose ¢* > 0 such that ¢* + 0y > A on [0,7] and define

o1 = c*+09. Wehave 01(0) = 01(T) =¢*, ¢,(04(T))—pp(05(0)) = Th=0
and, by (8.113),

(6p(01(1)) = b(t) = B(t) = B > B(t) > f(t,01(t)) for ae. t€[0,T).

Consequently, o7 is a lower function of (8.112). Therefore, by (8.115) and
by Theorem [8.10, the regular problem (8.112) has a solution u such that
u(t,) > r for some t,€0,T].
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Step 2. A priori estimates of the solution w of the regular problem.

We shall show that

u(t) >r for te|0,T]. (8.116)
To this aim, set v =u — r. By virtue of (8.114) we have

(6p(v" (1)) + pt) dp(v()) = F(t,u(t)) + u(t) Sp(ult) =) > 0

for a.e. t €[0,7]. By (8.109) it follows that v(¢t) >0 on [0,T], i.e. (8.110)
1s true.

Now, we show that
u(t) < B for te€[0,T]. (8.117)

Indeed, by the definition of m and by (8.111) and (8.113) we have

f(t,z) <m(t) forae t€[0,T] and all z > r.
Hence, we can use Lemma 8.9 to get the estimate

[/ lloe < & " (Iml]).- (8.118)

If w> A were valid on [0,7], then taking into account the periodicity of
v and (8.113) we would get

T _ T B
0:/ f(t,u(t))dtg/ B(t)dt =TT <0,
0 0
a contradiction. Hence,
min{u(s): s€[0,7]} < A.
Now, assume that
u* :=max{u(s): s€[0,T]} > A

and extend u to be T —periodic on R. There are si, s and s*€R such
that

s1 <8 <S8y, se—51<T, wu(s))=u(sy)=A and u(s*) =u" > A.
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In particular, due to (8.118),

wherefrom the estimate
u(t) — A< Zqﬁ;l(HmHl) <B—-Aon|0,T]

follows. Thus, (8.117) is true.

Estimates (8.116) and (8.117) mean that r» < u < B holds on [0,7].
In view of (8.111), we conclude that u is a solution to (8.1), (8.2).

Part 1. Now, let # = 0. Put ng = max{! 3}. For an arbitrary

’B B—A>
n €N, define
'f(t,’l“) ifl‘g’r‘,
~ ) if Al
Fita) = f(t z) if x €r, A 5.119)
ft,z) = pt) ¢p (3 7555) if z € (4, B],
\f<t’B) (>¢p(7113 A+l) lfoB

If xe[A+ L B], then using (8.106) we deduce that

ﬁt(tax):f( ) ( )¢p (nz A+1) <5( ) ( )¢p (n:L‘ A+1)
<B() = (1) 6y (k) < ) — 1(t) 6y (52)

is true for a.e. t€[0,7] and all n€N such that n > ng. Similarly, if
x > B, then

Falt,x) = f(t, B) = u(t) 6y (£ 52525) < B(t) — n(t) by (522) -
Thus,
Falt,z) < Balt) = B(t) — u(t) by (52)

for azzA—l—%, for a.e. t€[0,7] and all n > ny.

(8.120)
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Clearly,
B, <0 and B,(t) < B(t) for a.e. t€[0,T). (8.121)
Furthermore, by (8.107) and (8.119) we have

Fultsx) + p(t) 6y (x — (r = 1)) > f(t,r) >0 if zelr— L7,
Fat, ) 4+ () 6y (x — (r — 1)) > f(t,2) + u(t) ¢p (x —7) > 0
if xelr, Al

and, taking into account that £P~!+nP~1 <(£+n)P~! holds for all &, 1 >0
and each p > 2,

Falt, ) + ) ¢p (x — (r — 1))
= flt,) — ult) ¢y (5 35557) + () dp (z =7+ 1)
> f(t,2) + u(t) g, (x—1) 20 if z€[A,B]

and
Falt.x) + p(t) & (z = (r = 1))
= f(t, B) = n(t) 6 (7 52751) T () dp (v =7+ 3)
> f(t,B) + u(t) ¢y (B —7) >0 if x> B.
To summarize,
Falt,) + ) ¢y (z—(r = 1)) >0 forall z>r— 1 (8.122)
For a.e. t€[0,7] and all n€N, put
i (t) 1= max { sup{fu(t,2): 2 € [r — L, A+ 1]}, 8,(¢),0}.
In view of (8.119) and (8.121) we have
0 <mu(t) <mf(t) forae tel0,T] and n > ne.

This together with (8.120)— (8.122) means that, for each n €N large enough,
Part T of this proof ensures the existence of a solution w, to the auxiliary
problem

(Sp(r)) = Fultsun)s  un(0) = un(T),  w,(0) = i, (T)



212 CHAPTER 8. PERIODIC PROBLEM

which satisfies the estimates
r—l<u )< B+L on [0,7] and e < 6 (Imly):
Now, notice that
[fat,2) = h(t,2)] < p(t) 6, (2)
for a.e. t€[0,7], all z€R and all n€N,

where
f(t,r) if z<r,
h(t,z) = f(t, ) if xzelr, B,
f(t,B) if > B.

In particular, h e Car([0,T] x R),

lim f,(t,2) = h(t,z) forae. te[0,T]andall z€R

n—oo

and the sequence {ﬁ(t, un(t))} has a common Lebesgue integrable majorant
on [0,7]. Thus, using the Arzela-Ascoli theorem and the Lebesgue domi-
nated convergence theorem for the sequences {u,} and {f,(t, un(t))}, we
can show that the sequence {u,} contains a subsequence which converges
in C'[0,7] to a solution u of the problem

(0p(u))" = h(t,u), u(0) =u(T), o' (0)=u'(T).

Since wu satisfies estimate (8.110), u solves also problem (8.1), (8.2). O

The next supplementary assertion concerning the case p € (1,2) follows
immediately from the first part of the previous proof.

Theorem 8.29. Let all assumptions of Theorem [3.28 be satisfied, with the
exceptions that 1 <p<2 is allowed and (<0 is required in (8.100). Then
problem (8.105), (8.2) has a solution w such that (3.110) is true.

It is well-known that the function

G(t,s) =L sin(Z|t—s]), tsel0,T]
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is the Green function for the linear periodic problem
V' (20 =0, 0(0) = o(T), v'(0) = v'(T)

and G(t,s) is nonnegative on [0,7] x [0,T]. Therefore, each T -periodic
function ve AC'[0,7T] fulfilling the inequality

V" (t) + (%)

must be nonnegative on [0,7]. More generally, for linear periodic problems
the following antimaxzimum principle is valid:

Let pwe L41]0,T] be such that 0 < pu(t) < (%)2 for a.e. t € [0,T] and
>0 andlet ve ACY0,T] satisfy the periodic conditions (3.2)) and

“v(t) >0 for ae. t€[0,T]

V'(t) + p(t)v(t) >0 for ae. t €0,T].
Then v is nonnegative on [0,T].

Next, we will show that for quasilinear periodic problems an analogous
assertion holds although, in general, no tools like the Green function are
available.

Theorem 8.30. Let 1<p<oo and p€ L1[0,T] be such that
E>0 and 0<p(t) < ()" forae tel0,T] (8.123)

and let ve C0,T] be such that ¢,(v') € AC|0,T],

(dp(V'(£))) + u(t) Pp(v(t)) > 0 for a.e. t € [0,T] (8.124)
and
v(0) =o(T), '(0)=2(T). (8.125)

Then v >0 on [0,T].

Proof. Let v € C'[0,T] besuch that ¢,(v') € AC[0,T] and (8.123)- (8.125)
hold. Without any loss of generality we may assume that v is not trivial.

Step 1. First, we show that

v* :=max{v(t): t € [0,T]} > 0. (8.126)
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Assuming, on the contrary, that v <0 on [0,7], we get by (8.124)

G0/ (1)) 2 —t) By(0(8)) = 0 for ace. ¢ € [0, T
Therefore, v is nondecreasing on [0,7] and, taking into account (8.125),
we deduce that v" =0 on [0,7]. Consequently, v(t) =wv(0) <0 on [0,7].
Hence, (8.124) reduces to

—u(t) (—v(0))P~t > 0 for a.e. t € [0,7].

However, as © >0 a.e. on [0,7] and @ > 0, this is possible if and only if
v(0) =0, i.e. v =0 on [0,7], which contradicts our assumption that v
does not vanish identically on [0,7]. Thus, (8.120) is true.

Step 2. Assume that min{v(¢): t € [0,7]} < 0. Let us extend v and p
to T —periodic functions on R. In view of Step 1, there are a, b € R such
that v >0 on (a,b), v(a) =wv(b) =0 and

O<b—a<T. (8.127)

In virtue of (8.123)) and (8.124), we have

(6p(0'(1))" + (F)" 6p(v(t) = (6p(V (1)) + u(t) dp(v(t)) =2 0

(8.128)
for a.e. t € [a, b].

Furthermore, put

CZOZCZ—%(T—I)‘FG), bo=ag+T >0
and

oo(t) = dﬂlp sin, ((%) (t —ap)) for teR
with d > 0 such that o9(t) > v(t) > 0 on [a,b]. We have

(0p(05(®)) + (3)" ¢p(o2(t)) = 0 for ace. t € [a,b]. (8.129)

Thus, o, is an upper function for the problem

(6p(t)) + Ap(u) =0, ula) = u(b) = 0. (8.130)
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Moreover, in view of (8.128), o, = v is a lower function for (D.3). It follows

easily from Theorem [7.14 where we put g(t,z,y) = — (”—jf’)p ¢p(z) for t,
x,y € R, that there exists a nontrivial solution u to (8.130). This, due to
(8.127), contradicts Lemma [D.2. O

Theorems 8.28-8.30] yield the following new existence criterion.

Theorem 8.31. Let f € Car([0,7]x(0,00)) and 1<p<oo. Furthermore,
let 7€(0,00), A€[r,00) and [ € L]0, T] be such that estimates (8.100))

and (8.108) hold, where 3 <0 if 1<p<2 and B<0 if 2<p<oo.
Finally, let pwe€ L1]0,T] be such that >0

0<pu(t) < ()" forae te0,T]

and estimate (8.107) is true.

Then problem (8.105), (8.2) has a solution u such that (8.110) is true.

In particular, for the Duffing equation (¢,(u')) = g(u) + e(t) we have

Corollary 8.32. Let 1<p<oo. Suppose that f(t,x) = g(z) + e(t) for
re€(0,00) and a.e.t € [0,T], where g C(0,00), e€ Ly[0,T7,

€+ limsup g(x) <0 (8.131)

T—00

and
there exists r > 0 such that

e(t)+g(x)+ ()" (x—r)P1>0 (8.132)
for a.e. t€[0,T] and all x > 1.

Then problem (8.1), (8.2) has a solution u such that u(t) >r on [0,T].

Proof. Denote f(t,z)=g(x)+e(t). Due to (8.131) we can find A>r such
that

glz)+e<i <E+limsupg(x)) <0 for z€[A 00).

T— 00
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Consequently,
ft,x)=g(x)+e+elt)—e<i (E + lim sup g(a;)) +e(t)—e
for a.e. t € [0,7] and all x € [A,o00). Therefore (8.106) holds with
50) = ef0) + 3 (mswpg(o) <),

Tr—00

B <0 and B > A arbitrarily large. Furthermore, by virtue of (8.132), we
have

fit,o)+ ()" (x—r)P"' >0 for x€r,00).

The assertion now follows by Theorem [8.31. U

REMARK 8.33. Notice that the assertion of Corollary 8.32/ remains valid also
when assumption (8.131) is replaced by a slightly weaker assumption that
there is an A > r such that g(x)+e <0 for z > A.

ExAMPLE. Consider the problem
(0p(u) = g(u) +e(t), u(0)=u(T), '(0)=u(T), (8.133)
with 1<p<oo, e € L1]0,T] essentially bounded below and

g(ac)::—lmvp’l—i—i forz>0; a>0,a>0, k>0.
xa

We will apply Corollary [8.32. To this aim we need to verify that conditions
(8.131) and (8.132) are satisfied.

It is easy to see that if k>0, then assumption (8.131) of Corollary 8.32
is satisfied for all e € L;[0,7], while in the case k=0 this condition holds
whenever € <0.

Furthermore, denote e, := inf ess{e(t): t€[0,T]}, p= ()",
h(z,r):= 24 plz—rPt —kar!
xa

for >0 and z>7r or r=0 and z>7r

and
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#(r) :==inf{h(x,r): x € (r,00)} for r>0.

Then condition (8.132)) is satisfied if and only if there is >0 such that
ex + 2#(r) >0. We can show that this occurs if e, + 3(0) > 0. Notice that

#(0)=a (a+p—1> ((p—l) (M_@)a;;“

p—1 aa

if kel0,pu) and 1<p<oo,
#(0) =0 if k=p and 1<p<2.

Thus, making use of Corollary 8.32, we can summarize that problem (8.133)
has a positive solution if

-1 -1 pr—1
k=0, 1<p<oo, €<0 and e*>_a<a+P )((p )u>

p—1 aa
or
-1 D) (—k)\ a1
0<k<p, 1<p<oo and €*>_a(a+p )((P ) (p )) g
p—1 aa
or

k=p, 1<p<2 and e, >0.

Notice that lim, . h(x,r)=—0c0 if k>p, p>1 and r>0 and also if
k=p, p>2 and r>0. We have (r)=—oc in these cases. In particu-
lar, condition (8.132)) cannot be satisfied when

k>p, p>1 or k=pu, p>2.

8.5 Periodic problem with time singularities

In this section we will study the periodic problem (8.1), (8.2) under the as-
sumption

f € Car((0,T) x R?) has time singularities at t = 0,¢ = T, (8.134)

i.e., there exist x, y € R such that

€ T
/ |f(t,z,y)|dt = o0 and / |f(t, 2, y)|dt = 0o
0

T—e¢



218 CHAPTER 8. PERIODIC PROBLEM

for each sufficiently small ¢ > 0.

We will provide conditions for the existence of solutions to problem (8.1)),
(8.2) which can change their sign on [0,77]. Solutions of problem (8.1)), (8.2)
are understood in the sense of Definition 8.1 where A = R2.

Theorem 8.34. Let (8.134) hold. Assume that there exist ay, ay € [0,T],
a; < as, «, 7,1y, ra € R, anonnegative function hg € L1]0,T] and a pos-
itive function w € C[0,00) fulfilling condition (7.17) such that

rm+ty<a<reg+ty fortel0,T],

(8.135)
flt,ri+ty,y) <0, f(t,ra+ty,v) >0 forae tel0,T],
f(t,z,y) sign(y —v) = —w(|o(y) — ¢(M1) (ho(t) + |y — )

(8.136)
for a.e. t € 0,as] and all x € [ry +tvy, 2 +t7],y € R,
f(t, ) sign(y —v) < w(lo(y) — () (ho(t) + |y —7[) (8.137)

for a.e. t€lay,T) and all x €r1 +ty,re +t7],y € R.

Further assume that r 1is the constant given by Lemma 7.10 for y; =y, =",
ro= max{|r1|, [ra|}+T' ||, =1 and that there exist ne (0,%), o€ L1[0,T]
and a nonnegative function h € L;,.(0,T) satisfying (A.20), (A.24),

{f(t, z,y) sign(y —v) = h(t) [6(y) — 6(7)| + o (t) (8.138)
for a.e. t€(0,n) and all x € [r+t7y, ro4+t 7], y € [—r, 7],
and
{f(t, z,y) sign(y —v) < ~h(t) [6(y) — 6(7)] + (1) (8139
for a.e. te[T—n,T) and all x € [r1+tb,ro+t b, y € [—r,7].

Then problem (8.1), (8.2) has a solution u satisfying

uw(0) =uw(T) =a, 4'(0)=u(T)="r. (8.140)
Proof. Step 1. Approximate reqular problems.

Choose an arbitrary k € N, k> 2 and for z,y € R define the auxiliary

T )
function

—f(t,z,y) forae. tc[0,T)\ A,
fultay) = (8.141)
0 for a.e. t € Ay,
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where Ay = [0, 1)U (T — +,T]. We see that f € Car([0,T] x R?) fulfils
the inequalities

fe(t,z,y) sign(y — ) < w(lo(y) — o)) (ho(t) + [y — )

for a.e. t € [0,as] and all = € [ry +ty,72+17],y € R, and

fi(t,z,y)sign(y — ) > —w(|o(y) — o(V)]) (ho(t) + |y — )

for a.e. t€fay, T] and all x&€[ry+tv,ro+t], yeR. Let us put oq(t)=r; +tb,
oo(t)=ro+tb for t€[0,T]. Then f; satisfies condition (7.24) with g=/f;,
y1 =1ys =7y, =1. Moreover, by assumption (8.135) and Definition [7.13] the
functions o; and o, are respectively lower and upper functions of the reg-
ular Dirichlet problem

(p(u") + fe(t,u,u’) =0, u(0)=u(T)=cq. (8.142)
Hence, by Theorem [7.18, problem (8.142)) has a solution wy satisfying

ity <up(t) <re+ty fort €[0,7), |uplleo < (8.143)

Step 2. Convergence of the sequence of approzimate solutions {uy}.

Condition (8.143) implies that the sequence {u;} is bounded and equi-
continuous on [0,7]. By the Arzela-Ascoli theorem this yields a function
ue C[0,T] and a subsequence uniformly converging to u on [0,7]. There-
fore the limit u satisfies

u(0) =u(T) = a. (8.144)

Choose an arbitrary interval [a,b] C (0,7). Since the sequence {u}} is
also bounded, assumption (8.134) and formula (8.141) provide a function
m € L1[0,T] such that for each k > 2

| fre (8, ug (t), up, ()] < m(t) for ae. t € [a,b]. (8.145)

Hence the equation in (8.142) yields

/ m(s) ds

|6(ui(t2)) — G (uy(t1))] <
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for k > 2 t,t, € [a,b], which implies that the sequence {@(u})} is

equicontinuous on [a,b]. By virtue of the uniform continuity of ¢~ on
compact intervals, the sequence {u}} is also equicontinuous on [a,b]. The
Arzela-Ascoli theorem guarantees that for each compact subset I C (0,7)
a subsequence of {u}} uniformly converging to «' on K can be chosen.
Therefore, using the diagonalization theorem, we can choose a subsequence
{ug,} satistying

im0 ug, (t) = u(t) uniformly on [0, 77,
‘ (8.146)
limg o uy, (t) = '(t) locally uniformly on (0, 7).

By (8.143) the limit u fulfils
rty <u(t) <rg+ty forte0,T], v <7

Step 3. Convergence of the sequence of approzimate nonlinearities {fi}.

Let Vi be the set of all ¢ € [0,7] such that f(¢,-,-) : R* — R is not
continuous and let Vs, be the set of all ¢t € [0,7] such that the equality
in (8.141) is not satisfied. Then meas(V; U V,) = 0. Choose an arbitrary
€€ (0,T)\ (V1 UV,). Then there exists ¢y € N such that for ¢ > ¢, we
have

fke (5) ng(f)a u;%(f)) = —f(f, ukz<£>7 u;w (5))
and, by (8.140),

T fi (€ (6), 64, (€)) = — (€ u(€),w (€)).
Hence,

Kh—>r§> Fro (8, ug, (1), 1y, (1) = —f(t, u(t),'(t)) for ae. t € [0,T]. (8.147)

Step 4. The function w is a w-solution of problem (8.1)), (8.144).

Choose an arbitrary t € (0,7"). Then there exists an interval [a,b] C(0,T)
such that ¢, % € [a,b]. Integrate the equality

(&(ur, ()" + o, (t, un, (£), up,, (8)) = 0 for ace. ¢ € [0, 7).
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We get
t
00 (1) = 03, (5)) + [y i, (5), 1 (5)) ds =
2

According to conditions (8.1459), (8.147) and the Lebesgue dominated conver-
gence theorem on [a,b], we can deduce that the limit u solves the equation

o(u' (1)) — o(u' (%)) / f(s,u(s),u'(s))ds =0 forte (0,7), (8.148)

o(u') € AC)1(0,T) and u is a w-solution of problem (8.1)), (8.144).

Step 5. The function w is a solution of problem (8.1), (8.2).

First we prove that

f(t,u(t),u (t) € Li[0,n] and f(t,u(t), v (t)) € L1[T —n,T).
Assumption (8.138)), formula (8.141) and estimate (8.143) imply

— [t un(t), w (1)) sign (i (t) — ) = —[eo(t)]
for a.e. ¢t € (0,n) andall k> 2. By conditions (8.146) and (8.147) we have

Jion (=i, (8, (8), u, (1)) sign (g, (8) =) = [t u(t), o' (1)) sign (' (t) =)

fora.e. t€[0,7] andall k> 2. Finally, having in mind that sign(y—-v) =
sign(o(y) — ¢(v)) for y € R, we compute

/0 " i (b, (1), 1 (1)) sign(u () ) dt' < / "G (8)) — B dt

< O(Jug, (M) +20(171) + ¢(lu, (0)]) < 26(r) +26(|7])

for each ¢ € N. Therefore, the Fatou lemma implies f(t,u(t),u/(t)) €
L1]0,m]. The condition f(t,u(t),u'(t)) € Li[T —n,T] can be proved simi-
larly. Hence f(t,u(t),v'(t)) € L1[0,T] and u € AC'[0,T].

In order to prove that w fulfils condition (8.2) we put
g (t) = |vo(t)], h*(t)=0 forae. te0,T]

and
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ue(t) = d(ui(t)) — o(v) for t € [0,T7].

Then, according to (8.141) and (8.142),

, f(t,ug(t),up(t)) forae. te€[0,T]\ A,
v (t) =

0 for a.e. t € Ay.
By estimate (8.143)) there exists [y € (0,00) such that

o] < Bo,  |o(T = )| < fo.
Further, due to assumption (8.138)), we have
vy, (t) sign vg(t) > h(t)|vk(t)] — g*(t) for a.e. t € [1,7].

So, we see that conditions (A.21)), (A.22) and (A.23) are fulfilled and, by
Criterion [A.12, the sequence {wv;} is equicontinuous at 0 from the right and
limy o vx(0) = 0. Similarly, due to (8.139) we have

vy, (t) sign vg(t) < —h(t)|vk(t)] + g*(t) forae. t e [T —nT— 3]

Hence, conditions (A.17), (A.18) and (A.19) hold and Criterion [A.11 guar-
antees that the sequence {vg} is equicontinuous at 7' from the left and
limy_ vx(T) = 0. Consequently, the sequences {¢(u))} and {u,} are
also equicontinuous at 0 from the right and at 7' from the left and

Jim . (0) =, lim w(T) = .

This yields that for each ¢ > 0 there exists § > 0 such that for each
t € (0,6) we can find k; € N such that

[0 (£) = 7] < Ju'(8) = ug,, (O] + Jug, (£) = g, (0)] + Jug, (0) — 7] < 3e.

So, lim;_o4 v/ (t) = 7. The relation lim;_.r_u'(f) = can be proved simi-
larly. This together with (8.144) yields that u satisfies the periodic condi-
tions (8.2). O

Corollary 8.35. Let all assumptions of Theorem 8.34 be fulfilled and let
a=0 and v #0. Then problem (8.1), (8.2) has a sign-changing solution.
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EXAMPLE. Assume that A\, p € (1,00), v, ¢, ¥ € R, neN and that
€ L1[0,T] is positive. For a.e. t€[0,7] and all z, y€R define the func-
tion

) = (5 = gy ) (606 = 060) + oty + w(0) (o — 1,

Then for an arbitrary o € R the conditions of Theorem [8.34 are satisfied.
Indeed, choose o € R and ay, as € (0,7), a; < as. Then we can find
a large positive number r, and a negative number r; with a large modulus
such that condition (8.135) holds. Denote

U1(t) = Y(t) max{|z—r[* tir Fty<az<ry+ty} forae tc0,T]

and
(T —t)=H for a.e. t € [0,a1),
Po(t) = (T —t)H+t for a.e. t € [ay, as),
t=A for a.e. t € (az, 7.

Then 1,1 € L1[0,T] are positive and for a.e. ¢ € [0,a;] and for each
x € [ry+ty,ro+ty], y€R we have

f(tv Z, y) Sign(y - 7) = f(tv Z, y) Slgn(¢(y> - ¢(7))

1

> —mld)(y) — o] = lello) — oMyl = lello(Nlyl — 1 (2)

> —([o(y) = o(V)| + D(lel + D([¢(n)] + 1) (1 (t) + 1a(t) + [y])-
So, if we put
w(s) =(s+1)(lc[+1)(|o(v)|+1) and ho = 1 + 1o,
we get inequality (8.130)). Similarly we can derive inequality (8.137).

Finally, let us assume that r is the constant given by Lemma [7.16/ for
Y1 =Yya =7, ro=max{|ri|,r2} +T|y], 2> =1, and put

A for a.e. t € (0,n),
ht) =10 for a.e. € [n, T —n),
(T —t)~* forae. te(T—nT),

bs(t) = lelo(r)r + () (o(r) + [o(7)]) + ¥ (t),

and
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—3(t)  for ae. t € (0,7m),
Po(t) =<0 for a.e. € [n, T —n),
P3(t) for a.e. t € (T'—n,T).

Then v € L1]0,T], h € L;,.(0,T) and h is nonnegative and satisfies
conditions (A.20) and (A.24). Further, for a.e.t € (0,n) and for each = €
[r1 +ty,re +1t7], y € [—r,r] we obtain

[tz y)sign(y — ) = f(t,2,y)sign(e(y) — ¢(7))
> 21606) — 6] — lelolrIr — () (6(r) + ()] — (0

= h(t)|o(y) — o(7)] + Po(t).

Hence condition (8.138) is valid. Similarly we show that condition (8.139)
holds. Therefore, by Theorem [8.34, problem (8.1), (8.2)), where f is defined
at the beginning of our example, has a solution wu satisfying (8.140). Since
a is chosen arbitrarily, problem (8.1)), (8.2) has infinitely many solutions. In
particular, if we choose o = 0 and v # 0, the corresponding solution of
problem (8.1), (8.2) changes its sign on [0, 7.
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The singular periodic problem for ordinary differential equations (when
¢, is the identity operator) has been studied for about 40 years and many pa-
pers have been written till now. However, the attention paid to this problem
considerably increased after 1987 due to the paper [122] by Lazer and Solim-
ini. Motivated by the model equation u”"=au*+e(t) with o >0, a # 0
and e integrable on [0,7], they investigated the existence of positive solu-
tions to the Duffing equation u” =g(u)+e(t) using topological arguments
and the lower and upper functions method. The restoring force g was al-
lowed to have an attractive space singularity or a strong repulsive space
singularity at origin. The results by Lazer and Solimini have been general-
ized or extended e.g. by Habets and Sanchez [101], Mawhin [135], del Pino,
Manésevich and Montero [68], Omari and Ye [146], Zhang [202] and [204],
Ge and Mawhin [95], Rachunkové and Tvrdy [168] or Rachunkova, Tvrdy
and Vrko¢ [172]. All of these papers, when dealing with the repulsive sin-
gularity, supposed that the strong force condition is satisfied. For the case
of weak singularity, first results were delivered by Rachunkové, Tvrdy and
Vrkot in [I71]. Further results were delivered later also by Bonheure and De
Coster [45] and Torres [192]. For more historical details and more detailed
description of some of the above results, see also Rachunkova, Stanék and
Tvrdy [163].






Chapter 9

Mixed problem

Various mathematical models of phenomena from physics, chemistry and
technical practice take on the form of partial differential equations subject
to initial or boundary conditions. For the investigation of stationary solu-
tions many of these models can be reduced to singular ordinary differential
equations of the second order, especially when, due to symmetries in the
geometry of the problem data, polar, cylindrical or spherical coordinates
can be used. We can refer to the Thomas-Fermi equation occuring in prob-
lems from quantum mechanics and astrophysics in Chan and Hon [57] and
the Ginzburg-Landau equation describing ferromagnetic systems and arising
in superconductivity models in Rentrop [I74]. Further examples are singu-
lar Sturm-Liouville eigenvalue problems in Reddien [I73], problems in the
theory of diffusion and reaction according to Langmuir-Hinshelwood kinet-
ics in Bobisud [43], [44], problems from chemical reactor theory in Parter,
M.L. Stein and P.R. Stein [149] and applications from mechanics, especially
from the buckling theory of spherical shells in Drmota, Scheidl, Troger and
Weinmiiller [79)].

In this chapter we will study a class of nonlinear singular boundary value
problems whose importance is derived, in part, from the fact that they arise
when searching for positive, radially symmetric solutions to the nonlinear
elliptic partial differential equation

Au+g(r,u)=0 on€Q, wulr=0,

where A is the Laplace operator, €2 is the open unit disk in R™ (centered
at the origin), I' isits boundary, and r is the radial distance from the origin.
Radially symmetric solutions to this problem are solutions of the ordinary
differential equation

u//+n

u +g(t,u) =0

with mized boundary conditions u'(0) = 0, u(1) = 0. See e.g. Berestycki,
Lions and Peletier [30] or Gidas, Ni and Nirenberg [96].

227
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9.1 Problem with singularities in all variables

Similarly to Chapter [7 we will assume that ¢ is an increasing odd home-
omorphism with ¢(R) = R and consider now the singular mized problem
of the form

(p(u")) + f(t,u,u') =0, '(0)=u(T)=0. (9.1)

We will investigate problem (9.1) on the set [0,7] x A, where A is a closed
subset of R?, and we will assume that f has singularities, i.e. f does not
satisfy the Carathéodory conditions on the whole set [0, 7] x.A. Singularities
of f will be specified later for each problem under consideration. Since
the mixed and the Dirichlet problem are close to each other, a lot of results
and comments are valid for both of them. In accordance with Chapters 1
and 7l we define:

Definition 9.1. A function w: [0,7] — R with ¢(u') € AC[0,T] is a so-
lution of problem (9.1) if u satisfies (p(u'(t))) + f(¢, u(t ),u’( ) =0 ae.
on [0,7] and fulfils the boundary conditions u/(0) = u(T) = 0. If A # R?
we impose on u in addition the condition (u(t),u'(t)) € A for t € [0,T].

A function w e C[0,T] is a w-solution of problem (9.1) if there exists
a finite number of singular points ¢, €[0,7], v =1,...,r, such that if we

denote J =[0,T]\ {t,},_;, then o(u')€ AC),(J), u satisfies

(G0 (1)) + (L, u(t), w(£) =0 for ae. t € [0,7]
and fulfils the boundary conditions «/(0) = u(T) = 0. If A # R? then
(u(t),u'(t)) € A for te

First, we consider the auxiliary regular mixed problem of the form
(p(u) + g(t,u,u’) =0, 4'(0)=0, u(T) =0, (9.2)

where g€ Car([0,T] x R?). In the previous chapters we have defined solu-
tions of regular problems in the same way as those of singular ones. In par-
ticular, we define:

Definition 9.2. A function w: [0,7]—R with ¢(u')€ AC[0,T] is a so-
lution of problem (9.2) if u satisfies (p(u'(t))) + g(t,u(t),u'(t))=0 a.e. on
[0,7] and fulfils the boundary conditions «'(0) =0, u(7") = 0.
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All theorems of Section 7.1/ can be modified to suit problem (9.2). How-
ever, we present here only one of them which is based on the existence of lower
and upper functions to problem (9.2) and will be used further in the inves-
tigation of the singular mixed problem (9.1)).

Definition 9.3. A function o € C|0,
(9.2) if there exists a finite set X C (0,
o'(t+) :=limy_,, 0'(t) eR, o'(7—):

T| is called a lower function of problem
T) such that ¢(0’) € AC)..([0, T]\X),
= limy_,,_ 0'(t) €R for each 7€,

(p(a' (1)) + g(t,o(t),0’(t)) >0 for a.e. t€[0,T], 03)

d'(0) >0, o(T) <0, o(r—)<o'(r+) for each T€X.

If the inequalities in (9.3) are reversed, then o is called an upper function
of problem (9.2).

The next theorem can be proved similarly to Theorem [7.14] of Section [7.1.

Theorem 9.4. Let oy and o9 be a lower function and an upper function
of problem (9.2) and let o1(t) < oa(t) for t€[0,T]. Assume that there is
a function he€ L1[0,T] satisfying

lg(t,z,y)| < h(t) for a.e. t€[0,T] and all x€[o1(t),02(t)], y €R.
Then problem (9.2) has a solution u such that

o1(t) <wu(t) < oo(t) for tel0,T]. (9.4)

We will apply Theorem 9.4/ to the singular mixed problem (9.1)) under the
assumption

fe C(ZT’((O,T) X D)a D= (0700) X (_0070)7
f has time singularities at t =0,t =T (9.5)
and space singularities at * =0, y = 0.

We are interested in the existence of a solution positive and decreasing
on [0,7) and so we will investigate problem (9.1) on the set [0,7] x A,
where A = [0, 00) x (—00,0].
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Theorem 9.5. Let (9.5) hold. Assume that there exist ¢ € (v,00),v € (0,T)
and ¢ € (0, @) such that

(f(t,c(T —t),—c) =0 forae tel0,T],
0< f(t,2,y)

for a.e. t€]0,T] and all x€(0,c(T —1t)], y€|[—c,0), (9.6)
e< f(t,z,y)

for a.e. t€0,v] and all x€(0,¢(T —1)], ye€[—v,0).

\

Then problem (9.1) has a solution uwe€ AC*0,T] satisfying
O<u(t)<c(T—t), —c<u(t)<O0for te(0,T). (9.7)

Proof. Step 1. Approximate solutions.
Choose k€N such that k> 2. For te(;, T —z], z,y€R put

c(T—t) if x>c(T—1),
ag(t,z) = x if +<z<c(T—1),
z if »< ¢,
—< if y> £, € if y>-—v,
Bely) =4 y if —c<y< -5, Ay = szji if —c<y<—v,
—c if y<—g¢ 0 if y<—c.

For a.e.t€[0,7] and all z,y €R define

V(y) if t€[0,7),
fk(twray) = f(tva/k(t’x):ﬁk(y)) if t€ [%7T - %]7
0 it te(T—11).

Then fr € Car([0,T] x R?) and there is 1, € L1[0,T] such that

|fr(t,z,y)| < p(t) for ae. t€[0,T] and all z,y €R. (9.8)
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Moreover, assumption (9.0) yields
fr(t,e(T —1t),—c) =0 and fi(t,0,0) >0 for a.e. t€]0,T].
We have arrived at the auxiliary regular problem
(6(u)) + fult,u,u) =0, 4/(0)=0, u(T)=0. (9.9)

Put o,(t) =0, o09(t) =c(T'—t) for t€[0,7]. Then oy is a lower function
and oy is an upper function of problem (9.9). Hence, by Theorem [9.4]
problem (9.9) has a solution w; and

0 <u(t)<e(T—t) for te|0,T].

Step 2. A priori estimates of the approrimate solutions uy.

Since fi(t,z,y)>0 for a.e. t€[0,T] and all x,yeR, we get that ¢(uj (1))
as well as u(t) are nonincreasing on [0,7]. Therefore wu}(0)=0 implies
u(t)<0 on [0,7]. By ugx(T)=0 we get up(T)—ux(t)>c(T —t), which
yields u(T)>—c and

—c<u(t) <0 for te[0,T]. (9.10)
Due to u},(0) =0, there is ¢, € (0,7] such that

—v <u(t) <0 for tel0,ty].
If ¢ > v, the last inequality in assumption (9.0) implies

d(uy(t)) < —et for te[0,v]. (9.11)
Assume that ¢, < v and wuj(t) < —v for te€ (t,v]. Then

d(uy(t)) < —et for t €0, tx].

Since ¢(uy(t)) < —p(v) < —et for t € (ty, v], we get inequality (9.11) again.
Integrating (9.11) over [0,r] and using the the fact that w) is nonincreasing
on [0,7] and so wuy is concave here we deduce that

Vo

F(T—1) Sup(t) <e(T—1t) on [0.7],
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Step 3. Convergence of the sequences {uy} and {u}}.

Consider the sequence {uy}. Choose an arbitrary interval [a,b] C (0,7).
By virtue of estimates (9.10) and (9.11) there is ko € N such that for each
keN, k> ko,

Ccut) <e(T—1), —c<u(t)<—— for tela,bl, (9.12)
k’o kO

and hence there is ¢ € Li[a,b] such that
| fr(t, (), up ()] < () for ae. t€|a,b]. (9.13)

The sequences {uy} and {u} are bounded on [0,7] and, due to inequality
(9.13), {u)} is equicontinuous on [a,b]. Therefore, using the Arzela-Ascoli
theorem and the diagonalization theorem, we can choose ueC|0, T)NC*(0,T)
and a subsequence of {u;} (which we denote for the sake of simplicity in
the same way) such that

lim wy =wu uniformly on [0,7],
hoo (9.14)
klim uj, =u' locally uniformly on (0,7).

Consequently, we have u(7T) = 0.
Step 4. Convergence of the sequence of approzimate nonlinearities {fi} .

Let £€(0,T) be such that f(,-,-) is continuous on (0, 00) X (—o0, 0).
By estimate (9.12) there exist an interval [ag,be] C (0,7) and k¢ € N such
that & € [ag,be] and for each k > ke

o(T = &) zw(§) > = —c<wu(§) < —1

z, ac.b € (5.7~ 4]
3

Therefore fi(&, ux(€), uy,(€)) = f(&; ur(§),uy(€)) and, by virtue of property
(9.14), we get

Jim fi(t (1), wi (8) = f(Lu(t), w/(1))  for ae. te [0,7) (9.15)
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Step 5. The function w 1s a solution.

Choose an arbitrary t€(0,7"). Then there exists an interval [a,b]C(0,T)
such that ¢, % € [a,b] and inequality (9.13) holds for all sufficiently large k
with 1 € Ly[a,b]. Integrating the equality in (9.9) we get

(ui(

NI

) — (1)) = /_ Fels, un(s), () ds.

Letting k& — oo and using conditions (9.13), (9.14), (9.15) and the Lebesgue
dominated convergence theorem on |[a,b], we get

o(u (%)) — o(u(t) = /Z f(s,u(s),u'(s))ds for each te(0,T).

Therefore ¢(u') € AC),.(0,T) satisfies
(p(u' (1)) + f(t,u(t),u'(t)) =0 for a.e. t€[0,T]. (9.16)

Further, according to problem (9.9), we have

/0 Ji(s, up(s), up,(s)) ds = —g(uy(T)) < ¢(c) for each k> 2,

which together with the nonnegativity of f; and equality (9.15) yields,
by the Fatou lemma, that f(t,u(t),u(t)) € L1[0,T]. Therefore, by equal-
ity (9.16), we have ¢(u’) € AC[0,T]. Moreover,

()]
/!fksuk ()~ f (s, u(s), |ds+/ (s, u(s)(s))] ds.

for each k> 2 and t€(0,7). So, by (9.15), for each ey > 0 there exists
0 > 0 such that

p(uh(t)| < 2o forall ¢ € [0,0], k> 2.
Then
[o(u' ()] < |o(u' () — d(uy,(8))| + [d(uy,(2))]
< |(u' () — d(uh(t))| + o for all € (0,6], k> 2.
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Hence, by property (9.14),
[o(u' ()] < lim [@(u'(£)) = ¢(ui(t))] + €0 = g0 for each ¢ € (0,9).

It means that «'(0) = lim;_o4 «/(¢) = 0. We have proved that w is a solution
of problem (9.1)). O

ExAMPLE. Let a >0, (3,7, >0 be arbitrary numbers. By Theorem 9.5
the problem

o ; i uﬁ W3 = o o _
+t7(1—t)6<ua+ +1)(1+( ¥)=0, «(0)=u(l)=0

has a solution u € AC*[0,1] satisfying
O<u(t)<1l—t, —-1<ud(t)<0 for te(0,1).

Note that Theorem 9.5/ guarantees solvability of our problem even for the
nonlinearity

ft,z,y) = ﬁ (xia+:cﬁ+1> (149

having a strong space singularity (o > 1) at = = 0.

9.2 Problem arising in the shallow membrane
caps theory

Now we will investigate solvability of the singular differential equation

1 a
Bu) 412 — = =t =0 9.17
e (g 2 (0.17)
subject to the mixed boundary conditions
N S _
tl_l)%:_t u'(t) =0, wu(l)=0, (9.18)

where ag > 0, b9 > 0,y > 1, arising in the theory of shallow membrane
caps , see Baxley and Robinson [34], Dickey [72], Johnson [I12], Kannan
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and O’Regan [113]. For close problems see Agarwal and O’Regan [13], [14],
Baxley [32], Goldberg [97].

Our aim is to prove existence of a positive w-solution to problem (9.17),
(9.18) which is defined as follows.

Definition 9.6. A function w is a positive w-solution of problem (9.17),
(9.18) if u satisfies the following conditions:

(i) weC[0,1]NC?0,1),
(i) w(t) >0 for all t€(0,1),

(iii) w satisfies equation (9.17) for t€(0,1) and the boundary conditions
©.13).

Note that problem (9.17), (9.18)) is singular and exhibits both the time
and space singularities. We can see this by transforming equation (9.17) into
the first order system by means of the substitution z(t)=u(t), zs(t)=t3/(t),
viz.

1
Ill — fl(thth) - t_3x27

Because of the term tig in the first equation we see that the function f;

is not integrable in ¢ on any right neighborhood of ¢t = 0 and so f; has
a time singularity at ¢t = 0. Moreover, the function f5 is not continuous
in x;, having a space singularity at x; = 0. In particular, since the powers
of 1 in fy are —2 and —1, f; has strong singularities at z; = 0.

The present investigation of problem (9.17), (9.18)) is strongly motivated
by the results given in Kannan and O’Regan [I13], where the second bound-
ary condition in (9.18) has the form w(1) = w; > 0. It turns out that
in this case the solutions of problem (9.17), (9.18) are positive on [0,1] and
consequently, the problem has no space singularities. As a technical tool
in the existence proof, the lower and upper functions method has been used
in [I13]. In our case, since u; = 0, we need to cope with a space singularity
at u = 0 and therefore it is necessary to generalize the approach. To this
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aim we consider the following auxiliary boundary value problem

(p()') + p(t) q(t) f(t,u) =0, (9.19)
Jim p(t) w'(t) =0, u(T) =0, (9.20)

where p:[0,T]—=R, ¢: (0,7]—R are continuous and f satisfies the Cara-
théodory conditions on the set (0,7) x D, where D C R.

Definition 9.7. A function u€ C[0,T] N C*0,T] with pu' € AC[0,T] is
called a solution of problem (9.19), (9.20)) if it satisfies equation (9.19) for
a.e. t€[0,T] and if the boundary conditions (9.20) hold.

We now define a lower function and an upper function of problem (9.19),
@:20).
Definition 9.8. A function o € C[0,T] is called a lower function of problem
(9.19), (9.20)) if there is a finite set ¥ C (0,7") such that o'(7+), o'(7—) €R
for each 7€¥ and po’ € AC,,.((0,T) \ ¥). Moreover, o has to satisfy
(b(2) o (&) + plt) a(t) F(t.0(1) >0 for ae. e[0T,
lim; o4+ p(t) o'(t) >0, o(T) <0, (9.21)

)
o'(r—) <o'(r+) foreach Te€X.

If the inequalities in (9.21) are reversed, then o is called an upper function
of problem (9.19), (9.20).

Note that, in contrast to Definition 9.3, Definition 9.8 admits lower and
upper functions having first derivatives unbounded at the endpoints ¢ = 0
and t=T.

For the subsequent analysis we make the following assumptions:

peCl0,T], qe C(0,T], p(t)>0,q(t) >0 forte(0,T], (9.22)

/ p(s)q(s)ds < oo, /T ! (/t )q(s)ds)dt<oo, (9.23)

f satisfies the L., — Carathéodory conditions on [0,7] x R, (9.24)
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ie., f € Car(]0,T]xR) and for each compact set L C R there is a constant
my > 0 such that

|f(t,z)| <myx forae. te|0,T]and all z € K.

To prove the existence of a solution w to problem (9.19), (9.20) we use
the lower and upper functions method. The related fundamental statement
is given in Theorem [9.9.

Theorem 9.9. Let 01 and oy be a lower function and an upper function of
problem (9.19), (9.20). Assume that o1(t) < oo(t) for t€[0,T]. Let us also
assume that conditions (9.22)), (9.23) and (9.24) hold. Then problem (9.19),
(9.20) has a solution u satisfying estimate (9.4). If, moreover,

: 1 !
tlir&m/o p(s)q(s) ds =0, (9.25)
then
uweCH0,T], '(0)=0. (9.26)

Proof. Step 1. Exzistence of a solution u of an auxiliary problem.

For a.e.t€[0,7] and all z€R define

( x — oo(t) ,
f(t,az(t)) — m if z > O-Q(t)7
fo(t,x) = § F(t,2) if o1(t) < @ < oa(t),
O'1(t> — X .
\f(t,Ul(t))—Fm if $<0’1(t>,

and consider the equation

(p(t)u) +p(t) q(t) f*(t,u) = 0. (9.27)
Define an operator F : C[0,7] — C[0,T] by

(Fu)(t) = /t ' (2% /O " o(8)a(s) F (s, u(s)) ds) dr. (9.28)

Since condition (9.24) holds, we can find m* € (0,00) such that

|f*(t,z)| <m* forae. t€[0,T] and all z€R. (9.29)
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Therefore, due to assumption (9.23), F is continuous and compact, and
the Schauder fixed point theorem guarantees that a fixed point u e C|0, T
of F exists. According to (9.28) we now have

u(t):/tT (L /OTp(s)q(s)f*(s,u(s))ds) dr for te[0,7].

p(7)

Hence, u satisfies equation (9.27) a.e. in [0,7], the boundary conditions
(9.20) hold, and pu' € AC[0,T]. The assumptions pe C[0,7] and p > 0
on (0,7] result in u € C'(0,T]. This means that u is a solution of problem
©:27), (9:20).

If additionally, assumption (9.25) holds, we can use inequality (9.29) to
conclude

‘z% / p(s) a(s) £*(s,u(s)) ds

lim |u/(t)| = lim
t—04 t—0+

x 1: 1 ! _
<m* lim m/o p(s)q(s)ds = 0.

t—=0+ p
Finally, we set «/(0) = limy_o, v/(t) = 0, and assertion (9.20) follows.

Step 2. The function u solves equation (9.19).

To this end we verify that estimate (9.4) holds. Let us set v=wu— 0y(t)
and assume that

max{ov(t):t € [0,7]} = v(ty) > 0.

Since 05(T) > 0 and u(T) =0, it follows that ¢, €[0,T). Moreover, Defi-
nitions 9.7/ and 9.8 imply that ¢y & 3, because v'(7—) < v/(7+) for 7€ X.
Let to = 0. We have from (9.20) and the inequality lim; o4 p(t) o5(t) < 0
(see (9.21)) that limy oy p(t)0'(t) > 0. Let lim;_op p(t)v'(t) > 0. Then
lim; o4 v'(t) > 0, which contradicts the assumption that v has its max-

imum value at to = 0. Therefore, lim; o p(t)2'(t) = 0 holds. Now, let
to€ (0,7)\ 2. Then v'(ty) = 0. So, we have t,€[0,7)\ ¥ and we can find
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a 0 >0 such that v(t) >0 on (ty,to+0) C (0,7) and
(p(t) v'(1))" = (p(t) w'(1)) — (p(t) o5(t))’

> ~p(0)a() (F(t.02(0) = 8T 4 pte)a) .l

a.e. in (tg,to + ¢). This yields

t U(S) t

0 </ p(s)a(s) ds S/ (p(s)v'(s))" ds = p(t) v'(t)
to U(S) _I_ 1 to

for t€(tg,to + d), contradicting the fact that v has its maximum at t.

We have shown that u(t) < oy(t) for ¢t €[0,7]. The inequality oq(t) < u(t)

for t€[0,T] follows analogously. The definition of f* finally implies that

u is also a solution of equation (9.19). O

EXAMPLE. Let a >0,e >0, p(t) =t q(t) =t*"'. Then p and ¢ satisfy
conditions (9.22), (9.23) and (9.25).

The main difficulty in applying Theorem 9.9/is to find a lower function o
and an upper function oy for problem (9.19), (9.20) which are well ordered,
e, o1(t) < oo(t) for t€[0,T]. If f(-,z) inequation (9.19) changes its sign
on [0,T], for instance, then lower and upper functions of problem (9.19),
(9.20) have to be nonconstant and therefore their computation can be diffi-
cult. In Lemmas 9.10 and [9.11/ we present two pairs of well ordered lower and
upper functions for problem (9.17), (9.18), where f(t,z) = gtz — % —by 27~
changes its sign on (0,1) x (0,00).

Lemma 9.10. Let v > 2. Then there exist constants vy, ¢, € (0,00) such
that for each v € (0,v.] and ¢ > c, the functions

ot)=v(t+v)(1—t) and oo(t)=cV1—1t> fortel0,1], (9.30)

are a lower and an upper function of problem (9.17), (9.18).
Proof. It follows from (9.30) that o}(t) = v(1 -2t —v) and o03(t) = 5
for t € [0,1). Thus,

lim 0 (t) = 0, Jim Boy(t) =0, o1(1) = aa(1) = 0. (9.31)

i
t—0+ —0+
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By inserting o; into equation (9.17) we obtain

ot +¢ (o~ oy~ )

= ¢? (Ug@l(t,u) + ( ! 5p2(t, 1/)) for t€(0,1),

v (1 —t)%(t+v)
where

o1(t,v) =3 —3v —8t,

1
©o(t, V) = 5~ ao v(1—t)(t+v) —bot? 21— 1) (t + v)*.
Let us choose 1€ (0,) such that

1
ag (1—|—I/0) ‘|‘b07/§ (1+V0)2 < 1_6

Then for all v€(0,19) we have ¢i(t,v) > 0, @a(t,v) > 0 for te€0,v].
Moreover, we can find v, € (0,19) such that

1
Ve p1(t, i) + 5 >0 forte(v,1],

16 v, (1 + vs)
and consequently, for all v € (0, v,], we have

1 B ap
8oi(t) ot

(3ol (1)) + ¢ ( 7 b0t27‘4) >0 fortel0,1). (9.32)

By properties (9.31) and (9.32), o; is a lower function of problem (9.17),
©.18).

We now insert oy into equation (9.17) and obtain

1 a
ol (1)) + 3 0t < Bt for t €]0. 1
( 02( )) + (80’%(75) (TQ(t) 0 ) = SD3( 76) or G[ ) )7

where
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for t € [0,1) and ¢ > 3. Hence, for all c€[},00) in the definition of oo,
cf. (9.30), we have

1 . Qo
8c2(t) oo(t)

(t3ah(t)) + 3 ( — by t274) <0 fortel0,1). (9.33)

Finally, we conclude from properties (9.31) and (9.33) that oy is an upper
function of problem (9.17), (9.18)), which completes the proof. O

Lemma 9.11. Assume ~y € (1,2). Then there exist constants vy, ¢, € (0,00)
such that for each v e (0,v, and ¢ > c. the functions

o) =vt* (1 —t) and oy(t) =cV1—1t2 forte|0,1] (9.34)

are a lower and an upper function of problem (9.17), (9.18).

Proof. We first calculate the derivatives of o7 and oy :

o) =vtT (2 -y = (B=7)t), oy(t) = for t € [0,1).

Clearly, o; and oy satisfy condition (9.31)). By inserting oy into equation
(9.17) we obtain

(t3o—g(t))’+t3( L ao)—bot”‘*)

8ai(t) ot
t2’y -1

=vt 4= (2=~ (=7 G-t + mw, v)

for t € (0,1), where (t,v) =g —agv(l —t)t>7 —bor? (1 — t)2. We now

find a constant vy > 0 such that (¢t,v) >0 for t€[0,1] and v € (0, ).
Furthermore, if ¢y = % , wehave (4—7)2—=7)—(5—7)B—=7)t>0
for t€[0,to]. Further, we get

t2’yfl

uniformly on [¢y,1). Therefore, we are able to provide a constant v, € (0, 1]
such that for any v € (0,v,] in the definition of oy, see (9.34),

1 a
3 ’ 3 _ o 2v—4
(tPoy(t) +t (80%(75) o1 (D) bot > >0 for te€(0,1)
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holds. This means that, by condition (9.31), oy is a lower function of problem
(9.17), (9.18). Since o9 is as in Lemma 9.10, we can similarly show that it
is an upper function, and the result follows. O

The main results characterizing solvability of problem (9.17), (9.18) are
contained in the next two theorems. We begin with considering the case
~v > 2. This study will utilize results provided by Lemma 9.10.

Theorem 9.12. Let v>2. Then there exists a positive w-solution u of
problem (9.17), (9.18). Moreover, this solution satisfies

u(0) >0, lim u'(t) = 0. (9.35)

t—0+

Proof. Step 1. Construction of auziliary functions fy.

Our arguments are based on Theorem 9.9, We set

It is easily seen that p and ¢ satisfy conditions (9.22)), (9.23), and (9.25),
but condition (9.24) does not hold for f. To remedy the situation, we
introduce a sequence of functions fy, k€EN, k > 3. Let o7 and oy be
specified by formulas (9.30), where v <y, < % and ¢>c, > 1, and for

t€0,1], x€R define

0 if tef0,4),
fiu(t,z) =< f(t, at,z)) if te[%,l—%], (9.36)
1 if te(l-4,1],

where
Ug(t) if z> Ug(t),

alt,r) =< x if o1(t) <z < oy(t),
o1(t) if x < o(t).

Note that all functions f; satisfy condition (9.24).
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Step 2. Lower and upper functions.

By Lemma 9.10, o, is a lower function and o5 is an upper function
of problem (9.17), (9.18)). For k€N, k > 3, consider the equation

(3 ) 4+ 13 fr(t,u) = 0. (9.37)

Since k > 3, we have

(tol(t) =t*v(3—-3v—8t)>0 for t € [0, 1),
and

(o) + =t (v (3-3v —8t)+1) >0 for te(1—1 1],
Similarly,

(B oh(1)) = —ct® (1 —12)7% (4 —3¢%) < 0 for te 0, 1),
and

(P oh(t) + 15 =1* (—c(1 —3)"2(4 = 382) +1) <0 forte (11 1).

Therefore ¢; and oy are also lower and upper functions of problem (9.37),
(9.18). With no loss of generality, we can choose v € (0,v,) and ¢ > c,
in such a way that v(1 +v) < ¢ holds. Then oy < oy on [0,1] and, by
Theorem 9.9, problem (9.37), (9.18) has a solution u; € C'[0,1] for k > 3
satisfying

o1(t) < up(t) < ou(t) for t€[0,1], w\(0) = 0. (9.38)

Step 3. Convergence of the sequence of approximate solutions {uy}.

We regard the sequence {uy} of solutions to problem (9.37), (9.18) as
a sequence of approximations to u, and first discuss the convergence prop-
erties of {ug}. Let us choose an interval [0,b] C [0,1). Then there exists
an index ki €N such that [0,6] C [0,1 — ] for k > ki, and due to the
boundary conditions (9.18)) and equation (9.37) we have

t
3w (t) + / s% fr(s,up(s)) ds = 0 for t €0, b] (9.39)
0
for k> k;. Let
1
ry = min{oy(t): t € [0,b]}, mp=—-— + %o

8rZ 1y
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It follows from the first formula in (9.30) that 7, > 0 and hence, (9.30) and
(9.38) yield

1t? fr(t, ur(t))] < mpt® +bot*~' for t €[0,0] and k > k;. (9.40)

Consequently, by equality (9.39),
3. mpy 4 bo %y
[t7uy(t)] < Zt + 2—t for t€[0,b0] and k > k. (9.41)
Y
Due to estimates (9.38)), (9.41) and the condition ~ > 2, the sequences {uy}
and {u}} are bounded on [0,b], which implies that {ux} is equicontinuous

on [0,b]. Furthermore, for each € > 0 there exists d > 0 such that for any
t1, to€[0,0] and k > ky, if |t; —t3] < J holds, then

to to
/ s3ds / s 1ds
t1 t1

Hence the sequence {t3u}} is equicontinuous on [0,b] and, by inequality
(9.41), it is bounded on [0,b]. The Arzela-Ascoli theorem now implies that
there exists a subsequence {ug,} C {ux} such that

[t3 ) (1)) — ta ), (t2)] < my + bo <e.

elim ur, = u uniformly on [0, b],

ehi?o t>up, = >’ locally uniformly on (0,b].
Finally, by the diagonalization theorem, we find a subsequence (for simplicity
we denote it by {ux} ) satisfying

limy o ur, = u locally uniformly on [0, 1),
(9.42)
limy oo t2uj, = 34’ locally uniformly on (0, 1).

Step 4. Properties of the function u.

We conclude the proof by establishing the properties of the limit function
u. By (9.41) and (9.42) we obtain

(1)) < 22

bo
th+ 22 for te(0,0).
< +2,y or te(0,9)
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Therefore
: 3,/ _
tlir&t u'(t) =0 (9.43)
and due to (9.38) and (9.42) we have
o1(t) < u(t) < oy(t) fortel0,1), wueC]0,1). (9.44)

Since o01(1) = 09(1) =0, we get
tliI}l u(t) = 0. (9.45)

Moreover, (9.36) and (9.42)) imply
Jim 3 fu(t,up(t)) = 3 f(t,u(t)) forte€(0,1).

Consequently, due to (9.40) we can use the Lebesgue dominated convergence
theorem on [0,b]. Having in mind that b€ (0,1) is arbitrary and letting
k — oo in equality (9.39), we conclude that

3 () + /t s* f(s,u(s))ds =0 forte(0,1). (9.46)

Thus uweC?0,1) and u satisfies equation (9.17) for t€(0,1). Setting
u(l) = limy—,1— u(t), weobtain u(l) =0 and ue€ C[0,1]. These smoothness
properties of u together with properties (9.43)—(9.40) guarantee that u is
a positive w-solution of problem (9.17), (9.18). It remains to show that
assertion (9.35) holds. The first condition in (9.35) follows from o(0) > 0.
The second condition results by noting that

b
lim [o/(£)] < lim ¢+ lim —C 7% = 0
t—0+ t—=0+ 4 t—0+ 27y

due to (9.41) and (9.42). O

Now, we apply the results from Lemma 9.11 in order to cover the case
ve(L,2).

Theorem 9.13. Let vy € (1,2). Then there exists a w-positive solution u
of problem (9.17), (9.18). If v > 2, then assertion (9.35) holds and for
v = % the w-solution u satisfies

. /
u(0) > 0, tl_l)rﬂriru (t) = 3 (9.47)
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Proof. Step 1. The arguments for the construction of the auxiliary sequence
{fr} and of the upper function o, are analogous to those given in Steps 1
and 2 of the proof of Theorem 9.12. The only difference is the definition
of the lower function ¢; which is now specified by the first formula in (9.34),
with v <, < %. By Lemma 9.11, o7 is a lower function of problem (9.17),
(9.18)). Choose ko € N, ko > ﬁ. For k > ky we have

(o1 () =vt* 7 (4=71)2=7) = (6-7B=71) =0
if te[0,) and
(o) +7 =vt?" 7 (4=7)(2=7) = (6=7)B=7)t) +t >0

if te(l— %, 1], which implies that o7 is also a lower function of problem
(9.37), (9.18). Since oy is the same as in the previous proof, it is an upper
function of problem (9.37), (9.18). Now, arguing as in the proof of Theo-
rem 9.12, we get the sequence {uy} of solutions to problems (9.37), (9.18),
keN, k > ko. Also, u,€C[0,1] and it satisfies conditions (9.38).

Step 2. Consider an interval [0,b] C [0,1) and the sequence {u;}, k€N,
k > ko. Then equality (9.39) holds. If we put

Qo 1
T —
M=oy T RAA =
we get
t° ap t’ 2y—1 +1 2v—1
+ +bot7TT < a t"TT bt for t e [0, b] (948)

8ai(t)  oi(t)
Assume that ki > k. Thus, (9.38), (9.39) and (9.48) yield

by
B ot up ()] < ag 77 4 b 2L Bl (1) < 2 2Ly
A O] S a0t b B0 < S g
for te€0,b] provided that k > ki. Hence, for each ¢ > 0 there exists
d > 0 such that for any ¢;,t,€[0,b] and k > ky,

to
[t —to] < 6 = | ul(t) — thul(t)] < / (a0t At < e

t1

and
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to b .
/ (i g 2L t27_3) dt‘ <e
4 \7t+2 2y

Therefore the sequences {u;,} and {t*u}} are bounded and equicontinuous
on [0,b] and condition (9.42) results due to the arguments given in the proof
of Theorem [9.12.

‘tl — tg’ <= \uk(tl) — Uk(tg)’ <

Step 3. Properties (9.44), (9.45), (9.46) and w€ C[0,1] N C?(0,1) can be
shown as in the proof of Theorem 9.12. Equality (9.46) leads to

I ! 53 bO
tSU (t) = /(; u2—(5> ((lo U(S) - %) ds + % tQ’y for t e (O, 1) (949)

Assume that u(0) > 0. Having in mind that v > 1 and lim;_o. t3/(¢) = 0,
equation (9.49) yields

i [ (L N ae—g
10t 0 5 u(s)  8u?(s) e

Hence, by the I’'Hospital rule, we have

. / . 1 ! 3 Qg 1 . bo 2v—3
lim u'(t) = lim — [ s — ds + lim —¢¥
t—0+ t—0+ 3/, u(s)  8u?(s) t—0+ 27y
t b b
1 oy Do ayes b0
3 t1ir0n+ u?(t) (aou(t) —5) + 2y tlir&t 2y tlir(grt ’
le.
b

lim o'(t) = = lim ¢>~2, (9.50)
t—0+ 2’)/ t—0+

On the other hand, since 01(0) = 0 and lim; o4 0}(t) = 0o, we conclude
that

p— 1 / p—
u(0) =0 = tgr&u (t) =00 (9.51)

by virtue of the first inequality in (9.44).

Now, assume that v > 2. If u(0) = 0, then there is d, € (0,1) such
that

[ s wals) = as <0 torte 0.6
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and consequently, by (9.49),

bo

27 — 773 < co forte (0, 50),

u'(t) <
where ¢y = g—!fy 6277% € (0,00). This contradicts (9.51). So we have proved
that if v > 3, then w(0) > 0. Thus if v > 2, relation (9.50) gives
limy_o; v/(t) =0 and if v =2, we get from (9.50) that lim o4 u/(t) = 2.
This completes the proof. O

REMARK 9.14. Consider a positive w-solution wu of problem (9.17), (9.18))
for v > 1. We first recapitulate the behaviour of u' at the singular point
t=0.

If v e (2, 00), then, by (9.35), we know that /'(0+) =0 holds.

If v =3, then, by (9.47), the derivative satisfies u/'(04) = .
If ye(1,2), then u/(04) = oo. This follows from (9.51) for u(0) =0
and from (9.50) for u(0) > 0.

Now, let us consider the singular point t = 1. Since u(l) = 0, there
exists £€(0,1) such that aqu(t) < 55 for t€[f,1]. Let oy be an upper
function given by the second formula in (9.30) and let w(t) < o9(t) for

t € [0,1]. Then it follows that

_/tds <_/tds <_1/tdsl1 1_t Le (1)
¢ u3(s) T Je o3(s) T 2¢? ) 1-s  2¢? . 1-¢)° e

Integration of equation (9.17) yields

3

3al(t) = &34 ts—aus—l s ts%_l s
Fu) =€) + [ s (aon(s) - Dasahy a0t

3,/ 53 t bO
<EUE)t oz (1—§) +5 for t € (¢, 1),

and therefore lim;_;_ t34/(t) = u'(1-) = —o0.

Bibliographical notes

Theorem 9.5 can be found in Rachunkové [I57] or in Rachunkova, Stanék
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and Tvrdy [163]. Theorem 9.9 was proved in Rachunkova, Koch, Pul-
verer and Weinmiiller [I58] and its similar version appeared in Agarwal and
O’Regan [14]. Theorems 9.12 and 9.13 are taken from [158].

In literature we can find other papers studying singular mixed bound-
ary value problems. Let us mention here the monographs Kiguradze and
Shekhter [118], O'Regan [148], Rachunkova, Stanék and Tvrdy [163] and
references contained in them.






Chapter 10

Nonlocal problems

In this chapter we discuss problems for second order differential equations
with ¢ —Laplacian and with nonlinearities which may have singularities
in both their space variables. Boundary conditions under discussion are
generally nonlinear and nonlocal. Using regularization and sequential tech-
niques we present general existence principles for the solvability of regular
and singular nonlocal problems and show their applications.

We consider singular differential equations of the form

(o(u)" = f(t,u,u) (10.1)
where
¢ is an increasing and odd homeomorphism and ¢(R) = R. (10.2)

Here f€Car([0,T] x D), D C R? is not necessarily closed, and f may
have singularities in its space variables.

Let A denote the set of functionals « : C'[0,7] — R which are

(a) continuous and

(b) bounded, that is, «(f2) is bounded for any bounded 2 C C*[0,T].

For «,( €A, consider the (generally nonlinear and nonlocal) boundary
conditions

a(u) =0, B(u)=0, (10.3)

where a and 3 satisfy the compatibility condition requiring that for each
p€[0,1] there exists a solution of the problem

(o)) =0, alu)—pa(—u) =0, Blu) — pB(—u) =0.

251
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This is true if and only if the system

{a(A + Bt) — pa(—A— BZ) i 8, (10.4)

B(A+ Bt) — nB(—A - BY)

has a solution (A, B) €R? for each p€0,1].

Definition 10.1. A function u:[0,7] — R is said to be a solution of prob-
lem (10.1), (10.3) if ¢(u') € AC[0,T], wu satisfies the boundary conditions
(10.3) and (o(u/(t))) = f(t,u(t), v (t)) holds for almost all t & [0,T].

Special cases of the boundary conditions (10.3) are the Dirichlet (Neu-
mann; mixed; periodic and Sturm-Liouville type) boundary conditions which
we get setting  «(z) = z(0), B(z) = z(T) (a(z) = 2/(0), B(x) = /(T);
alz) = 2(0), B(z) = #(T); a(z) = 2(0) — 2(T), H(z) = (0) — #/(T) and
a(z) = apx(0) + a12'(0), B(x) = box(T) + by 2/ (T)).

Existence principles

In order to give an existence result for problem (10.1), (10.3]), we use reg-
ularization and sequential techniques. For this purpose consider the sequence
of regular differential equations

(@) = fult,u,u) (10.5)

where f, € Car([0,T]xR?), neN. Each function f, is constructed in such
a way that

fult,x,y) = f(t,z,y) for a.e. t€[0,T] and all (z,y) € Q,

where Q,, C D and, roughly speaking, 9, converges to D as n — oc.

Let heCar([0,T] x R?) and consider the regular differential equation

(¢(u))" = h(t,u,u). (10.6)

The next result is an existence principle which can be used for solving
the nonlocal regular problem (10.6)), (10.3).
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Theorem 10.2 (Existence principle for nonlocal regular problems).

Assume (10.2), he€Car([0,T] x R?) and «, S€.A. Suppose there erxist
positive constants So and Sy such that

[ulloo < So, ]l < S
for each A€ [0,1] and each solution w to the problem
(@) = Ah(t, u, v,
{a(u) =0, p(u)=0.
Also assume that there exist positive constants Ay and Ay such that
Al < Ao, |B| <Ay (10.8)

for each pel0,1] and each solution (A, B)eR? of system (10.4).
Then problem (10.6), (10.3) has a solution.
Proof. Set

Q= {x € 010,77 : ||z]|oe < max{So, Ao + AT}, |2/ < maX{SI,Al}}.

(10.7)

Then € is an open, bounded and symmetric with respect to 0e Clo,T]
subset of the space C'[0,T]. Define an operator P: [0,1] x Q — C*[0,T]
by the formula

PA z)(t) = z(0) + a(x)
+/o ¢! <¢(37/(0) + B(x)) + A/o h(v,z(v), 2" (v)) dv) ds.
(10.9)

It follows from he Car([0,T] x R?), the continuity of «,3,¢ and from
the Lebesgue dominated convergence theorem that P is a continuous oper-
ator. We claim that the set P([0,1] x Q) is relatively compact in C*[0, T).
Indeed, since Q is bounded in C*[0,T], we have

(@) <7, [B(@)] < [h(t (D), 2'(1)] < o)

for a.e. t€[0,7] and all x€Q, where r > 0 is a constant and o€ L;[0, 7.
Then

[P(X2)(t)] < max{So, Ao+ A1 THr+T ¢ (¢ (max{Sy, Ai}+r) +lell1) .
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PN, 2) ()] < ¢~ (¢ (max{S1, Ar} +7) + [loll)

and

PO ()] = PO ()] < | [ att)

for t,t1,to€[0,T] and (\,z)€[0,1] x Q. Here P\, z)(t) = a 73()\ z)(t).
Hence the set P([0,1] x ) is bounded in C'[0,T] and the set

{p(P(\,2)) - (N, 2)€[0,1] x Q}

is equicontinuous on [0, 7]. Using the fact that ¢~! is an increasing home-
omorphism from R onto R and

PN, 2)'(t2) =P\ z) ()=l (A(P(A, 2) (2))) =6~ (#(P(X,2) (1))

we deduce that {P(X\,x)": (A, x) €[0,1]xQ} isalso equicontinuous on [0, 7.
Now the Arzela-Ascoli theorem shows that P([0, 1] x€) is relatively compact
in C1[0,T]. Thus P is a compact operator.

Suppose that z( is a fixed point of the operator P(1,-). Then

zo(t) = a (o)

/ ¢ (¢ 0)+8(x0)) + /Osh(v,xo(v),xg(v))dv)ds.

Hence a(zg) =0, [(zo) =0 and z, is a solution of the differential equa-
tion (10.6). Therefore xq is a solution of problem (10.6)), (10.3) and to prove
our theorem, it suffices to show that

deg(Z — P(1,-),Q) #0 (10.10)

where Z is the identity operator on C'[0,T]. To see this let us define
a compact operator K :[0,1] x Q — C'[0,T] by

K1, 2)(8) = 2(0) + ) — pa(—) + [+/(0) + B(z) — p B(—a)] .
Then K(1,-) is odd (i.e. K(1,—2) = —K(1,z) for x€Q) and

K(0,-) = P(0, ). (10.11)
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If K(p1,21) =2, for some py €1[0,1] and z; €€, then

21(t) = 21(0) + a(21) =y a(—21) + [1(0) + B(z1) — pn B(—1)]

for t€[0,T]. Thus z1(t)=A; + Byt where A; =xz1(0)+ a(z1) — p1 a(—z1)
and By =x1(0)+ B(x1) — 1 B(—z1), so

a(z1) — pa(=z1) =0 and B(z1) — p f(=2z1) = 0.
Hence
CY(Al—I—Blt) — U1 O[(—Al — B ) :O,
=0.

1t
B(A; + By t) — 11 f(—A1 — By t)

Therefore |A;| <A, |Bi| <Ay and ||2||c <Ao+MT, ||2]]|cc <A1, which
gives x1 € 0f). Now, by the Borsuk antipodal theorem and | the homotopy
property (see the Leray-Schauder degree theorem with U =),

deg(Z — K(0,-),Q) = deg(Z — K(1,-),82) # 0. (10.12)

Finally, assume that P(\,,z.) = z, for some \,€[0,1] and z, €. Then
x, is a solution of problem (10.7) with A = A, and, by our assumptions,
|T4lo < So and ||z)]|c < S1. Hence z, €9 and the homotopy property
yields

deg(Z — P(0,-),Q) = deg(Z — P(1,-),9Q).

This together with (10.11) and (10.12) implies (10.10). We have proved that
problem (10.6), (10.3) has a solution. O

REMARK 10.3. If functionals «, € A are linear, then they satisfy the com-
patibility condition. Indeed, system (10.4) has the form

Aa(l)+ Ba(t)
AB(1) + B ()

for each p€0,1] and we see that it is always solvable in R?. The set of
all its solutions (A, B) is bounded if and only if «(1) 5(t) — a(t) B(1) # 0.
In such a case system (10.4) has only the trivial solution (A, B) = (0,0).
This is satisfied for example for the Dirichlet conditions but not for the
periodic conditions.

0,
0
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Let us consider the singular problem (10.1), (10.3). By regularization
and sequential techniques we construct an approximate sequence of the reg-
ular problems (10.5), (10.3) for whose solvability Theorem [10.2 can be used.
Existence results for problem (10.1), (10.3)) can be proved by the following ex-
istence principle which is based on a combination of the Lebesgue dominated
convergence theorem with the Fatou lemma.

Let I and J be intervals containing 0. Assume that

feCar(j0,T] x D) where D = (I\ {0}) x (J\ {0})

(10.13)
and f may have space singularities at x = 0 and y = 0.
Theorem 10.4 (Existence principle for nonlocal singular problems).
Assume (10.2) and (10.13). Let f, € Car([0,T] x R?) satisfy
0< fult,z,y) < p(t, |2l |y])
for a.e. t€[0,T] and each z,y €R\ {0}, neN, (10.14)

where p e Car([0,T] x (0,00)?).
Suppose that for each n €N the reqular problem (10.5), (10.3) has a solution
u, and there exists a subsequence {uy, } of {u,} convergingin C'[0,T] to

some u. Then wu is a solution of problem (10.1), (10.3) if v and v’ have
a finite number of zeros and

Tim. Jren (t,ug, (), u, (2)) = f(t,u(t),d/(t)) forae te[0,T]. (10.15)

Proof. Assume that (10.15) is true and 0 < & < & < - <&, < T are
all zeros of u and u’. We have |[[ug, | < L and |uy, ||« < L for each
n €N, where L is a positive constant, and

¢waaw—¢w@m»=4.mﬁmmwﬂ@u»a,neN

It follows from assumptions (10.14), (10.15) and from the Fatou lemma that

A £t u(t), o () dt < 26(L).
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Hence f(t,u(t),u'(t)) € L1[0,T]. Set & =0 and &,,41 = T. We claim that
for all je€{0,1,...,m} such that & < 11, the equality

t
o) =o(w )+ [ flau)ds (010)
(&+&i+1)/2
is satisfied for t € [§;,&;41]. Indeed, let j€{0,1,...,m} and & < &11. Let
us look at the interval [£;+40, ;11 — 9] where § € (0, %) We know that
|lu| >0 and |u| >0 on (§,&+1) and consequently, there exists a positive
e such that |u(t)] > e, |u/'(t)] > ¢ for te[& + 0,41 — 0]. Hence there
exists ng €N such that |ug, (t)] > 5, |up (t)] > 5 for t€[§+ 9,841 — 0]
and n > ng. This yields (see (10.14)

0 S fkn (t7 U, (t)a u;cn (ﬂ) S Wﬂ

for a.e. t€ & +0,§11 — 9] and all n > ng, where

P(t) = sup{p(t,u,v) : t € [§;40,&;41—0], u,v € [%, L} € Ly[€40,&41—F].

Letting n — oo in

t
o, (1) = o (ur, () o [ (s, (9w (5) ds
(&+€5+1)/2

gives (10.16) for t € [£;+0,&;41 —0] by the Lebesgue dominated convergence
theorem. Since 0 € (0, %) is arbitrary, equality (10.16) is true on the in-
terval (&;,&4+1) and using the fact that f(¢,u(t),u/'(t)) € L1[0,T], (10.16)
holds also at ¢ =¢; and ;1. From equality (10.10) for t€[{;,&41] and
0 <j <m it follows that ¢(u') € AC[0,T] and that

(G (1)) = Ft,u(t),d'(t)) for ae. te0,T].

Finally, a(ug,) =0 and ((ug,) =0 and the continuity of « and [ yields
a(u)=0 and B(u)=0. Hence wu is a solution of problem (10.1)), (10.3). O

Application of existence principles

The next part of this chapter is devoted to an application of the above
existence principles. We consider equation (10.1) where f satisfies the
Carathéodory conditions on a subset of [0,7] x R? and f(¢,z,y) may have
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space singularities at * = 0 and y = 0. Along with equation (10.1) we
discuss the nonlocal boundary conditions

min{u(t) : t € [0,7]} =0, v(u') =0, y€B, (10.17)
where B denotes the set of functionals ~: C[0,7] — R which are

(a) continuous, 7(0) =0, and

(b) increasing, i.e. z,y€C[0,T] and x<y on (0,7) = ~(x) <~(y).

ExaMpPLE. Let neN, 0<a<b<T, £€(0,7) and 0<ty<...<t,<T.
Then the functionals
/b x2n+1

n

ZL’

() =) + max{z(t): t € la, ]}, 7z

T
@) = [ W1,
0

j=1
belong to the set B. The functionals
15(2) = 2(0) and a(x) = 2(0) + 2(T)
satisfy condition (a) of B but do not satisfy condition (b). Hence s, s & B.

Notice that the boundary conditions (10.17) satisfy the compatibility con-
dition. Indeed, if we put a(z) = min{z(t) : t€[0, 7]} and [B(z) = v(a')
n (10.4), we obtain the system

max{A+Bt: t€[0,T]} — p max{—A—Bt:t€[0,T]} =0,

Y(B) = ny(=B) =0,
having the solution (A, B) = (0,0) € R? for each u€]0,1].

We are interested in conditions on the functions ¢ and f in (10.1) which
guarantee solvability of problem (10.1)), (10.17) for each -~y € B. Notice that if
f is positive, then solutions of problem (10.1), (10.17) have singular points
of type IL.

We will need the following result.
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Lemma 10.5. Let v€B and let v(u) =0 for some ueC[0,T]. Then u
vanishes at some point of (0,7T).

Proof. To obtain a contradiction, suppose that wu(t)#0 for all t€ (0,7T).
Then u>0 or u<0on (0,7). Therefore y(u)>v(0)=0ory(u)<y(0)=0,
contrary to y(u)=0. Consequently, u(£)=0 for some &€ (0,7). O

We state an existence result for problem (10.1), (10.17).

Theorem 10.6. Let (10.2) hold. Further, assume that f € Car([0,T] % D),
where D =(0,00)x(R\{0}), and that the following conditions are satisfied:

(o(t) < f(t,2,y) < (a(2) + ha(2))[wi(6(ly]) + w2 (b (ly]))]
for a.e. t€[0,T] and each (x,y) € D, where
¢ € Loo[0,T] is positive,
hy,wy € C[0,00) are positive and nondecreasing, (10.18)

ha,ws € C(0,00) are positive and nonincreasing,

1
/ ho(s) ds < oo
\ 0

and
ligglf H‘;gi;) > 1 (10.19)
where
_ [T [
V(z)= /0 oD () ds, H(z)= /0 [hi(s+1) +hy(s)] ds  (10.20)
for z€[0,00).

Then for each ~ € B, problem (10.1)), (10.17) has a solution w such that
o(u') € AC[0,T].

In order to prove Theorem [10.60 we use regularization and sequential
techniques. To this end, for each neN = {neN: ¢(1) < 1}, define
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fn€Car([0,T] x R?) by the formula

(f(t,z,y) for te[0,7), 2> [yl >1

_n7

f(t’%’y) for tE[O,T],I‘<%, |y| 2%7

5 [tz ) (v +3) = fultz, =) (y = )]

for t€[0,T], z€R, |y| < 2.

fn(t7x7y) = 4

\

Then assumption (10.18)) gives

p(t) < fult, z,y)

(10.21)
< [Ma(|z[+1) + ho(lz)] [wi(e(y)+1) + wa(6(|y])]
for a.e. t€[0,7] and each z,y€R\ {0}, neN.
Consider the regular differential equation
() = falt, u, ) (10.22)

where neN.

For the proof of Theorem [10.6 the following lemma is essential.

Lemma 10.7. Let the assumptions of Theorem [10.6/ be satisfied and let
~v€B. Then for each neN' problem (10.22), (10.17) has a solution w,
such that ¢(ul,) € AC[0,T] and

)56 ( /t %@)ds), un (1) > /t 41 ( / 5ng0(v)dv> ds

for t€]0,&,],
(10.23)

ul (1) > ¢! (/g:ga(s)ds>, un(t) > E:gbl (/g;p(v)dv) ds
for tel&,,T),

\

where &, €(0,T) s the unique zero both of w, and of w,. In addition,
the sequence {u,}nen is bounded in C*0,T] and {ul}nen is equicontin-
uous on [0,T).
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Proof. Let neN'. First, using Theorem [10.2/ with
a(u) = min{u(t): t€[0,T]} and B(u) =~(u') for ueC0,T]

we prove existence of a solution of problem (10.22)), (10.17). To this end, we
consider the family of regular differential equations

(@(u) = A fult,u, ) (10.24)

depending on the parameter A€[0,1]. Let w be a solution of problem
(10.24), (10.17). If A = 0 then (¢(v/)) = 0 a.e. on [0,7] and conse-
quently, u(t) = A+ Bt where A, BeR. Since 7(u') = 0, Lemma 10.5
shows that «'(§) = 0 for some £€(0,7) and therefore B = 0. Now
the condition min{u(t): t€[0,7]} = 0 gives A = 0. Hence u = 0. Let
A€ (0,1]. Then (¢(u/(t))) > Ap(t) > 0 for a.e. t €[0,T]. Therefore ¢(u')
is increasing on [0,7] and since ¢ is increasing on R, ' is increasing
on [0,7]. Due to Lemma[10.5, «/'(£) =0 for a unique £ € (0,7) and from
min{u(t) : 0 <t < T} = 0 we see that u(¢) = 0. Obviously, u > 0
on [0,7]\{¢}, v <0 on [0,8), « >0 on (£7] and (see inequality
(I0:21)

(e (1)) < [ha(u(t) + 1) + ha(u(t))] [wi (o(|u' (1)) +1) +wale(lu ()]))]
for a.e. t € [0,T]. Integrating

(o(u'(1)) "' (1)

> [hy(u(t)+1) + ho(u(t))]u'(t)  (10.25)

< [ha(w(t)+1) + ho(u(t))]u'(t) (10.26)

V([u'(#)]) < H(u(t)) for tel0,] (10.27)

V(u'(t)) < H(u(t)) for tel, T], (10.28)

respectively, where the functions V' and H are given in formula (10.20).
From u(t) = fgt u'(s)ds for te€[0,7] it follows that ||ullc < 7T'||t/||oc and
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therefore (10.27) and (10.28) imply V(|u/(¢)]) < H(T||v'||«) for t€]0,T].
Hence

V([lu'lloe) < H(T|u']]o0)- (10.29)
By assumption (10.19) we can find a positive constant S such that
V(x) > H(T'x) whenever x> S.

This together with relation (10.29) implies that ||u||. < S and consequently,
|ul|oo STt/ < ST. We have proved that |lul| < ST and |v|e < S
for all solutions of problem (10.24), (10.17) and each X €0, 1].

We are now looking for all solutions (A, B) € R? of the system
min{A+Bt: t€[0,7]} — p min{—-A—-Bt: t[0,T]} =0, (10.30)

2(B) = pr(=B) =0, (10.31)
where p€10,1]. Fix p€[0,1] and suppose that (A, B)€R? is a solu-
tion of system (10.30), (10.31). If B # 0 then Lemma [10.5 shows that
v(B) # 0 and since v is an increasing functional and ~(0) = 0, we have
v(—=B)~y(B) < 0, contrary to (see (10.31)) ~(—=B)~(B) = u~v*(-B) > 0.
Hence B =0 and then A =0, which follows immediately from (10.30). We
have proved that (A, B) = (0,0) is the unique solution of system (10.30)),
(10.31) for each pel0,1].

By Theorem [10.2, for each n € N’ there exists a solution w, of problem
(10.22), (10.17). From the above consideration we have wu,(&,)=u! (£,)=0
for a unique &, €(0,T). Furthermore, {u,},en is bounded in C*0,T]
since |[uplloo < ST and ||ul,||co < S for neN'. Integrating for each ne N’
the inequality (¢(ul,(t))) > ¢(t) which holds for a.e. t € [0,7] and having
in mind that w,(&,) = ul,(§,) =0, we obtain (10.23)).

It remains to verify that {u] },ecw is equicontinuous on [0,7]. We know
that {u,}nen is bounded in C*0,T]. Thus {u,}tnen is equicontinuous
on [0,7] and sois {H(up)}nen since H € C|0,00). Hence for each € > 0
we can find ¢ > 0 such that

| H (un(t2)) — H(ua(t))| <, neN,
whenever 0<t; <ty <T and t; —t;<d. Put

V(o) = V(v) for vel0,00)
—V(—=v) for ve(—o0,0).
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Let 0<t; <ty <T and ty,—t; <9. If ty <¢&,, then integrating the inequal-
ity
(¢(un (1)), (1)
wi (1= (up, (1)) +w2(—¢(u,(1)))

(see (10.25)) from t; to to yields

> [h (wn (8)+1)+ho(u, (6))]ul (t) (10.32)

0 < V¥ (up(t)) = V*(up(th) < H(un(t)) — H(un(t2)) <
and if t; > &, then integrating the inequality

(P(uy, (1)) w, (1)
wi(d(uy, (1)) +1) + w2 (@(uf, (1))

(see (10.20))) from t; to to gives

< [y (up (£)+1)+ho(u, (8)]u, (t)  (10.33)

0 < V¥ (uy(t2)) = V7 (uy (1)) < H(un(tz)) — H(un(tr)) <e.

Finally, if t; <&, <ty then integrating inequality (10.32) over the interval
[t1,&,] and inequality (10.33)) over the interval [,,ts], we obtain

0 < =V*(u,(t1)) < H(un(t1)) = H(un(tr)) — H(un(én)) <€

and
0 < V*(up(t2)) < H(un(tz)) = H(un(t2)) — H(un(&n)) <e.

We have proved that
0 < V*(ul(tz2)) — V*(u,(t1)) <2¢ forall neN.

Consequently, the sequence {V*(u})},en is equicontinuous on [0,7] and
since V*e€ C(R) is increasing and the sequence {u!,},cn is bounded in
C[0,T], we conclude that {u] },en is equicontinuous on [0, 7. O

We are now in a position to prove Theorem [10.6.

Proof of Theorem [10.6. Fix € B. Due to Lemma [10.7, for each neN
there exists a solution wu, of problem (10.22), (10.17) satisfying inequalities
(10.23) where &, € (0,7") is the unique zero both of w, and of u),, the se-
quence {u,}nen is bounded in C'[0, 7] and {u/},en is equicontinuous
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on [0,7]. By the Arzela-Ascoli theorem and the Bolzano-Weierstrass Theo-
rem, we may assume without loss of generality that {u,},ecn is convergent
in CY0,7] and {&,}nen is convergent in R. Let lim, .. u, = u and
lim, .00 & = & Then we C0,T] satisfies the nonlocal boundary condi-
tions (10.17) and letting n — oo in inequalities (10.23)) we get

()2 67( / "o(s) ds / ot / v)dv) ds for te0.¢]

and
()2 67 /£ () ds / ot / v)dv) ds for tele.T).

Hence ¢ is the unique zero both of u and of u' and since ~v(u') = 0,
Lemma [10.5 yields &€ (0,7). Moreover,

lim f,, (¢, u,(t),u, () = f(t,u(t),d'(t)) for ae. te(0,T]

n
n—oo

and (see inequality (10.21))
0 < fult,z,y) <p(t,|z],|y|) forae t€[0,T] andall z, yeR\ {0},

where p(t,z,v) = (hi(z+1) 4+ ha(2)) [wi(P(v) + 1) +wa(p(v))] is continuous
on [0,7] x (0,00)?. Hence Theorem [10.4 guarantees that ¢(u') € AC[0,T]
and u is a solution of problem (10.1), (10.17). O

EXAMPLE. Let pe(1l,00), B€(0,1), a, u, A\ ¢;€(0,00), 5 = 1,2,3,4,
a+pu < p—1 and let ¢ € L[0,00) be positive. By Theorem [10.0, for
each v € B the differential equation

Hp—2 1IN/ o C2 / C4
P2y = o) (14w +m)(1+cgyu|“+|u,“)

has a solution w satisfying conditions (10.17) and |v/|P~?u’ € AC|0, T].

Bibliographical notes

Theorem [10.2] was taken from Agarwal, O’Regan and Stan¢k [20] and from
Rachunkovd, Stanék and Tvrdy [163]. Theorem [10.4 was adapted from [163]
and Theorem [10.6 from Stanék [186]. Other singular nonlocal problems for
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equation (10.1) may be found in [20] and Stanék [184], [185]. The paper [184]
deals with the nonlocal boundary conditions

uw(0) =u(T), max{u(t):t€[0,T]} =c (ceR),
whereas [185] discusses conditions

u(0) = u(T) = —y minfu(t): t € [0,T]} (7€ (0,00)).
In [20] conditions ~ min{u(t): ¢ € [0,7]} =0, «(u) =0  are considered
where « belongs to the set of functionals « : C'[0,7] — R which are (i)
continuous, (ii) bounded and satisfy (iii) =€ C'0,7], €2’ > 0 on [0,T]
for ee{-1,1} = ca(z)>0.






Chapter 11

Problems with a parameter

This chapter is devoted to a class of singular boundary value problems with
the ¢ —Laplacian

(P(u)) = pf(t u,u), (11.1)
ues (11.2)

depending on the parameter p. Here ¢ is an increasing homomorphism
from R onto R, f isa Carathéodory function on a set [0,T]xD, D C R?
f may have singularities in both its space variables and S is a closed subset
in C'[0,7]. Usually the set S is described by three boundary conditions.
Such conditions have for example the form

w(0) =0, w(T)=0, max{u(t):0<t<T}=A, (11.3)

w(0) =0, w(T) =0, /OT\/1+(u’(t))2dt:B, (11.4)

where A, B € R. We note that problems (11.1), (I11.3) and (I1.1), (11.4)
are singular boundary value problems depending on the parameter p and
we are looking for a value p, of the parameter u for which the Dirich-
let problem (I1.1), u(0) = u(T) = 0 has a solution ue C*0,T] satis-
fying the third (nonlocal) condition in (I1.3) or (11.4), ¢&(u')€ ACI0,T]
and (o(u'(t))) = wa f(t,u(t),u'(t)) for a.e.t € [0,7]. If problem (I1.1),
u(0) = u(T) =0 has a unique solution for each p from a subset of R, then
the shooting method can be applied for solving problems (11.1), (I11.3) and
(11.1), (I1.4). However, in our considerations such assumption is not intro-
duced. Our method for establishing the solvability of problem (11.1), (11.2)
is based on a regularization and a sequential technique. We present an exis-
tence principle for solving problem (11.1), (11.2) and give its application to
problem (11.1), (11.3).

267
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Existence principle

Consider the family of auxiliary regular differential equations

(@(u) = pfalt,u, o) (11.5)

depending on the parameters ©€R and ne€N. Here f,€ Car([0,T] x R?).
The next existence principle for solving problem (11.1), (I1.2)) is closely re-
lated to the principle which is presented in Theorem [10.4.

Definition 11.1. A function u : [0,7] — R with ¢(u') € AC[0,T] is
called a solution of problem (11.1), (11.2)) if there exists p, € R such that
(p(u'(1)) = pu f(t,u(t), ' (t)) for ae.t €[0,7] and u € S.

Let I and J be intervals containing 0. Assume that

f€Car([0,T] x D) where D= (I\{0})x (J\{0}) (11.6)
and f may have space singularities at * =0 and y = 0. .

Theorem 11.2 (Existence principle for singular problems with a parameter).
Let f satisfy (11.6) and let f, € Car([0,T] x R?) satisfy the inequality

0<—fult,z,y) <p(t |2, [y)), neN, (11.7)

for a.e.t € [0,T] and all xz,yeR\ {0}, where pe Car([0,T] x (0,00)?).
Suppose that there exist positive constants i, p*, . < p*, such that for
each n € N, the regular problem (11.5), (11.2) has a solution u, € C*[0,T],
o(ul) € AC[0,T), with p = pi, € [ps, n*]. Let {u,} be bounded in C'[0,T]

and {ul,} be equicontinuous on [0,T]. Then

(i) there exist uwe CY0, T, po € [p«, u*] and subsequences {u,}, {pr, }
such that ||ug, —ullcx — 0 and |pg, — ol — 0 asn — oo,

(i) if w and u' have a finite number of zeros and

m fy, (¢, ug, (1), uy, (t) = f(t,u(t),w'(t) for a.e. t €[0,T], (11.8)

n—oo

then ¢(u') € AC[0,T] and u is a solution of problem (11.1), (11.2)
with (= g .
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Proof. Assertion (i) follows from the Arzela-Ascoli theorem and the Bolza-
no-Weierstrass Theorem.

In order to prove assertion (ii) assume that equality (L1.8) is true and
that 0 < & < -+ < &, < T are all zeros of v and «' and put & =
0, &my1 = 1. Since the next part of the proof uses similar procedures as
the proof of Theorem [10.4, we show only the main differences. We have
|luk, lcr < L for each n € N, where L is a positive constant, and

¢wg@»:¢wgm»+um[:nxamxmugwwm nen.

It follows from i, € [ju4, u*], conditions (11.7), (I1.8) and from the Fatou
lemma that

_/T £t u(t), (1)) dt < 6(L) = (~L)

Hence f(t,u(t),u'(t)) € L1[0,T]. We can also verify that

t

ot (1) = o (S5 e [ gt s ds

2 €54+E511)/2

for t € [¢;,&;41] provided j €{0,...,m} and &; <&;1+1. Hence ¢p(u') € AC[0,T]
and

(p(u' (1)) = po f(t,u(t), /() for ae. te€[0,T].

Since {uy,} €S and S is closed in C'[0,T] we have u€S. Therefore u
is a solution of problem (I1.1), (11.2) for p = po . O

Application of the existence principle

We now present an application of Theorem [11.2 to the singular problem
(IL.1), (IL.2).
Definition 11.3. A function « : [0,7] — R with ¢(u') € AC[0,T] is
called a solution of problem (11.1), (11.3)) if there exists p, € R such that

(p(u' () = pou f(t,u(t),u'(t)) for a.e.t €[0,7] and w fulfils the boundary
conditions (11.3).
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We will use the following assumptions:

For each n € N define g,€C(R) and f, € Car([0,T] x R?) by

(gb :R — R is an increasing and odd homeomorphism,
#(R) =R and there exists # > 0 such that

| #(v) < vP for v €0, 00),

(e Car([0,T] x D), D = (0,00) x (R\ {0}),

and there exists a > 0 such that

(a < —f(t,z,y) forae t€[0,7]and each (z,y) €D,

(
—f(t,2,y) < [h(x) + ha(2)] [wi(e(|y]) + w2(e([yl))]
for a.e. t €[0,7] and each (z,y) € D,
where hy, wy € C[0, 00) are positive and nondecreasing,

hs, we € C(0,00) are positive and nonincreasing, and

1 oo
/ ha(s) ds < oo, / Vs ds = oc.
(/o 0

wi(8)

v for v>21
n

(11.9)

(11.10)

(11.11)

Qn(v) = 1 1
~ for v< 2,
f(t, on(x),y) for (t,z,y) € [0,T] x R x (R\ [-+, +]),
fnt,y) = Q2 [f(t 0n(2), L)y + 1) = f(t, 0n(2), —2)(y —

By assumptions (11.10) and (11.11),

a < _fn<t7'r7y)

and

")

for (t,z,y) €[0,7] x R x [—2,1].

—fut, 2, y) < [haz + 1) + ho(2)] [wr(6(lyl) + 1) + wa(o([yl))]

(11.12)

(11.13)
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hold for a.e. t € [0,T] and each (z,y) € D, n € N.

Consider the family of regular differential equations

(@(u) = pfalt,u, o) (11.14)

depending on the parameters p € R and n € N along with the boundary
conditions

u(0) =0, u(T)=0, (11.15)
max{u(t): 0 <t <T} = A. (11.16)

A priori bounds for solutions of problem (I1.14)— (11.16) and the corre-
sponding values of the parameter 1 are given in the next three lemmas.

Lemma 11.4. Let assumptions (11.9) and (I1.10) hold. Let A > 0 and
let w be a solution of problem (11.14)—(11.16) with some pu = p,. Then

ty >0, ' is decreasing on [0,T],

> ¢ Hap(§—1) for t€0,€],
u'(t) (11.17)

<~ Uap(t—8) for tel&,T),

where €€ (0,T) is the unique zero of ',

ét for te]|0,&],
TOER R (11.18)
and
1 1 B2\ 1+8
i < E<A<1+B>> (f> . (11.19)

Proof. If p, <0 then (¢(u')) > —ap, >0 ae. on [0,7]. Hence ¢(u') is
nondecreasing on [0,7"] which implies that of «’. Due to (I1.15), u/(to) =0
for to€(0,7) and therefore v <0 on [0,ty] and «' >0 on [ty,T]. This
and (L1.15) yield v < 0 on [0,7], contrary to equality (11.16). Hence
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o, > 0 and then from (¢(u')) < —ap, <0 a.e. on [0,7] we see that o' is
decreasing on [0,7] and u' has a unique zero &€ (0,7). Using ¢(0) = 0,
uw'(€) =0 and integrating (¢(v')) < —a u, we obtain inequality (I1.17).
Since u(0) = u(T) =0, u(§) =A and u is concave on [0,7], which
follows from the fact that «' is decreasing on [0,7], we see that (11.18)

holds.

It remains to prove inequality (11.19). By (11.9), we have ¢(v) < v” for

vE€[0,00) and consequently

¢t (v) > v for veE(0,00).
This and inequality (11.17) give

£ 3
A=u(f) = / () dt > / o~ (ap (6 — 1) dt

1 apy & 1 apy§
/ ¢ (s)ds > {/sds
0

Ca, aftu Jo

_ 6 <Z/a,uu£1+%
147

9

¢ T
A=u(g) = / o(t)dt > /E o (apa (t — €)) dt

T
1 a oy (T=E) 1 apu (T—8)
= / ¢ (s)ds > / {/sds
aflu Jo aflu Jo
1+
Hence
B {ai 142 141\ o BYam (T\1+5
2 L (0, 1) = 20
and then we see from the inequality
1y 231+
i <A1+ 5) (7)
aly, < +ﬁ T

that inequality (I1.19) is true.

(11.20)
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Lemma 11.5. Let assumptions (11.9)— (LL1L) hold and let A > 0. Then
there exists a positive constant P independent of n € N and A€ (0,1]
such that for any solution w of problem (I1.14), (I1T.15) with some p = p,
satisfying

max{u(t): 0<t<T}=XA, Xe(0,1], (11.21)

the inequalities
|u]|oe < P (11.22)

and 0 < p, < p* are valid where
1 I\N\B/2\1+8
=-(a(1+2)) () 11.2
H a( < + 16} > T (11.23)

Proof. Let u be a solution of problem (11.14), (I1.15) with some g = fi,.
Let wu satisfy condition (I1.21) for some A€ (0,1]. Then it follows from
Lemma [IT.4 (with AA instead of A) that w is positive on (0,7"), u' is
decreasing on [0,7], «' has a unique zero £ € (0,7) and

o<ns (i D) ()

Hence
[/ || = max{w/(0), —u'(T)} (11.24)
and u(§) = A A. In addition, by inequality (11.13),

(@' (1)) Z=pas [P (u(t)+1) + ha(u(D))] [wr (S(|u/ () )+1) + w2 (' (1)]))]

for a.e. t € [0,7]. Thus

(o(u'(1))) "' (1)
wi(p(u'(8))+1) + wa(o(w' (1))

for a.e. t €[0,¢] and

(o(u'(1)) "' (1)
wi(1=(u' (1)) +wa(=o(u'(1)))

> gl (w(t)+1) + B (u(8))]/(£)  (11.25)

< pralln (B )+ ha(u(E)](8)  (11.26)
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for a.e. t € [¢,T]. Integrating (I1.25) over [0,¢] and (11.26) over [¢,T], we

get
( ro(w(0)) gb”(s)
/0 (o) +an(s) O
u(&) A
g [ ) (s ds <, [ () () ds
<u / (hn(s+1)+has)) ds
and

¢(—u/(T)) qb*l (S) u(€)
/O Wl(S‘f‘l)—l—wQ(S) dSSMu/O (h1<5+1)+h2(8)) ds

<o [ ) +ha(s) ds.

We now show that

o)
/0w1(5+1)+w2(3)d5 ‘

Due to assumption (I1.11) we have

ﬁds:

o wi(s)

s

ds = oo.
wi($)

o
oo and, consequently, /
2

(11.27)

(11.28)

(11.29)

From assumption (11.9) and from the properties of the functions w; and ws

if follows that ¢~'(s) > ¢/s for s€[0,00) and

wi(s+ 1) +wa(s) Swi(s+1)+we(l) < Lwi(s+1) for se[l,o00),

where

142U

1(2

~—

~—

€
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Hence

é e dS‘/ s—1m615§%lmi@2“

s [T ¥ S
‘%[cmHﬂdgvﬂ[cmHn+m@d

<{2L / T ) g

1 wl(s -+ 1) + WQ(S)

Therefore

~ o) .
/1 w1(5 + 1) + wa(s) ds =

and consequently, (11.29) holds. Equality (11.29) guarantees the existence
of a positive constant () such that

Q qb’l(s) ) A
/o wi(s+ 1) 4+ ws(s) ds > p /0 (hi(s +1) + ho(s)) ds.

Now inequalities (11.27) and (11.28) give max{¢(u (0 )) o(—u (1))} <@
and from (11.24) we see that (11.22) holds with P = ¢~1(Q).

Lemma 11.6. Let conditions (11.9)—(11.11) hold and let A > 0. Then
there exists a positive constant p, independent of n € N such that for any
solution w of problem (11.14)— (I1.16) with some p = u, the inequality

oy > [y (11.30)

15 satisfied.

Proof. Let u be a solution of problem (I1.14)— (I1.16) with some p = p, .
Then u(€) = A, where £€(0,7) is the unique zero of u/, and therefore

A=u(€) —u0)=u'(m)§, A=u(l)—u()=—u(n) (T —¢),

where 0 < < f <1y <T. Hence u'(m) = ?, —u'(n2) = 7=¢ and since

min{&, T — &} < , we have max{u/(n), —u'(n2)} > %. Thus ||v||eo > %
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and it follows from (11.24), (I11.27) and (11.28))) that

$(2A/T) ) d(ll2"llo0) )
/0 wi(s+ 1)+ wals) dsg/o wi(s+ 1)+ wals) ds

< [ (s + 1)+ hafs)) s

We see that (11.30) holds with

d(2A/T) ¢—1<3)
/o T ET O

A
/o (hi(s+ 1) 4+ ha(s)) ds 0

e =

We are now in a position to show that the regular problem (11.14)— (11.106)
has a solution for each n € N.

Lemma 11.7. Let conditions (11.9)— (11.11) hold and let A>0. Then prob-
lem (I1.14)— (11.16) has a solution for each n € N.

Proof. Fix n € N and let P > 0 be given by Lemma [11.5. Set

0= {(u, 1) €CY0,T] X R: Juflae < A+ 1, |t/]|oe < P,

< a0 DY () )

Then 2 is an open, bounded and symmetric with respect to (0,0) subset
of the Banach space C'[0,7] x R.

Define an operator H = (H;,Hs): [0,1] x Q — C1[0,7] x R by

HA u,p) = (Ha(A u, 1), Ha (A u, 1),
Ha(h 1) = /0t¢—1<3+u(u— 1>5+A/05 fulru(r), /(7)) dr) ) ds,

Ho(N, u,pp) = Amax{u(t): 0 <t <T}+min{u(t): 0 <t < T}
+(1=Nu(g) +nu,
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where the constant B = B(\, u, i) is the unique solution of the equation
p(Bi A, u, 1) = 0 (11.31)

with

T

p(B;)\,u,,u):/O ¢’1<B+u<()\—1) t—l—)\/otfn(s,u(s),u’(s))ds)) dt. (11.32)

The existence and uniqueness of a solution for equation (11.31) follows from
the fact that p(-; A, u, ) is continuous and increasing on R and

G p(Bi A, u, ) = 00
for each (\,u, i) €[0,1] x Q.

Since
H(0,u, p) = /gb (B — ps)ds, u(%)+u>

where B is the unique solution of the equation fo “HB—put)dt = 0,
the Mean Value Theorem for integrals gives B = uty for some t5€ (0,7).
Hence

H0,u, p) = /gb (to — s)) ds, u(%)—i—,u)

and therefore H(0, —u, —p) = —H(0,u, u) for (u,u) € Q, which shows that
H(0,-,-) is an odd operator.

We claim that H is a compact operator. To this aim let

{()‘mvumyﬂm)} C [0, 1] x Q)

and
m (A, U, i) = (o, Uo, o) in [0,1] x CH0,T] x R.

m—0o0

Let B,, be the solution of the equation p(B; Ay, U, ftm) = 0. Since the se-
quence {u,,} isbounded in C'0,7] and f, € Car([0,T]xR?), there exists
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q € L1[0,T] such that |f,, (¢, un(t),ul, ()] < q(t) for a.e. t€[0,T] and each
m €N . Consequently, {B,,} is bounded, otherwise

hm sup |p(Bma )‘m7um7ﬂm)| = 00,

m—00

a contradiction.

We will show that {B,,} is convergent. Let {Bj,} be a convergent
subsequence of {B,,} and s = lim,, . By, Then

m

0= Um p(Bk,.; Mens Wk s M) = D(3¢5 Ao, Uo, o)

m—00

by the Lebesgue dominated convergence theorem, and consequently » = By
where By is the unique solution of the equation p(B; Ao, ug, it0) =0. We have
proved that any convergent subsequence of {B,,} has the same limit Bj .
Therefore lim,, .. B,, = By. Then

t

lim ¢*1<Bm+um<()\m—1)s+)\m /0 (7). 4 (7)) dT)) ds

m—00 0

t s
— / ¢*1(Bo+uo<<xo—1)s+Ao / fn(T,u()(T),u{)(T))dT»ds
0 0
in C'0,T]. This, together with

lim ()\m[max{um(t): 0<t<T}+min{u,(t):0 <t <T}

m—00

implies that H is a continuous operator.

In order to verify that the set H([0,7] x Q) is relatively compact in
C*0,T] xR, let us consider a sequence {(\;,u;, u;)} C [0,1] x Q. Then the
sequence

{A\jmax{u;(t): 0 <t < T}+minf{u;(¢): 0 <t < THA(1=X;) ui($)+p,}
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is bounded in R and there exists r € Ly[0,7] such that the inequality
| fa(t, uy(t), wj(t))| < r(t)  forae. te[0,T]and all j € N.

holds. Let p(Bj; Aj,u;, p1;) =0 for j€N. Then the sequence {B;} is boun-
ded in R and the sequence

{/0t¢—1 (Bj +Mj(()\j —1)s+ )\ /Os Fulr, uj(T),U;(T)) dT)) ds}

is bounded in C'[0,T] . Moreover, the sequence

{s(s =010 [ oo 05)

is equicontinuous on [0,7]. Therefore {H(A;,u;,p;)} is relatively compact
in C'0,7T] x R by the Arzela-Ascoli theorem and the Bolzano-Weierstrass
Theorem.

Let H (o, uo, o) = (uo, o) for some Ao €[0,1] and (ug, o) € 9Q2. Then

(&(uo(1))" = polAo =1+ Ao fult, uo(t), ug(1))] for a.e. £ €[0,7], (11.33)

u(0) =0, uo(T) =0, (11.34)
Ao [max{ug(t): 0 <t < T} 4+ minfug(t): 0 <t < T}

(11.35)
‘|‘(1—>\0) Uo(%) =0.

If po > 0 then (I1.12) and (I1.33) give (o(ug)) < 0 ae. on [0,7] and
(11.34) implies that wy>0on (0,7). Therefore min{ug(t): 0<t<T}=0
and by virtue of (11.35)

0 =X max{ug(t): 0 <t <T}+ (1— Xo)uo(%) >0,

which is impossible. Let po < 0. Then (I1.12) and (11.33) yield (¢(ug)) >0
a.e. on [0,7], which together with (11.34) implies that uy < 0 on (0,7)
and

0= X min{ug(t): 0 <t <T}+ (1—Xo)uo(%) <0,
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a contradiction. Hence pp = 0 and then we see from (¢(ug)) = 0 a.e.
on [0,7] and (L1.34) that wy = 0. We have proved that (ug, o) & OS2
and therefore H(\ u, ) # (u, ) for A€[0,1] and (u,p) € 092. Now, by
the Borsuk antipodal theorem, deg(Z — H(0,-,-),Q) # 0, where Z is the
identity operator on C'[0,7T] x R. In addition,

deg(Z —H(1,-,-),Q) = deg(Z — H(0,-,-), Q)

by the homotopy property (see the Leray-Schauder degree theorem with
U=Q). Consequently,

deg(Z — H(1,-,-),82) # 0. (11.36)

Finally, define an operator K = (K1, /2): [0,1] x Q@ — C'[0,7] x R by the
formulas

i) = [0 (Dt [ttt ar) ds,
Ko\ u, pp) = max{u(t): 0 <t <T}+ minf{u(t): 0 <t <T}—AA+pu,

where the constant D = D(u, u) is the unique solution of the equation

r(D;u,p) =0 (11.37)
with
r(D;u, p) = /0 ¢_1<D + ,u/o fn(s,u(s),u'(s)) ds) dt. (11.38)

Essentially the same reasoning as for equation (I1.31)) and for the operator
H shows that there exists a unique solution of equation (11.37) and that
K is a compact operator. Assume that (A, us, ftx) = (Us, ps) for some
A €10,1] and (uy, py) € 092. Then

(p(ul (1)) = pafrn(t,us(t),ul(t))) for ae. t€0,T], (11.39)
1 (0) =0, u.(T) =0, (11.40)

max{u.(t): 0 <t <T}+min{u.(t): 0 <t <T} =\ A (11.41)
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If pe <0 then (¢(u))) >0 ae. on [0,7] and from (11.40) we deduce
that u, <0 on [0,7]. Then (L1.41) gives

0 <AMA=max{u,(t):0<t<T}+min{u,(t):0<t<T}
=min{u.(t): 0 <t < T},

which leads to wu, = 0. Consequently, by (11.39), p, = 0 and therefore
(s, 1) = (0,0), contrary to (us, i) € 0. It follows that u, > 0 and then
(p(u))) < 0 a.e. on [0,7]. From this inequality and from (11.40) we get
u, >0 on (0,7) and (I1.41) gives max{u.(t): 0 <t < T} = A\, A. Thus
u, is a solution of problem (I1.14),(TT.15),(1TT.21) (with p = p, in (I1.14)
and A =\, in (I1.21)). Therefore ||u.]lco = Ax A and, by Lemma [11.5]

wieer 0sn <240 3) ()

Hence (u.,p.) €02 and we have proved that (A, u,u) # (u,pn) for all
A€0,1] and (u,p) € 0. By the homotopy property,

deg(Z — K(0,-,-),Q) = deg(Z — K£(1,-,-),Q).

Since H(1,-,-) = K(0,-,-), relation (11.30) gives deg(Z — KC(1,-,),2) # 0.
Therefore there exists a fixed point (a, 1) of the operator K(1,-,-) and it
is easy to check that @ is a solution of problem (I1.14)-(11.16) with u = j .

U

Our next result is needed for applying Theorem [11.2 to the solvability
of problem (IT.1)), (11.3).

Lemma 11.8. Let conditions (11.9)— (11.11) hold and let A > 0. Let u,
be a solution of problem (11.14)— (I1.16) with some = p,, n €N,

Then the sequence {ul} is equicontinuous on [0,T].

Proof. By Lemmas [TT.4H11.0, for each n € N we have 0 < u,(t) < A
for ¢ € [0,7], w, is decreasing on [0,7] and wu] vanishes at a unique

£, €(0,7). Furthermore, there exist positive constants P, p, and p* such
that

luplle < P, neN, (11.42)
e < ply < %, meN. (11.43)
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M e e
G(v) —/0 oGt T o) ds, H(v) —/0 (hi(s+ 1) + ha(s)) ds

for v€[0,00) and
G(v) for ve|0, ),
—G(—v) for ve(—o00,0).

Since {u,} is bounded in C'[0,T], the sequence {H(u,)} is equicontin-
uous on [0,7] and therefore for each & > 0 there exists d > 0 such that

\H (un(t2)) — H(un(t1))] < (11.44)

whenever 0 < t¢; <ty <T and ty3 —t; < 9. Choose 0 <t <ty <T. If
to < &, then integrating (see (11.25))

{ Pu, (1)) u, (1)

wi(@(ul, (1)) + 1) + wa(d(ul, (1)) (11.45)

> — i [P (un (t) + 1) + ho(un(t))] u,(2)

from t; to ty yields

{o < G(u up(t2)) < pin [H (un(ta)) — H(un(ty))]
(11.46)
Un Z52 H(un(tl))]’
while if &, <t; then integrating (see (11.20))
) (1)
+1 ) +wa (=9 (uy(t))) (11.47)
< —ptn [P (un(t) + 1) + ha(un(t))] up, (2),
over t1 tg gives
{0 < G (_Un(tl)) < [H(un(tl» - H(un(t2))]
(11.48)
H(un(t1)) — H(un(t2))]-
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Finally, if ¢; < &, < t then integrating (11.45) over [t1,§&,] and (I1.47)
over [&,,ts] gives

0 < Gup(t1)) < pn [H(un(8n)) — H(un(t1))]

< 1 [H(un(60)) — H(un(t1))],

(11.49)

0 < G(=,(t2)) < pin [H(un(&n)) — H(un(t2))]

< [H(un(&n)) — H(un(t2))]-
Now inequalities (11.46) and (11.48)— (11.50) imply that
0 < G (uy (1)) = G (uy,(t2)) < " [ H (un(t1)) — H(un(t2))]
i 0<t<ty<E or &<t <ty <T and
0 < G™(u, (1)) = G™(uy,(t2)) < ™ [2H (un(n)) — H (un(t1)) — H(un(t2))]
if 0<t; <&, <ty <T. This and inequality (11.44) give
0 < G (uy(t)) = G (uy,(t2)) <27 €

whenever 0 <t <ty <T and ty —t; <. Hence {G*(u))} is equicon-
tinuous on [0,7] and since G* € C(R) is increasing and {u)} is bounded
in C[0,T], we see that {ul,} is equicontinuous on [0, 7. O

(11.50)

The following theorem gives an existence result for problem (11.1)), (11.3).

Theorem 11.9. Let assumptions (11.9)— (IL.11) hold. Then for each A >0
there exists >0 such that problem (11.1), (11.3) has a solution v C[0,T]
such that ¢(u') € AC[0,T] and w>0 on (0,7T).

Proof. Fix A > 0. By Lemma 11.7, for each n € N there exists a solution
uy, of problem (I1.14)—(11.16) with some u = p,. Lemmas TT.4-11.6] yield
that

0<u,(t) <A for tel0,T], (11.51)

w,, is decreasing on [0,7] and vanishes at a unique &, € (0,7,

A
—t for t€(0,¢&,],

un(t) > o (11.52)

(T —t) for tel&,T),

T_gn
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> gb_l(a Hn (én - t)) for te [07 én]a
ul () (11.53)

< —(b‘l(a M, (t - fn)) for te [gna T]a

and there exist positive constants P, u, and p* such that inequalities
(11.42) and (11.43) are satisfied for all n€N. In addition, by Lemma [T1.8,
{u,} is equicontinuous on [0,7]. Using the Arzela-Ascoli theorem and
the Bolzano-Weierstrass Theorem we can assume without loss of generality
that {u,} is convergent in C'[0,7] and {u,} and {&,} are convergent
in R. Let lim, .ou, = u, lim, i, = ¢ and lim, . &, = & Then
we C0,T| fulfils (11.3), ¥/(£) = 0 and letting n — oo in inequalities
(11.43) and (11.51)— (11.53), we get 0 < wu(t) < A for t € [0,T],

ét for t€]0,¢],
uy =4 ¢,
T——£<T_t) for tE[f,T],

> ¢ Hap. (E—1)) for te[0,€],

< —¢Nap. (t—©) for te[e,T)

u'(t)

and p, <p<p*. Hence £€(0,7) is the unique zero of u/, u>0on (0,7
and

Hm f, (¢, un (8),ul (1)) = f(t,u(t),u'(t)) forae. te|0,T].

By inequality (11.13),

0<a<—fultz,y) < [ha(lo] + 1) + ho(l2])] wi(e(ly]) + 1) + w2(e(]yl))]
for a.e. t€[0,T] and all z,ycR\ {0}. Put

p(t,z,y) = [h(z + 1) + ho(@)] [wi(e(y) + 1) + wa(d(y))]
for (t,z,y)€[0,T]x (0,00)2. Then f, satisfies inequality (I1.7) and, conse-

quently, Theorem [I1.2 guarantees that ¢(u') € AC[0,T] and u is a solution
of problem (I1.1), (11.3). d
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EXAMPLE. Let pe (17 OO)? Vi, T, M2 € (Oa OO): Y2, V3 € (07 ]-) and URRS (Oap)
By Theorem[11.9, for all A >0 there exist ;>0 and a solution u of the dif-
ferential equation

1 1 1
(|u']1”_2u')'—|—u<1—klﬂ1 +—+ + + |u’|’73> =0
w2 u3 |u’|"71 |u/ |772

satisfying the boundary conditions (11.3) and u >0 on (0,7).

Bibliographical notes

Theorem [11.2 is taken from Stanék [187], Theorem [11.9 was adapted from
Agarwal, O’Regan and Stanék [19]. Another singular problems for equa-
tion (I1.1) depending on a parameter were considered in Stanék [I87] and
Stanék and Pribyl [I88]. The paper [187] deals with the boundary conditions
u(0)=0, u(T)=0, p(u')=A (A>0) where p€ A. Here A is the set of func-
tionals ¢ : C[0,T]—=R which are (i) continuous, ¢(0)=0, ¢(x)=p(|z|)
for x € C[0,T], (ii) increasing and (iii) unbounded in the following sense:
lim, oo () =00 for each x€C[0,T], x # 0. We note that the boun-
dary conditions (11.4) are a special case of the conditions discussed in [187].
In [I88] the authors considered the boundary conditions u(0)+w(7T")=0,
w(0)=u'(T)=0 and max{u(t): 0<t<T} = A(A > 0). The method of im-
plementation of parameters to a singular Lidstone problem for higher order
differential equations with the extra condition max{u(t): 0 <t < T} = A
was studied in Agarwal, O’Regan and Stanék [17].






Appendix A

Uniform integrability,
equicontinuity

Here we present three criteria guaranteeing uniform integrability of sequences
in L1[0,7] which are applied in our proofs.

A sequence {¢,,} C L1]0,T] is called uniformly integrable on [0,T] if
for any >0 there exists § >0 such that if M C[0,7] and meas (M) <4,
then

/ lom(t)| dt <& for meN.
M

An immediate consequence of the definition is the following simple criterion.

Criterion A.1. Let ¢,,, a € L1[0,T] be such that
lom(t)] < a(t)  for a.e. t €[0,T] and all m € N.

Then {¢m} is uniformly integrable on [0,T].

In order to prove more sophisticated criteria the following auxiliary result
is useful.

Lemma A.2. Let {¢n} C L1[0,T]. Suppose that for every ¢ > 0 there
exists § > 0 such that for any at most countable set {(a;,b;)}icy of mutually
disjoint intervals (a;,b;) C [0,T], > ,.5(bi —a;) <4, we have

b;
Z/ lom(®)|dt <& for meN,
ie] Y%

Then {pm} is uniformly integrable on [0,T].

Proof. Fix >0 and let 6 >0 be from the assumption. Let MC[0,T] be
a measurable set, meas (M)<d/2. Then there exists an open set M;C|0, 7],

287



288 APPENDIX A

MN(0,T) C My such that meas (M;) < §. From the structure of open and
bounded subsets in R it follows that M is the union of at most countable
set {(o, 3j)}jey. of mutually disjoint intervals (e, ;) C [0,7]. Then

Bj
/ wamw=§j/ (D] dt <c, meN
M o

i€l
by our assumptions. Hence

[ tentlar< [ Jenlar <z men.
M M1

Consequently, {y,,} is uniformly integrable on [0, 7. O

Criterion A.3. Let {u,} C C[0,T] and ¢€N. Let there exist {,,+1 dis-
joint intervals (dy g, dmi+1), 0 <k <Ul,, Ly, </, such that

I

U [dm,lw dm,k—l—l] = [07 T]a
k=0

and for k€{0,...,¢,} and m €N one of the inequalities
[um ()] > b(t — dyi)™*  for t € [dmk, dmpt1]

or
|t ()] = O(dum g1 — £)"F for ¢ € [dm k, dim i1]

is satisfied where b > 0, 1 < 7, < r. In addition, assume that g 1is
a nonincreasing and positive function on (0,00) and

1
/ g(s") ds < oo.
0

Then the sequence {g(|um(t))} is uniformly integrable on [0,T].
Proof. Put ¢ = min{%, min{b!/"m* : 0 <k < {,,, m€N}}. Then
b(t = dmp)™" 2 [c(t —dmp)l"s  b(dmprr — 1) = [ (dmppr — 1))

for t € [dpk, dmrt1]. Therefore for k€ {0,...,¢,,} and m €N one of the in-
equalities

()] = [ (t — du )" for t€ [dmses dysr] (A.1)
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or
[t (t)] > ¢ (dmp1 — )] for ¢ € [dmg, dmpr1] (A.2)
is satisfied.
Let {(a;,b;)}iey be an at most countable set of mutually disjoint inter-
vals (a;,b;) C [0,T]. Put
Jmpe = {i€J: (@i, b)) C (dmps dnir1) }
for meN and ke{0,...,0,}. If i€J,, then

b bi 1 [elbi=dmi)
U, dt < c(t —dpp)|)dt = — " d
/ 9 (8)]) dt / o([elt — d)]") dt /( g(t") dt

¢ c aifd'm,k)

if (A.1) holds or

1 c(dm,k41—ai)

[ ottt < [ gleldnpn —opyar= [ gt dt

€ Je(dpm,kr1—bs)

if (A.2) holds. Hence
> / ([t (£)]) dt < = / g(t")dt, 0<k<{, meN, (A3)
i€k Man
where My, C[0,¢T] and meas (M i) <c >, 5(bi — ay).
Let igeJ\ Uiio Jmy for some meN. Then
Aty < iy < o1 < -+ < dpp, < biy < dpmy, 41,
where 1y, 1, €{0,...,0,}, l+1<Il, and
i, — o1 < big — @iy < dpmg, 41 — dimygy-

Notice that there exist at most ¢,, positive integers 7, having the above
property. Thus

big A lg+1 b1 m k41
/ 9 (1)) dt = / g(lum®) At + 3 / (1)) dt
Qig ) k=lgp+1

T / " lum(®)]) dt

dm,l*
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(here 2*:7(1)“ =0 if lp+1=1.). Since

( 1 C(dm,l0+17dm,lo)
! / o) dt
¢ C(aio_dm,lo)

i 1g+1 if |Um(t)| > [C (t - dm,lo)]r
[ atuntt e <
aig 1 [ldm,ig+1=aig)

- / g(t") dt
¢ Jo

\ if |um(t)| = [c(dmio+1 — B)]",

[y c(dm kt1—dm, k)
/ g(lum(t)|) dt < / gty dt, lLhy+1<k<l -1
0

; 1 c(biofdm’l*)
: g(t) dt
0

if | (t)] > [e(t = dpy)]"

dm,l* N 1 C(dm,l*+1_dm,l*)
- / g(t") dt

¢ C(dm,l*Jrl*bio)

and

\ if |um(t)| > [c(dmps1 — )],
it follows that

big I, — g+ 1 c(big—aig) .
/ g(lum(O) dt < 0 FL / o(t") dt
a; 0

° ‘ (A.4)

/ c(big—aiy) /
< —/ g(t") dt < E/ g(t") dt
0 *

C

where M, C [0,cT] and meas(M,) <c >, ;(b; —a;). Due to (A.3) and
(A.4) we have that

Z/ (lum (t) dt<—2/ t’“dt+—/ (t") d (A.5)

ieJ
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Since ¢(t") € L1]0,1], for every & > 0 there exists ¢ > 0 such that

ce

/M g(t")dt < 0+D (A.6)

whenever M C [0,1] is measurable and meas (M) < §. Hence for every
e > 0 there exists 0 > 0 such that for any at most countable set {(a;,b;)}icy
of mutually disjoint intervals (a;, b;) C [0,T], >, (b — a;) < ¢, we have
(see (A.D) and (A.0))

¢ 02
Z/ (Jum(t) dt<(c+€>ﬁ=€, m € N.

ieJ

So, {g(Jum(t)])} is uniformly integrable on [0,7] by Lemma A.2, where we
put 7 (t) = g(lum(t)]) ). =

In particular, for ¢,, =1 and 7, =7r we get

Criterion A.4. Let {u,} C C[0,T] and let there exist {&,} C (0,T) and
b>0,r>1 such that

|um (D) = 0|t = &n|" for t € ]0,T].

Suppose that g: (0,00) — (0,00) is nonincreasing and

1
/ g(s") ds < 0.
0

Then the sequence {g(|un(t)])} is uniformly integrable on [0,T].

Equicontinuity

Consider a sequence of functions vy, € Cla,b], k € N, [a,b] C R. We say
that {vx} is equicontinuous on [a,b] if for each € > 0 there exists 6 > 0
such that for each t1,¢y € [a,b] and each k € N

[t —tal <6 = |u(tr) —u(tr)] <e.

Similarly, we say that the sequence {vy} is equicontinous at a point tq € [a, b]
if for each € >0 there exists d >0 such that for each t € (to—4,to+0d)N|a, b
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and each k € N the inequality |vg(t) — vi(to)] < e holds. If to=0(tx=1T)
we talk about equicontinuity at 0 from the right (at 7" from the left).

It is well known that if {vz} C C'[a,b] and there exists ¢ > 0 such that
lvp(t)] < ¢ on [a,b] for k€N, then {vy} is equicontinuous on [a,b|.

Here we provide conditions which imply the equicontinuity of {vx} at the
singular point ¢y € [0, 7] and which are not generally available in literature.

Lemma A.5. Let to€(0,7). Assume that there exist n > 0 such that
[to — n,to +m] C [0,T] and nonnegative functions o€ Clty — n,to + nl,
BeClty —mn,to) such that a(ty) =0, B(to—) = 0. Further assume that for
each ke N, k> 71]

loe(8)] < B(t) for te[to—mn,to — ], (A.T)
ok (t) — u(to)] < a(t)  for telto—+.to+ ], (A.8)

{’Uk(tﬂ < Bto — ) +alto — 3) +alto + 3) +a(t)

(A.9)
for teto+ 3.to+ 1)

Then limy_. vg(to) = 0 and the sequence {v} is equicontinuous at to.

Proof. Choose an arbitrary ¢ > 0. Then there exists § € (0,7) such that
e (ty — 6,0 +0) = |a(t)] < % te (o — 8,t)) = |6(t)] < %

Choose an arbitrary k € N,k > £. Let t€ [ty — 1,%0 + 7). Then by (A.8),

k() — vi(to)] < alt) < % <e.
Let t€ (tg—6,to — +). Then by (A.7) and (A.8),
ok (t) — vi(to)| < [or(B)] + [vk(to) — vi(to — ) + lvslto — 1)
< B(t) + alty— 1)+ Blto— 1) < = < <.
Let t€ (to+ ¢,to + ). Then by (A.8) and (A.9),

|0k () — i (to)| < Jor(t)] + |valto) — vilto — )] + ok (to — 1)
< Blto — 1) +alto — §) +alto + )
+at)+ato— 1)+ Bt — ) <e.
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Hence, we have proved that {vy} is equicontinuous at t¢y. Further,

[0 (to)| < [vi(to) = vilto = )| + lowlto — DI < alto — ) + Blto — })-

Therefore limy_, vi(to) = 0. O

Similarly we can prove

Lemma A.6. Let to€(0,7). Assume that there exist n > 0 such that
[to — n,to + ] C [0,T] and nonnegative functions o€ Clty — n,to + 7],
B e Clto,to +n] such that a(ty) = 0, B(to+) = 0. Further assume that for
each ke N, k> %

luk ()| < B(2) for telto+ 1 to+1),

|k (t) — v (to)| < a(t) for teto—1.to+ ],

ok(®)] < Blto + 3) + alto + ) + alto — ) + alt)
for tety—n,to— %]

Then limy_o vp(to) =0 and the sequence {vp} is equicontinuous at to.

In particular, for to=T and t, =0 arguing as before we get the following
two lemmas.

Lemma A.7. Assume that there exist n€ (0,T) and nonnegative functions
acC[T —n,T], 6eC[T —n,T) such that o(T) =0, 3(T'—) = 0. Further
assume that for k € N, k > %

lve(8)] < B(t) forte [T —n,to — ],

o (t) — vi(T)| < a(t)  forte [T — 4, T).
Then limy_o ve(T) = 0 and the sequence {vy} is equicontinuous at T

from the left.

Lemma A.8. Assume that there exist n€ (0,T) and nonnegative functions
aeCl0,n], Be€C(0,n] such that a(0) =0, [(0+) = 0. Further assume
that for k € N, k>%

o (8)] < B(2) forte[g,m],
lo(t) — ve(T)| < a(t) fortelo, %]
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Then limy_,o vx(0) = 0 and the sequence {vy} is equicontinuous at 0 from
the right.

Now we provide criteria of equicontinuity of {vg} at the point toe (0,7).

Criterion A.9. Let to€(0,7), Bo, n€(0,00) be such that [to—n,to+n] C
[0,T]. Assume that there exist nonnegative functions h*, g* € L1[0,T] and
a nonnegative function h € Lio.([0, T|\{to}) such that for each k € N, k > %
there is a function v, € AC[0,T] fulfilling conditions

vk (to — n)| < Do, (A.10)
v (t) sign vk (t) < —h(t) |ve(t)| + g*(t
L(0) sign v (t) < (1) ()] + 9°(1) )
for a.e. teto—n,to+n]\ (to — 1.t0 + 1),
v, (6)] < B*(t)  for a.e. tE€[to — 7,t0 + 1), (A.12)
where
to
/ h(s)ds =400  for each sufficiently small e > 0. (A.13)
to—e

Then limy_ vg(to) =0 and the sequence {v} is equicontinuous at to.

Proof. We will construct functions o and [ of Lemma A.5. Consider the
auxiliary problem

F(t) = =h(t)3(t) + g*(t), B(to —n) = o (A.14)

Problem (A.14) has a unique solution and this solution has the form

B(t) = exp (— /t:_nh“) ds) (Bo + / g'(r) exp ( / h(s) ds) dr)

for te [ty —n,tp). Then SeClty —n,ty) and, by (A.13), we get

i 500 = fyesn (= [ nts)as)
to—mn

+ /t:; *(7) exp (_ / " h(s) ds> dr =0,
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because
to

/ h(s)ds = oo for each 7€ [ty —n,to).
Let us prove that (A.7) is satisfied. On the contrary, assume that there exist
t1 € [to—n,to— 1) and ts € (t1,t0 — 1] such that

lup(t1)| = B(t1), |ve(t)] > B(t) for all t € (t1,1].
Then, by (A.11) and (A.14), we get

to
0 < up(t2)] = B(t2) = / (v, (t) signvy(t) — F'(t)) dt

t1

S—/QMQWMW—Bwﬂﬂé&

t1
a contradiction. So, (A.7) is proved.
Further, due to (A.12)), we have

/t: h*(s) ds

and integrating (A.11) we obtain

[vk(t) — v (to)| < for telto— 1,0 + ¢ (A.15)

¢
o (8)] < uk(to + 1) +/ L9 (s)ds for te [to + £, to + 7. (A.16)

tot+7
Let us put
t t
at) = max{ / h*(s) ds / g*(s)ds
to to

Then a€Clty — n,to +n] and «a(ty) = 0. Moreover, (A.15) and (A.106)
imply

o (t) — vi(to)] < a(t) for t€[to— ¢, to+ 4]

Y

} for telto—n,to+n).

and
or(t)] < [ow(to + )| + a(t)
< Juulto + 1) = vnlto)| + (o) — vilto — D) + oelto — D)+ a0
<alty+ 1) +alto— 1)+ Bl — 5) +a) for t€[to+ 1, to+ ).
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Thus (A.8) and (A.9) are satisfied and, by Lemma [A.5, the proof is com-
pleted. O

Using Lemma [A.0 instead of Lemma [A.5 we get a modified form of Cri-
terion |A.9.

Criterion A.10. Let t,€(0,7), [o€(0,00) and n > 0 be such that
[to —n,to +1n] C [0,T]. Assume that there exist nonnegative functions h*,
g € L]0, T] and a nonnegative function h € Li,.([0, T\ {to}) such that for
each ke N, k> % there is a function v, € AC[0,T] fulfilling conditions

vk (to + )| < Bo,
vi(t) sign vg(t) = h(t)|or(t)] — g7 (1)
{ for a.e. t€[to —n,to+ 1]\ (to — %,to—i- %),
v, (6)] < B*(t)  for a.e. tE€ [ty — 7,t0 + 1),
where

to+e
/ h(s)ds = 400 for each sufficiently small € > 0.

to

Then limy_.o vg(to) =0 and the sequence {vi} is equicontinuous at to.

In particular, Lemmas [A.7 and A.8| yield criteria which are used in our
proofs and which guarantee the equicontinuity of {vy} at T from the left
and at 0 from the right, respectively.

Criterion A.11. Let [y € (0,00) and n € (0,T). Assume that there
exist nonnegative functions h*, g*€ L1[0,T] and a nonnegative function
h € Lioe[0,T) such that for each k € N, k > %, there exists a function
v € AC[0,T] fulfilling conditions

ok (T" = )| < B, (A.17)
{vzé(t) sign vg(t) < —h(t)|or(t)] + g"(t)

forae te[l'—nT — 4]

(A.18)

1
v, (6)] < B*(t)  for a.e. te[T — +,T1, (A.19)
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where

T
/ h(s)ds = 400 for each sufficiently small € > 0. (A.20)

T—e¢

Then limy_o vi(T) = 0 and the sequence {vi} 1is equicontinuous at T
from the left.

Criterion A.12. Let (y€(0,00) and ne(0,T). Assume that there exist non-
negative functions h*,g*€ L1[0,T] and a nonnegative function h € Liy.(0,T]
such that for each k€N, k> % there exists a function v, € AC[0,T] fulfill-
ing conditions

lve(n)] < Bo, (A.21)

vy, (t) signvg(t) > h(t)|vg(t)] — g*(t) for a.e. te [t ), (A.22)

()] < B*(t)  for a.e. t€[0, 1], (A.23)
where

/0 “h(s)ds = +oo for each sufficiently small = > 0. (A.24)

Then limy_,o v,(0) = 0 and the sequence {v;} is equicontinuous at 0 from
the right.






Appendix B

Convergence theorems

The main tool for proving solvability of singular problems is a regulariza-
tion and a sequential technique. In this way, solutions of singular problems
are obtained by limit processes. Classical arguments here are convergence
theorems in spaces of integrable functions and differentiable functions.

Integrable functions

The following three theorems for integrable functions can be found e.g. in
Bartle [30], Hewitt and Stromberg [105], Lang [119], Natanson [143], Shilov
and Gurevich [178].

Theorem B.1 (Lebesgue dominated convergence theorem).
Let @, a€ L1]0,T] be such that

lom(t)] < a(t)  for a.e. t €[0,T] and all m € N,
lim ¢,,(t) = @(t) for a.e. t €[0,T].

Then ¢ € L1]0,T] and

T T
im [ o (t)dt / () dt.
0

m—00 0

If the sequence is bounded by a Lebesgue integrable function only from
one side, we often use the theorem which is known in literature as the Fatou
lemma.

Theorem B.2 (Fatou lemma).
Let c€(0,00) and pm,a € L1[0,T] be such that

a(t) < n(t)  forae t€0,T] and all m € N,

T
/g&m(t)dtgc for all m e N
0

and

299
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lim o, (t) = (t) fora.e. t €[0,T].

m—0o0

Then ¢ € L1[0,T].

If we do not know the localization in [0,7] of singular points corre-
sponding to solutions of singular problems, i.e. problems have singular points
of type II, then it often happens that we cannot find a Lebesgue integrable
majorant function. In such cases, the Vitali convergence theorem is used
in limit processes since the existence of a Lebesgue integrable majorant func-
tion is replaced in this theorem by a more general assumption about the
uniform integrability.

Theorem B.3 (Vitali convergence theorem).
Let @, C L1]0,T] for m € N and let

li_r)r;o om(t) = p(t)  for ae. t€]0,T].

m

Then the following statements are equivalent:

(i) @€ L1]0,T] and lim,, .o ||om — ¢|l1 =0,

(i) the sequence {pm} is uniformly integrable on [0,T).

Differentiable functions

First, we will consider the space C([a,b]; R™), m € N, which is the space
of continuous m -vector valued functions on the interval [a,b]. It is well
known that all norms on R™ are equivalent (see e.g. Lang [119]), that is, if
|||« and || - ||« are two norms on R™ then there exist positive constants
C1,Cy such that for all z € R™, = = (x1,...,2,), we have

Cy fzfs < Jalen < Colls.
Hence without loss of generality we will use in R™ the norm

|z| = max{|z;| : 1 < j < m}.

We say that a subset H of C([a,b];R™) is relatively compact if from
each sequence {f,} C H we can select a subsequence {fy } converging
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in C([a,b];R™}, that is, we can select a subsequence which is uniformly
convergent on [a, b|.

In order to give conditions guaranteeing that a subset H of C(|a,b]; R™)
is relatively compact, we introduce the notions of a uniformly bounded
on [a,b] and equicontinuous on [a,b] subset of C([a,b]; R™).

A subset H of C([a,b];R™) is said to be uniformly bounded on [a,b] if

there exists a positive constant L such that
lf)| <L forall feH and t€]a,b].

It is equicontinuous on [a,b] if for each € > 0 there exists 0 > 0 such that
for any fe H we have

|f(t1) — f(t2)| < e

whenever t,ts € [a,b] and |t; — o] < 4.

Sufficient and necessary conditions for a subset H of C(|a,b];R™) to
be relatively compact are given in the following vector version of the Arzela-
Ascoli theorem (see e.g. Hartman [103] or Piccinini, Stampacchia and Vi-
dossich [152]).

Theorem B.4. A subset H of C([a,b];R™) is relatively compact if and
only if H is uniformly bounded on [a,b] and equicontinuous on |a,b.

We use the following scalar version of the Arzela-Ascoli theorem which
describes compact subsets in C™[a, b].

Theorem B.5 (Arzela-Ascoli theorem).

Let m €N be fized. Assume that {u,} C C™[a,b], the sequence {ul™} is
equicontinuous on |a,b] and there exists a positive constant S such that

| || < S forall ne€N and 0<j<m. (B.1)
Then there exist a subsequence {ug,} of {u,} and we C™[a,b] such that

lim ||ug, — ullem =0, (B.2)

that is lim,, o ul(;l) (t) = uY)(t) uniformly on [a,b] for 0<j<m.
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Proof. Put f,(t) = (un(t),u;(t),...,u%m)(t)) for te€la,b] and n € N.
Then {f.} C C([a,b];R™"!) and since |f,(t)] < S for te€(a,b] by (B.1),
the sequence {f,} is uniformly bounded on [a,b]. As {u,(lm)} is equicon-
tinuous on [a,b] by assumption, for each ¢ > 0 there exists J. > 0 such
that for n € N we have |u£Lm)(t1) - u%m)(t2)| < ¢ whenever ty,ts € [a, ]
and [t —ts| < 6.. Due to (B.2), |u%(t1) — ul (t2)| < S|t, —to| for n €N,
t1,t2€a,b] and 0 <j <m—1. Choose € >0 andlet 0 < 4§ < min{d,, 5}
Then

|fn(t1) — fn<t2)| <e forall neN and t1,10 € [CL, b], |t1 — t2| < (5,

which shows that the sequence {f,} is equicontinuous on [a,b]. Hence
{fn} is relatively compact by Theorem [B.4 and therefore there exist a sub-

sequence {fx,} of {fn} and fe€C(la,b];R™™), f=(fo, 1, fm), such
that {f,} convergesin C([a,b];R™) to f, which is equivalent to

nh_}rglo u,(i) (t) = f;(t) uniformly on [a,b] for 0 <j <m.
We now show that

fi(t) = éj)(t) for t€fa,b] and 1 <j<m. (B.3)
Letting n — oo in

i—1
up, V()

U, (t) = up,, (0) +uy, (0t +--- + (j—1)!

1 /t L)
+— t—s) "t (s) ds
(] . 1), 0 ( ) kn( )
yields
-~ (0) .
Jo(t) = fo(0) + f1(0)t + - + {]-fl(l;,tj_l
1 S (B.4)
—1—,—/ t—s) " fi(s)ds
(.7 o 1)| 0 ( ) J( )
for t€a,b] and 1 < j < m. The validity of (B.3) follows from (B.4).
Putting u = fy we see that (B.2) holds. O

The next theorem about locally uniform convergence on an open and
bounded interval is proved by means of Cauchy diagonalization principle
and, hence, we call it the diagonalization theorem.
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Theorem B.6 (Diagonalization theorem).

Let a<uv,<T,<b, where {v,} is decreasing and converges to a, {1,} is
increasing and converges to b. Let {u,} C C'[v,,7,) be a sequence such

that for each o€ (0, “T“’) there exist S, >0 and n, € N such that

‘U’g)(t” < SQ fOT tG[G—FQ,b—Q], nzn@? ]:071
and {uy, }p>n, 15 equicontinuous on |a + 0,b — ol.

Then there exist a subsequence {ug,} of {u,} and uweC'a,b) such
that

lim u,(il) (t) =u9(t) locally uniformly on (a,b), j =0, 1. (B.5)

Proof. Let {o,} C (0, “T*b) be decreasing and lim,,_.., 0, =0. Then there
exists n; € N such that |u,({)(t)| <8, for tela+po1,b—01], n>nqg, j=0,1
and, in addition, {u,},>n, is equicontinuous on [a + p1,b — p1]. Hence,
by Theorem B.5, there is a subsequence {ug,,} of {un}n>n, for which
{u,(jl)n (t)} is uniformly convergent on [a + 01,0 — 01] for j = 0,1. Next,
there exists a subsequence {uy,,} of {ug,,} such that {u,(é)n} is uni-
formly convergent on [a 4 02,0 — go] for j = 0,1. We can proceed induc-
tively to obtain a subsequence {uy,, } of {ug,_,,} such that {u,(j)n} is
uniformly convergent on [a + ¢;,b — ¢;] for j = 0,1. Put k, = k;nn for
n € N and consider the diagonal sequence {ug,}. Choose [a, ] C (a,b).

Then [a, (] C [a + om,b — 0] for some m € N. Since {ug, }n>m 1S
chosen from {uy, .} and we know that {u,(;,)m} is uniformly convergent
on [a+ 0m,b— 0n) for j=0,1 we see that {ugfn) }nsm 18 uniformly conver-

gent on [a, f] for j=0,1. We have proved that {u,(jn) } is locally uniformly
convergent on (a,b). Let lim, .o ug,(t) = u(t) and lim, .. u (1) = v(1)
for t€(a,b). Then u,ve C(a,b) and letting n — oo in

t
up, (t) = wi, (42) + / uy, (s)ds, t€ Wk, Tk, n €N,
(a+b)/2

yields
t
u(t) =u () + / v(s)ds, te(a,b).
(a+b)/2
Hence u € C'(a,b) and v=u'on (a,b), which shows that (B.5) holds. [






Appendix C

Some general existence
theorems

We present here the Schauder fixed point theorem (see Deimling [64], Granas
and Dugundji [99]), the Leray-Schauder degree theorem and the Borsuk an-
tipodal theorem (see Deimling [64], Mawhin [I34]), and the Fredholm type
existence theorem (see Lasota [121], Vasiliev and Klokov [194]). These theo-
rems we use in the proofs of solvability of auxiliary regular problems. Since
the formulation of Theorem (C.5 differs from those in the references cited
above we provide its proof.

Let X and Y be Banach spaces. We say that a set M C X is relatively
compact if from each sequence {z,,} C M a convergent subsequence can be
chosen.

Let U be a subset of X. Wesay that F : U — Y is a compact operator
if F is continuous and the set F(U) is relatively compact.

We say that F : U — Y is completely continuous if for each bounded set
YV C U, the restriction of F on V is a compact operator.

Theorem C.1 (Schauder fixed point theorem).

Let X be a Banach space, 2 C X a nonempty, closed and convex set and
F :Q — Q a compact operator. Then F has a fized point.

Theorem C.2 (Leray-Schauder degree theorem).

Let X be a Banach space, U C X. Let QQ C U be an open and bounded
set. Let F:U — X be a completely continuous operator and F(x) # x for
x € 0. Let T be the identity operator on X.

Then there exists an integer deg(Z — F, ) which has the following prop-
erties:

(i) (Normalization property)
If 0€Q, then deg(Z,Q) = 1.

305
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(ii) (Existence property)
If deg(Z — F,Q) #0, then F has a fized point xy € €.

(iii) (Homotopy property)
If H:[0,1] xQ — X is a compact operator and H(\ x) # x for
Ae€[0,1] and z €09, then

deg(Z — H(0,-),Q) = deg(Z — H(1,-),Q).

(iv) (Additivity property) B
If 0 C Q is an open set and Qy = Q\ Qy and if F(x) # x for
x €0 Uy, then

deg(Z — F,Q) = deg(Z — F, ) + deg(Z — F, Q).

(v) (Excision property)
If Qy CQ isan open set and F(x) #x for x€Q\ Qy, then

deg(Z — F,Q) = deg(Z — F, ().

Theorem C.3 (Borsuk antipodal theorem).

Let X be a Banach space, let Q0 C X be an open, bounded and symmetric
set with respect to 0 € Q. Let F be odd in 02 (that is F(—z) = —F(x)
for x € 0Q). Then deg(Z —F,Q) is an odd (and so nonzero) number.

The integer deg(Z — F, Q) is the Leray-Schauder degree of the operator
F  (with respect to the set Q and the point 0). If dim X < oo, then
the corresponding degree is usually called the Brouwer degree (with respect

to Q and 0) and denoted by dgp(Z — F,Q).

REMARK C.4. Let X be a linear normed space with dim X = k < oo
and let 7 be an isometrical isomorphism from X onto R*. Let Q be
a bounded open set in X and F :{) — X a continuous mapping. Suppose

F(x) #0 on 90Q. Then
dB(F’ Q) = dB(ho Fo h_17h(Q))7

where ho Foh™! stands for the composition of mappings h, F and h~!.
See e.g. Fucik, Necas, J. Soucek and V. Soucek [92] or Deimling [64].
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In order to formulate the Fredholm type existence theorem we consider
the differential equation

n—1
ul™ + Z a;(t)u? = g(t,u,... um™D) (C.1)
i=0
and the corresponding linear homogeneous differential equation
n—1
u™ + Z a;(t) u® =0 (C.2)
i=0
where a; € L1[0,7], 0 < i < n—1, g€ Car([0,7] x R"). Further, we deal
with boundary conditions
Lj(u)=r;, 1<j<n, (C.3)
and with the corresponding homogeneous boundary conditions
Li(u)=0, 1<j<n, (C.4)

where L;: C"'0,T] — R are linear and continuous functionals and r; €R,
I<j<n.

Theorem C.5 (Fredholm type existence theorem).

Let the linear homogeneous problem (C.2)), (C.4) have only the trivial solu-
tion and let there exist a function € L1[0,T] such that

l9(t, 2o, ... )| S U(F)
fora.e. t€[0,T) and all (zo,...,x,—1) € R™.

(C.5)

Then problem (C.1), (C.3) has a solution ue€ AC™ 0, T].

Proof. Let wuy,...,u, be the fundamental system of solutions of (C.2). We
shall denote by A;(t) the cofactor of the element u"™Y in the Wronskian

7

W(t) of uy,...,u,. Define T':C" !0, T] — C"7'[0,T] by the formula

() (t) :Zui(t) /0 VAVES g(s,2(s),..., 2™ D(s)) ds.
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Then

b A(s)

() g(s,z(s),..., " V(s)) ds

(Fz) (1) =

for t €[0,7],x€C™10,7] and 0 < j <n—1. Hence (see (C.5))

29|l <Z|| ||oo/ ‘fvg:w)dt, 0<i<n—1,

and therefore

n
ot <3 [l
=1

for z€C"'0,T]. Because of (C.5), T' is a continuous operator. From
the inequalities (for 0 <t; <t; <T and z€C"1[0,T7])

ITz|

T A _
Cnl/o |W(t)|¢(t)dt_.v (C.6)

(D) "D (t2) — (D) " (t4)]

= ‘ Zugn_l)(b) /0 2 ﬁ;ggg(s, z(s),..., 2"V (s)) ds

- Z uz(-n_l)(tl) /o 1 ﬁ;ézgg(s, z(s),..., 2" V(s)) ds
T A (s
< Z/ |ds/O —;W§S§;¢(s) ds
15 D [l Ny I = TIOEE

and from u; € AC™10,T], ﬁ}((g@b(t) € L41]0,7T], we see that the set
{(Tz)"=Y: 2€C" 10, T]} is equicontinous on [0,7]. This fact and (C.06)
show that the set T'(C™'[0,T]) is compact in C" [0, T] by the Arzela-
Ascoli theorem. Hence I' is a compact operator.
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Since, by assumption, problem (C.2), (C.4) has only the trivial solution,
the n X n matrix (Ej(uk));’k:l is regular, that is, det (£;(uy)) # 0. Con-
sequently, for each x € C"'[0,T] the linear system

n

> @) Li(w) =r;— L;(Tz), 1<j<n,

i=1

with the unknown vector (ci(z),...,c,(x)) € R™ has the unique solution
( El(ln) . Tl—ﬁl(Faz) R £1(Un)
)= | i) LATE) L)
)= Gt ) Z'ul el Ty : ) ... Z‘un , )
Lo(uy) .. rp—=L,(Tz) ... Ly(uy)
1=1,2,...,n

The continuity of £; and T' implies that the functional ¢;: C"7'[0, 7] — R
is continuous and the inequality (see (C.0))
lei(2)] < _nATB
T [ det (£(w)))
where
A =max{|L;(ug)|: 1<j,k<n}

for x€C"'0,7T], 1 <i<n,

and
B = max{|ry|: 0<j <n} +sup{|£;(2)]: zlcnr SV, 1 < j <},

implies that the set ¢;(C™1[0,77]) is compact on R for 1<j<n. Hence

¢; (0<j<n) is a compact functional.

Finally, define the operator K : C"7'[0,T] — C"[0,T] by the formula

n

(Kz)(t) = Y ci(x) ui(t) + (D) (D).

=1

Suppose that wu is a fixed point of the operator K. Then
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and

u(t) = Z ci(u) ug(t)

+ ;uz'(t)/o ﬁ;g; g(s,u(s), ..., u™V(s))ds, tel0,T).

Hence u satisfies the boundary conditions (C.3), uwe AC™ 1[0, T],

Z—ncuu(") —nu(") i) s, u(s v Y (s)) ds
> a3 <t>/0 i S(su(s). (s d

for t €]0,7] and

u(t) =3 eilw)u (1)
#3a0) [ G ats ) ) ds €9
[ ol u )

for a.e. t € [0,7]. From (C.8) and (C.9) it follows that

u™(t) = — niaj(t) uD () + g(t,u(t), ..., u™ V() forae. te|0,T]

and therefore u is a solution of (C.1). We have verified that any fixed point
of K is a solution of problem (C.1), (C.3). In order to prove our theorem it
suffices to show that K has a fixed point. Since I' is a compact operator
and ¢; (1 <i <mn)isacompact functional, the operator K is compact
as well. Therefore there exists a fixed point of K by the Schauder fixed
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point theorem since there exists a closed ball Q in C" '0,7T] centered at 0

such that K(Q) C Q. O

Sometimes, we can apply Theorem [C.5 in the following form.

Corollary C.6. Let problem (C.2), (C.4) have only the trivial solution. Let
there exist a positive constant S such that ||ul|cn-1 < S for all solutions u
of the problem

( n—1
ul™ + Z a; () u®
=0

= <Z_: \u“)l) (9t u, ..., u™ ) — () + o(t),

Ej(“):rj7 ].S]STZ,

(C.10)

where @ € L1[0,T] and

for 0 <a <S5,
for S <x <285,
for x> 28.

Wl &

1
() =492-
0

Then problem (C.1), (C.3) has a solution u€ AC™'[0,T] and |u|cn-1<S.
Proof. Since g€ Car([0,T] x R™) there exists 1 € L]0, T] such that

() lgtts70, - 202) = 0]+ o) < w0

for a.e.t € [0,7] and all (zg,...,2,_1) € R™. Hence, by Theorem |C.5,
there exists a solution ue AC" 10, T] of problem (C.10). Because of our
assumption |ufenr < S we have (327 [u®@(@®)]) = y(|lullen1) = 1,
which shows that

Y (Z_: [ut? (t)|> (9t u(t), ... ul" V(1) = p(t)) +o(t)

= g(t,u(t),...,u" V(1))
for ¢t € [0, 7). Therefore u is a solution of problem (C.1), (C.3). O






Appendix D

Spectrum of the quasilinear
Dirichlet problem

Here we recall some basic useful facts from half-linear analysis.

First, let us consider the initial value problem

(6p()) + A p(u) =0, (D.1)
ulte) =0, u'(ty) = d, (D.2)

where pe (1,00), to€R, Aé R and d€R. As in del Pino, Elgueta and
Manésevich [66] (see also e.g. Binding, Drabek and Huang [42], del Pino,
Drabek and Mandsevich [65], Dogly [75], Dosly and Rehak [76], Mandsevich
and Mawhin [133] and Zhang [203], [205]), let us put

1
T, =2(p— 1)1/p / (1-— sp)’l/p ds.
0

Clearly, mo = 7. Furthermore, it is known that

= 2(p— 1) %(E) _2@;1)’_’36’1_%)'

(See [70), Sec. 1.1.2], but take into account that our definition differs from
that used in [76], where 7, = 2 fol(l — sP)71/Pds.) It is known (see [706,
Theorem 1.1.1]) that for each to € R, A€R and d€R problem (D.1), (D.2)
has a unique solution w on R which can be, by [60] sec. 3]), expressed as

u(t) = dXVP sin, (AP (t —ty)) for tER,

where the function sin, : R — [—(p — 1)Y?, (p — 1)'/P] is defined as follows.
Let w:[0,m,/2] — [0, (p — 1)1/7’] be the inverse function to

c0.(0- 0"~ [ =S elmn

313



314

Further, put w(t) = w(m, —t) for t€n,/2,m,] and w(t) = —w(—t) for

t € [-mp, 0]. Finally, define sin, : R — R as the 2m,— periodic extension of

w to the whole R. In particular, if d =0, then v =0 on R. Obviously,

we have
sin,(t) =0 if and only if ¢t =nm,, ne NU{0},

sing(t) = (p — 1)Y? if and only if ¢t = (2n +1) %, neNU {0},

and
sin,(t) > 0 for te(2nm, (2n+1)m,), ne NU{0}.

As a corollary, we immediately obtain that for given a,b€R,a < b, the
corresponding quasilinear Dirichlet problem

(6p(u) + A¢p(uw) =0, ula) =u(b) =0 (D.3)

possesses a nontrivial solution, i.e. A is an eigenvalue for (D.3)) if and only
if

Ae{(b”fiL)p:neNu{O}}. (D.4)

In particular, (22)” is the first eigenvalue for (D.3) with b—a =T, where-

from the following assertion follows.

Lemma D.1. Let pe(l,00), a,b€R, a<b, and let X = (). Then
problem (D.3)) has a nontrivial solution if and only if b—a>T.

The following lemma gives the variational definition of the first eigen-
value for (D.3)). Tt follows from the embedding inequalities (cf.e.g.[78, The-
orem 5.1], [203, Lemma] or [189]).

Lemma D.2 (Sharp Poincaré inequality). Let p€ (1,00). Then

T
lully < — [lu'll,
p

holds for all we ACI0,T) such that v € L,[0,T] and u(0) =u(T) = 0.



References

[1]

2]

3]

[9]

[10]

[11]

[12]

R.P. Agarwal, Boundary Value Problems for Higher Order Differential
Equations, World Scientific, Singapore, 1986.

R.P. Agarwal, Focal Boundary Value Problems for Differential and Differ-
ence Equations, Kluwer, Dordrecht, 1998.

R.P. Agarwal, H. Lii and D. O’Regan, An upper and lower solution method
for the one-dimensional singular p — Laplacian, Memoirs on Differential
Equations and Math. Phys. 28 (2003), 13-31.

R.P. Agarwal and D. O’Regan, Singular boundary value problems for super-
linear second order ordinary and delay differential equations, J. Differential
Equations 130 (1996), 333-355.

R.P. Agarwal and D. O’Regan, Nonlinear superlinear singular and nonsin-
gular second order boundary value problems, J. Differential Equations 143

(1998), 60-95.

R.P. Agarwal and D. O’Regan, Positive solutions for (p,n—p) conjugate
boundary value problems, J. Differential Equations 150 (1998), 462—473.

R.P. Agarwal and D. O’Regan, Twin solutions to singular Dirichlet prob-
lems, J. Math. Anal. Appl. 240 (1999), 433-445.

R.P. Agarwal and D. O’Regan, Right focal singular boundary value prob-
lems, Z. Angew. Mat. Mech. 79 (1999), 363-373.

R.P. Agarwal and D. O’Regan, Twin solutions to singular boundary value
problems, Proc. Amer. Math. Soc. 128 (2000), 2085-2094.

R.P. Agarwal and D. O’Regan, Multiplicity results for singular conjugate,
focal, and (n,p) problems, J. Differential Equations 170 (2001), 142-156.

R.P. Agarwal and D. O’Regan, Singular Differential and Integral Equations
with Applications, Kluwer, Dordrecht 2003.

R.P. Agarwal and D. O’Regan, A Survey of Recent Results for Initial and
Boundary Value Problems Singular in the Dependent Variable, In: Hand-
book of Differential Equations, Ordinary Differential Equations, Vol. 1,
A. Canada, P. Drdabek, A. Fonda, eds., Elsevier, North Holland, Amster-
dam (2004), pp. 1-68.

315



316

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

REFERENCES

R.P. Agarwal and D. O’Regan, An infinite interval problem arising in circu-
larly symmetric deformations of shalow membrane caps, Int. Journal Non-
lin. Mech. 39 (2004), 779-784.

R.P. Agarwal and D. O’Regan, Singular problems arising in circular mem-
brane theory, Dyn. Contin. Discrete Impuls. Syst., Ser. A Math. Anal. 10,
No.6, (2003), 965-972.

R.P. Agarwal, D. O’Regan and V. Lakshmikantham, Singular (p,n — p)
focal and (n,p) higher order boundary value problems, Nonlinear Anal.,
Theory Methods Appl. 42 (2000), 215-228.

R.P. Agarwal, D. O’Regan, I. Rachtinkové and S. Stanék, Two-point higher
order BV Ps with singularities in phase variables, Comput. Math. Appl. 46
(2003), 1799-1826.

R.P. Agarwal, D. O’Regan and S. Stanék, Singular Lidstone boundary value
problem with given maximal values for solutions, Nonlinear Anal. Theory
Methods Appl. 55 (2003), 859-881.

R.P. Agarwal, D. O’Regan and S. Stanék, Ezistence of positive solutions for
boundary-value problems with singularities in phase variables, Proc. Edinb.
Math. Soc. 47 (2004), 1-13.

R.P. Agarwal, D. O’Regan and S. Stanék, Solvability of singular Dirichlet
boundary-value problems with given mazimal values for positive solutions,
Proc. Edinb. Math. Soc. 48 (2005), 1-19.

R. A. Agarwal, D. O’Regan and S. Stanék, General existence principles
for nonlocal boundary value problems with ¢ — Laplacian and their appli-
cations, Abstr. Anal. Appl. 2006 (2006), article ID 968226, 30 pp.

R.P. Agarwal, D. O’Regan and P.J.Y. Wong, Positive Solutions of Differ-
ential, Difference and Integral Equations, Kluwer, Dordrecht, 1999.

R.P. Agarwal and S. Stanék, Nonnegative solutions of singular boundary
value problems with sign changing nonlinearities, Comp. Math. Appl. 46
(2003), 1827-1837.

R.P. Agarwal and R.A. Usmani, [terative methods for solving right focal
point boundary value problems, J. Comput. Appl. Math. 14(1986), 371-
390.



REFERENCES 317

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

32]

33]

[34]

[35]

[36]

R.P. Agarwal and R.A. Usmani, On the right focal point boundary value
problems for integro-differential equations, J. Math. Anal. Appl. 126
(1987), 51-69.

R.P. Agarwal and P.J.Y. Wong, Lidstone polynomials and boundary value
problems, Computers Math. Applic. 17(1989), 1397-1421.

R.P. Agarwal and P.J.Y. Wong, Existence of solutions for singular bound-
ary value problems for higher order differential equations, Rend. del Semi-
nario Math. e Fisico di Milano 65 (1995), 249-264.

A. Ambrosetti, Critical points and nonlinear variational problems, Mém.
Soc. Math. Fr., Nouv. Sr. 49, 139p. (1992).

R. Aris, The Mathematical Theory of Diffusion and Reaction in Permeable
Catalysts, Clarendon Press, Oxford 1975.

C. Atkinson and J.E. Bouillet, Some quantitative properties of solutions of
a generalized diffusion equation, Proc. Camb. Phil. Soc. 86 (1979), 495
510.

R.G. Bartle, A Modern Theory of Integration, AMS Providence, Rhode
Island 2001.

J.V. Baxley, Some singular nonlinear boundary value problems, SIAM
J. Math. Anal. 22 (1991), 463-479.

J.V. Baxley, A singular nonlinear boundary value problem: membrane re-
sponse of a spherical cap, STAM J. Appl. Math. 48 (1988), 497-505.

J.V. Baxley and G.S. Gersdorff, Singular reaction-diffusion boundary value
problem, J. Differential Equations 115 (1995), 441-457.

J.V. Baxley and S.B. Robinson, Nonlinear boundary value problems for
shallow membrane caps II, J. Comp. Appl. Math. 88 (1998), 203—224.

J. Bebernes and D. Eberly, Mathematical Problems from Combustion The-
ory, Appl. Math. Sci., Vol. 83, Springer, Berlin 1989.

H. Berestycki, P.L. Lions and L.A. Peletier, An ODE approach to the exis-
tence of positive solutions for semilinear problems in RY | Indiana Univ.
Math. J. 30 (1981), 141-157.



318

[37]

[38]

[39]

[40]

REFERENCES

F. Bernis, Nonlinear parabolic equations arising in semiconductor and vis-
cous droplets models, In: Nonlinear Diffusion Equations and their Equi-
librium States, N.G. Lloyd, W.M. Ni, L.A. Peletier and J. Serrin, eds.,
Birkh&user, Boston (1992), pp. 77-88.

F. Bernis, On some nonlinear singular boundary value problems of higher
order, Nonlinear Anal., Theory Methods Appl. 26 (1996), 1061-1078.

F. Bernis, L.A. Peletier and S.M. Williams, Source-type solutions of a
fourth order nonlinear degenerate parabolic equation, Nonlinear Anal., The-
ory Methods Appl. 18 (1992), 217-234.

A.L. Bertozzi, M.P. Brenner, T.F. Dupont and L.P. Kadanoff, Singularities
and Similarities in Interface Flows, In: Trends and Perspectives in Applied
Mathematics, L. Sirovich, ed., Appl. Math. Sci., Vol. 100, Springer-Verlag,
Berlin (1994), 155-208.

V. Beve, J.L. Palmer and C. Siiskind, On the design of the transition re-
gion of axi-symmetric magnetically beam valves, J. Br. Inst. Radio Eng. 18
(1958), 697-708.

P. Binding, P. Dréabek and Y.X. Huang, On the Fredholm alternative for
the p-Laplacian, Proc. Amer. Math. Soc. 125 (1997), 3555-3559.

L.E. Bobisud, Asymptotic dead cores for reacting-diffusion equations,
J. Math. Anal. Appl. 147 (1990), 249-262.

L.E. Bobisud, Steady-state turbulent flow with reaction, Rocky Mountain
J. Math. 21 (1991), 993-1007.

D. Bonheure, C. De Coster, Forced singular oscillators and the method
of lower and upper functions, Topol. Methods Nonlinear Anal. 22 (2003),
297-317.

D. Bonheure, C. Fabry and D. Smets, Periodic solutions of forced
isochronous oscillators, Discrete Contin. Dyn. Syst. 8 (2002), 907-930.

J.E. Bouillet and C. Atkinson, A generalized diffusion equation: Radial
symmetries and comparison theorems, J. Math. Anal. Appl. 95 (1983),
37-68.

C.J. Budd, G.J. Collins, V.A. Galaktionov, An asymptotic and numeri-
cal description of self-similar blow-up in quasilinear parabolic equations,
J. Comp. Appl. Math. 97 (1998), 51-80.



REFERENCES 319

[49]

[50]

[52]

[53]

A. Cabada and R. Pouso, Ezistence result for the problem (¢(u')) =
f(t,u,u')  with periodic and Newmann boundary conditions, Nonlinear
Anal., Theory Methods Appl. 30 (1997), 1733-1742.

A. Cabada, P. Habets and R. Pouso, Lower and upper solutions for the
periodic problem associated with a ¢ — Laplacian equation, In: EQUADIFF
1999 - International Conference on Differential Equations, Vol. 1, 2 (Berlin,
1999), World Sci. Publishing, River Edge, NJ, 2000, pp. 491-493.

A. Cabada, P. Habets and R. Pouso, Optimal existence conditions for ¢ —
Laplacian equations with upper and lower solutions in the reversed order,
J. Differential Equations 166 (2000), 385-401.

A. Cabada, A. Lomtatidze and M. Tvrdy, Periodic problem with quasilinear
differential operator and weak singularity, to appear.

A. Callegari and M. Friedman, An analytical solution of a nonlinear singu-
lar boundary value problem in the theory of viscous fluids, J. Math. Anal.
Appl. 21 (1968), 510-529.

A. Callegari and A. Nachman, Some singular, nonlinear differential equa-
tions arising in boundary layer theory, J. Math. Anal. Appl. 64 (1978),
96-105.

A. Callegari and A. Nachman, A nonlinear singular boundary value problem
in the theory of pseudoplastic fluids, SIAM J. Appl. Math. 38 (1980), 275
281.

A. Capietto, J. Mawhin and F. Zanolin, A continuation approach to su-
perlinear periodic boundary value problems, J. Differential Equations 88
(1990), 347-395.

C.Y. Chan, Y.C. Hon, A constructive solution for a generalized Thomas-
Fermi theory of ionized atoms, Quart. Appl. Math. 45 (1987), 591-599.

M. Cherpion, C. De Coster and P. Habets, Monotone iterative methods for
boundary value problems, Differ. Integral Equ. 12 (3) (1999), 309-338.

J. Cronin, Fized points and topological degree in nonlinear analysis, AMS
Providence, Rhode Island 1964.

C. De Coster and P. Habets, Lower and Upper Solutions in the Theory of
ODE Boundary Value Problems: Classical and Recent Results, In: Non-
linear Analysis and Boundary Value Problems for Ordinary Differential



320

[61]

REFERENCES

Equations, F. Zanolin, ed., CISM Courses and Lectures vol 371, Springer-
Verlag, New York (1996), pp. 1-79.

C. De Coster and P. Habets, The Lower and Upper Solutions Method for
Boundary Value Problems, In: Handbook of Differential Equations, Ordi-
nary Differential Equations, Vol. 1, A. Canada, P. Drabek, A. Fonda, eds.,
Elsevier, North Holland, Amsterdam (2004), pp. 69-161.

C. De Coster and P. Habets, An OQverview of the Method of Lower and Up-
per Solutions for ODEs, In: Nonlinear Analysis and its Applications to Dif-
ferential Equations, M.R. Grossinho, M. Ramos, C. Rebelo and L. Sanchez,
eds., Progress in Nonlinear Differerential Equations and their Applications,
Vol. 43, Birkh&user, Boston (2001), pp. 3-22.

W. Dambrosio, Multiple solutions of weakly-coupled systems with p-
Laplacian operators, Result. Math. 36 (1999), 34-54.

K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, Heidelberg,
1985.

M. del Pino, P. Drabek and R. Manasevich, The Fredholm alternative at
the first eigenvalue for the one dimensional p-Laplacian, J. Differential
Equations 151 (1999), 386-419.

M. del Pino, M. Elgueta and R. Manéasevich, A homotopic deformation
along p of a Leray-Schauder degree result and existence for (|u/|P~2 /) +
f(t,u) =0, u(0) =u(T)=0, pe(l,00). J. Differential Equations 80
(1989), 1-13.

M. del Pino and R. Manésevich, Infinitely many T-periodic solutions for
a problem arising in nonlinear elasticity, J. Differential Equations 103
(1993), 260-277.

M. del Pino, R. Manésevich and A. Montero, T-periodic solutions for some
second order differential equations with singularities, Proc. Roy. Soc. Ed-
inburgh Sect. A 120 (1992), 231-243.

M. del Pino, R. Manédsevich and A. Muria, FExistence and multiplicity
of solutions with prescribed period for a second order quasilinear O.D.E,
Nonlinear Anal., Theory Methods Appl. 18 (1992), 79-92.

L. Derwidué, Systéemes differérentiels non linedires ayant des solutions
périodiques, Acad. R. Belgique, Bull. Cl. Sci. (5) 49 (1963), 11-32; (5)
50 (1964), 928-942; (5) 50 (1964), 1130-1142.



REFERENCES 321

[71]

J. Diblik, The singular Cauchy-Nicoletti problem for the system of two
ordinary differential equations, Math. Bohem. 117 (1992), 55-67.

R.W. Dickey, Rotationally symmetric solutions for shallow membrane caps.
Quart. Appl. Math. 47 (1989), 571-581.

T. Ding, A boundary value problem for the periodic Brillouin focusing sys-
tem, Acta Sci. Natur. Univ. Pekinensis 11 (1965), 31-38 (in Chinese).

W.Y. Ding, A generalization of the Poincaré-Birkhoff theorem, Proc. Amer.
Math. Soc. 88 (1983), 341-346.

O. Dosly, Half-Linear Differential Equations. In: Handbook of Differential
Equations, Ordinary Differential Equations Vol. 1, A. Canada, P. Drabek,
A. Fonda, eds., Elsevier, North Holland, Amsterdam (2004), Chapter 3,
pp. 161-357.

0. Dosly and Rehdk, Half-Linear Differential Equations. North-Holland
Mathematics Studies 202, Elsevier, Amsterdam (2005).

P. Drabek, Solvability and bifurcation of monlinear equations, Research
Notes in Math. Vol. 264, Pitman, Boston, 1992.

P. Drabek and R. Mandsevich, On the closed solution to some nonhomo-
geneous eigenvalue problems with p-Laplacian, Differ. Integral Equ. 12 (6)
(1999), 773-788.

M. Drmota, R. Scheidl, H. Troger, E. Weinmiiller, On the imperfection
sensitiviy of complete spherical shells, Comp. Mech. 2 (1987), 63-74.

P.W. Eloe and J. Henderson, Singular nonlinear (n — 1,1) conjugate
boundary value problems, Georgian Math. J. 4(1997), 401-412.

P.W. Eloe and J. Henderson, Singular nonlinear (k,n — k) conjugate
boundary value problems, J. Differential Equations 133 (1997), 136-151.

J.R. Esteban and J.L. Vazques, On the equation of turbulent filtration in
one-dimensional porous media, Nonlinear Anal., Theory Methods Appl. 10
(1986), 1303-1325.

C. Fabry and D. Fayyad, Periodic solutions of second order differential
equation with a p-Laplacian and asymmetric nonlinearities, Rend. Ist. Mat.
Univ. Trieste 24 (1992), 207-227.



322

[84]

[85]

[36]

[87]

REFERENCES

C. Fabry and P. Habets, Lower and upper solutions for second-order bound-
ary value problems with nonlinear boundary conditions, Nonlinear Anal.,
Theory Methods Appl. 10 (1986), 985-1007.

X.L. Fan and X. Fan, A Knobloch-type result for p(t)-Laplacian systems,
J. Math. Anal. Appl. 282 (2003), 453-464.

X.L. Fan, H.Q. Wu and F.Z. Wang, Hartman-type results for p(t)-Laplacian
systems, Nonlinear Anal., Theory Methods Appl. 52 (2003), 585-594.

R. Faure, Solutions périodiques d’equations différentielles et méthode de
Laray-Schauder (Cas des vibrations forceés), Ann. Inst. Fourier (Grenoble)
14 (1964), 195-204.

A. Fonda, Periodic solution of scalar second order differential equations
with a singularity, Acad R. Belgique, Mém. Cl. Sci. (3) 4 (1993), 1-39.

A. Fonda, Periodic solution for a conservative system of differential equa-
tions with a singularity of repulsive type, Nonlinear Anal., Theory Methods
Appl. 24 (1995), 667-676.

A. Fonda, R. Mandsevich and F. Zanolin, Subharmonic solutions for some
second-order differential equations with singularities, STAM J. Math. Anal.
24 (1993), 1294-1311.

N. Forbat and A. Huaux, Détermination approachée et stabilité locale de la
solution périodique d’une equation différentielle non linéaire, Mém. Public.
Soc. Sci. Arts Letters Hainaut 76 (1962), 3-13.

S. Fucik, J. Necas, J. Soucek and V. Soucek, Spectral Analysis of Nonlinear
Operators, Lecture Notes In Mathematics 346, Springer Verlag and Soci-
ety of Czechoslovak Mathematician and Physicists, Berlin-Heidelberg-New
York and Praha, 1973.

S. Gaete and R.F. Mandasevich, Existence of a pair of periodic solutions
of an O.D.E. generalizing a problem in nonlinear elasticity via variational
methods, J. Math. Anal. Appl. 134 (1988), 257-271.

J.J. Garcia-Ripoll, V.M. Pérez-Garcia and P. Torres, Ezxtended parametric
resonances in nonlinear Schrodinger systems, Physical Review Letters 83
(1999), 1715-1718.



REFERENCES 323

[95]

[96]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

W.G. Ge and J. Mawhin, Positive solutions to boundary value problems for
second order ordinary differential equations with singular nonlinearities,
Result. Math. 34 (1998), 108-119.

B. Gidas, W. Ni and L. Nirenberg, Symmetry of positive solutions of non-
linear elliptic equations in RY, Adv. Math. Suppl. Studies TA (1981),
369-402.

M.A. Goldberg, An iterative solution for rotationally symmetric nonlinear
membrane problems, Internat. J. Non-Linear Mech. 1 (1966), 169-178.

W.B. Gordon, Conservative dynamical systems involving strong forces,
Trans. Amer. Math. Soc. 1975 (1975), 113-135.

A. Granas and J. Dugundji, Fized point theory. Springer Monographs in
Mathematics. New York, NY: Springer. xv, 690 p.

A. Granas, R.B. Guenther and J.W. Lee, Some general existence principles
in the Carathéodory theory of nonlinear systems, J. Math. Pure Appl. 70
(1991), 153-196.

P. Habets and L. Sanchez, Periodic solutions of some Liénard equations
with singularities, Proc. Amer. Math. Soc. 109 (1990), 1035-1044.

P. Habets and L. Sanchez, Periodic solutions of dissipative dynamical sys-
tems with singular potentials, Differ. Integral Equ. 3 (1990), 1039-1149.

P. Hartman, Ordinary Differential Equations, John Wiley, New York -
London 1964.

M.A. Herrero and J.L. Vazquez, On the propagation properties of a non-
linear degenerate parabolic equation, Comm. Partial Differential Equations
7 (1982), 1381-1402.

E. Hewitt and K. Stromberg, Real and Abstract Analysis, Springer, New
York 1965.

A. Huaux, Sur [’existence d’une solution périodique de l’equation diffé-
rentielle non linéaire u” 4+ 0.2u' +u/(1 —u) = 0.5 cos wt, Acad. R. Bel-
gique, Bull. Cl. Sci. (5) 48 (1962), 494-504.

P. Jebelean and J. Mawhin, Periodic solutions of singular nonlinear per-
turbations of the ordinary p-Laplacian, Adv. Nonlinear Stud. 2 (2002),
299-312.



324

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

REFERENCES

P. Jebelean and J. Mawhin, Periodic solutions of forced dissipative p-
Liénard equations with singularities, Vietnam J. Math. 32 (2004), 97-103.

D.Q. Jiang, Upper and lower solutions method and a singular superlinear
boundary value problem for the one-dimensional p-Laplacian, Comp. Math.
Appl. 42 (2001), 927-940.

D.Q. Jiang, Upper and lower solutions method and a superlinear singular
boundary value problems, Comp. Math. Appl. 44 (2002), 323-337.

D.Q. Jiang and J.Y. Wang, A generalized periodic boundary value problem
for the one-dimensional p-Laplacian, Ann. Polon. Math. 65 (1997), 265—
270.

K.N. Johnson, Circularly symmetric deformation of shallow elastic mem-
brane caps. Quart. Appl. Math. 55 (1997), 537-550.

R. Kannan and D. O’Regan, Singular and nonsingular boundary value prob-
lems with sign changing nonlinearities, J. Inequal. Appl. 5 (2000), 621-637.

L. T. Kiguradze, On Some singular boundary value problems for nonlinear
ordinary differential equations of the second order (in Russian), Differen-
cial’'nye Uravnenija 4 (1968), 1753-1773.

I.T. Kiguradze, On Some Singular Boundary Value Problems for Ordinary
Differential Equations (in Russian), Tbilisi Univ. Press, Tbilisi 1975.

LT. Kiguradze, Boundary Value Problems for Systems of Ordinary Dif-
ferential Equations (in Russian). Itogi Nauki Tekh., Ser. Sovrem. Probl.
Mat., Novejshie Dostizh. 30 (1987), 3-103; English transl.: J. Sov. Math.
43 (1988), 2259-2339.

I. Kiguradze, Some optimal conditions for the solvability of two-point sin-
gular boundary wvalue problems, Functional Differ. Equations 10 (2003),
259-281.

I.T. Kiguradze and B.L. Shekhter, Singular boundary value problems for
second order ordinary differential equations (in Russian), Itogi Nauki Tekh.,
Ser. Sovrem. Probl. Mat., Noveishie Dostizh. 30 (1987), 105—201; English
transl.: J. Sov. Math 43 (1988), 2340-2417.

S. Lang, Real and Functional Analysis, Springer, New York 1993.



REFERENCES 325

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

G.S. Ladde, V. Lakshmikantham and A.S. Vatsala, Monotone Iterative
Techniques for Nonlinear Differential Equations, Pitman, Boston 1995.

A. Lasota, Sur les problemes linéaires auxr limites pour un systéme
d’équations différentielles ordinaires, Bull. Acad. Polon. Sci. Sér. Sci. Math.
Astron. Phys. 10 (1962), 565-570.

A.C. Lager and S. Solimini, On periodic solutions of nonlinear differential
equations with singularities, Proc. Amer. Math. Soc. 99 (1987), 109-114.

M.N. Le Roux, H. Wilhelmsson, Dynamics of coupled temperature and den-
sity in a fusion reactor plasma for centrally pronounced heating and particle
injection, Phys. Scripta 47 (1993), 104-108.

H.A. Levine, The role of critical exponents in blow-up problems, STAM Rev.
32 (1990), 262-288.

Bin Liu, Multiplicity results for periodic solutions of a second order quasi-
linear ODE with asymmetric nonlinearities, Nonlinear Anal., Theory Meth-
ods Appl. 33 (2) (1998), 139-160.

Bing Liu, Periodic solutions of dissipative dynamical systems with singular
potential and p-Laplacian, Ann. Pol. Math. 79 (2) (2002), 109-120.

A. Lomtatidze, Positive solutions of boundary value problems for second or-
der differential equations with singular points (in Russian), Differentsial'nye
Uravneniya 23 (1987), 1685-1692, translated in Differential Equations 23
(1987), 1146-1152.

A. Lomtatidze and L. Malaguti, On a two-point boundary value problem for
the second order ordinary diffeerential equations with singularities, Nonlin-
ear Anal., Theory Methods Appl. 52 (2003), 1553-1567.

A. Lomtatidze and P. Torres, On a two-point boundary value problem for
second order singular equations, Czechoslovak Math. J. 53 (2003), 19-43.

L. Lu, D. O’Regan and R.P. Agarwal: Positive radial solutions for a quasi-
linear system, Applicable Analysis 85(2006), 363-371.

R. Manéasevich and J. Mawhin, Periodic solutions for nonlinear systems
with p-Laplacian-like operators, J. Differential Equations 145 (1998), 367—
393.



326

[132]

133

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

REFERENCES

R. Manasevich and J.Mawhin, Boundary value problems for nonlinear per-
turbations of vector p-Laplacian-like operators, J. Korean Math. Soc. 37
(2000), 665-685.

R. Manésevich and J. Mawhin, The spectrum of p-Laplacian systems under
Dirichlet, Neumann and periodic boundary conditions. In: Morse theory,
minimax theory and their applications to nonlinear differential equations,
Proceedings of the workshop, H. Brezis, S.J. Li, J.Q Liu, P.H Rabinowitz
(eds.), Beijing, China, April 1-September 30, 1999. Somerville, Interna-
tional Press. New Stud. Adv. Math. 1 (2003) pp. 201-216.

J. Mawhin, Topological degree methods in nonlinear boundary value prob-
lems, In: Regional Conference Series in Mathematics. No.40. R.I.: The
American Mathematical Society (AMS). 1979, 122 p.

J. Mawhin, Topological Degree and Boundary Value Problems for Nonlinear
Differential Equations, In: Topological methods for ordinary differential
equations, M. Furi and P. Zecca, eds., Lecture Notes in Mathematics, Vol.
1537, Springer-Verlag, Berlin (1993), pp. 74-142.

J. Mawhin, Leray-Schauder continuation theorems in the absence of a priori
bounds, Topol. Methods Nonlinear Anal. 9 (1997), 179-200.

J. Mawhin, Some boundary value problems for Hartman-type perturbations
of ordinary vector p-Laplacian, Nonlinear Anal., Theory Methods Appl. 40
(2000), 497-503.

J. Mawhin, Periodic Solutions of Systems with p-Laplacian-like Opera-
tors, In: Nonlinear Analysis and its Applications to Differential Equations,
M.R. Grossinho, M. Ramos, C. Rebelo and L. Sanchez, eds., Progress
in Nonlinear Differerential Equations and their Applications, Vol. 43,
Birkh&user, Boston (2001), pp. 37-63.

J. Mawhin and A.J. Urena, A Hartman-Nagumo inequality for the vector
ordinary p-Laplacian and applications to nonlinear boundary value prob-
lems, J. Inequal. Appl. 7 (2002), 701-725.

J. Mawhin and M. Willem, Critical Point Theory and Hamiltonia Systems,
Appl. Math. Sciences, Vol. 74, Springer-Verlag, New York 1989.

P. Martinez-Amores and P.J. Torres, Dynamics of a periodic differen-
tial equation with a singular nonlinearity of attractive type, J. Math.
Anal. Appl. 202 (1996), 1027-1039.



REFERENCES 327

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

T.Y. Na, Computational Methods in Engineering Boundary Value Prob-
lems, Academic Press, New York 1979.

1.P. Natanson, Theorie der Funktionen einer reellen Verdnderlichen. Her-
ausgegeben von Karl Bogel. 4. Aufl. (German). Mathematische Lehrbticher
und Monographien. Akademie-Verlag, Berlin 1975; English transl.: Theory
of functions of real variable, Ungar, New York 1955.

M.N. Nkashama and J. Santanilla, Fxistence of multiple solutions for some
nonlinear boundary value problems, J. Differential Equations 84 (1990),
148-164.

A. Nowakowski and A. Orpel, Positive solutions for monlocal boundary-
value problem with vector-valued response, Electronic J. Diff. Equations
2002 (2002), no. 46, 1-15.

P. Omari and W.Y. Ye, Necessary and sufficient conditions for the existence
of periodic solutions of second order ordinary differential equations with
singular nonlinearities, Differ. Integral Equ. 8 (1995), 1843-1858.

D. O'Regan, Some general existence principles and results for (¢(y')) =
qf (t,y,y"), 0<t <1, SIAM J. Math. Anal. 24 (1993), 648-668.

D. O’Regan, Theory of singular boundary value problems, World Scientific,
Singapore 1994.

S.V. Parter, M.L. Stein, P.R. Stein, On the multiplicity of solutions of a
differential equation arising in chemical reactor theory, Tech. Rep. 194,
Dept. Comp. Sciences, Univ. of Wisconsin, Madison, 1973.

N. Perrone and R. Kao, A general nonlinear relazation iteration technique
for solving nonlinear problems in mechanics, J. Appl. Mech. 38 (1971),
371-378.

N. Phan-Thien, A method to obtain some similarity solutions to the gen-
eralized Newtonian fluid, Z. Angew. Math. Phys. 32 (1981), 609-615.

L.C. Piccinini, G. Stampacchia and G. Vidossich, Ordinary Differential
FEquations in R™ | Springer, New York Inc., 1984.

V. Poldsek and I. Rachunkova, Singular periodic problem for nonlinear
ordinary differential equations with phi-Laplacian, Electronic J. Differential
Equations 2006 (2006),No. 27, 1-12.



328

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

REFERENCES

I. Rachunkové, Lower and Upper Solutions and Topological Degree, J. Math.
Anal. Appl. 234 (1999), 311-327.

I. Rachunkova, Ezistence of two positive solutions of a singular nonlinear
periodic boundary value problems, J. Comput. Appl. Math. 113 (2000),
27-34.

I. Rachunkova, On the existence of more positive solutions of periodic BV Ps
with singularity, Applicable Analysis 79 (2000), 257-275.

I. Rachunkova, Singular mized boundary value problems, J. Math. Anal.
Appl. 320 (2006), 611-618.

I. Rachunkovd, O. Koch, G. Pulverer and E. Weinmiiller, On a singular
boundary value problem arising in the theory of shallow membrane caps,
J. Math. Anal. Appl., to appear.

I. Rachtinkové and S. Stanék, Sturm-Liouville and focal higher order BV Ps
with singularities in phase variables, Georgian Math. J. 10 (2003), 165-191.

I. Rachunkovd and S. Stanc¢k, General existence principle for singular
BVPs and its applications, Georgian Math. J. 11 (2004), 549-565.

I. Rachinkova and S. Stanék, A singular boundary value problem for odd
order differential equations, J. Math. Anal. Appl. 291 (2004), 741-756.

I. Rachinkova and S. Stanék, Zeros of derivatives of solutions to singular
(p,n — p) conjugate BVPs, Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 43 (2004), 137-141.

I. Rachunkova, S. Stanék and M. Tvrdy, Singularities and Laplacians in
Boundary Value Problems for Nonlinear Ordinary Differential Equations.
In: Handbook of Differential Equations. Ordinary Differential Equations,
vol.3, pp. 607-723. Ed. by A. Canada, P. Drabek, A. Fonda. Elsevier 2006.

I. Rachunkova and J. Stryja, Singular Dirichlet BVP for second order ODE,
submitted.

I. Rachunkova and J. Stryja, Dirichlet problem with ¢ — Laplacian and
mized singularitis, submitted.

I. Rachiunkové and J. Stryja, Lower and upper functions in singular Dirich-
let problem with ¢ — Laplacian, submitted.



REFERENCES 329

[167]

168

169

[170]

[171]

[172]

[173]

[174]

[175]

176]

[177]

178]

I. Rachtinkova and M. Tvrdy, Nonlinear systems of differential inequalities
and solvability of certain nonlinear second order boundary value problems,
J. Inequal. Appl. 6 (2001), 199-226.

I. Rachtinkova and M. Tvrdy, Construction of lower and upper functions
and their application to reqular and singular boundary value problems, Non-
linear Anal., Theory Methods Appl. 47 (2001), 3937-3948.

I. Rachunkova and M. Tvrdy, Periodic problems with ¢ — Laplacian involv-
ing non-ordered lower and upper functions, Fixed Point Theory 6 (2005),
99-112.

I. Rachtinkova and M. Tvrdy, Periodic singular problem with quasilinear
differential operator, Mathematica Bohemica 131 (2006), 321-336.

I. Rachunkova, M. Tvrdy and I. Vrko¢, Ezistence of nonnegative and non-
positive solutions for second order periodic boundary value problems, J. Dif-
ferential Equations 176 (2001), 445-469.

I. Rachinkovéd, M. Tvrdy and 1. Vrko¢, Resonance and multiplicity in pe-
riodic BVPs with singularity, Math.Bohem. 128 (2003), 45-70.

G.W. Reddien, Finite-difference approzimation to singular Sturm-Liouville
eigenvalue problems, Math. Comp. 25 (1976), 427-432.

P. Rentrop, Numerical solution of the singular Ginzburg-Landau equations
by multiple shooting, Computing 16 (1976), 61-67.

A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov and A.P. Mikhailov,
Blow-up in Quasilinear Parabolic Equations, Walter de Gruyter, Berlin,
New York, 1995.

L. Sanchez, Positive solutions for a class of semilinear two-point boundary
value problems, Bull. Austral. Math. Soc. 45 (1992), 439-451.

G. Scorza Dragoni, Il problema dei valori ai limiti studiato in grande per gli
integrali di una equazione differenziale del secondo ordine, Giorn. di Mat.
di Battaglini 69 (1931), 77-112.

G.E. Shilov, B.L. Gurevich, Integral, measure and derivative: a unified ap-
proach. Rev.Engl. ed. Transl. by R.A. Silverman. Dover Books on Advanced
Mathematics, Dover Publ.,; New York 1977.



330

[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

[187]

[188]

[189)]

[190]

[191]

[192]

REFERENCES

S. Solimini, On forced dynamical systems with a singularity of repulsive
type, Nonlinear Anal., Theory Methods Appl. 14 (1990), 489-500.

R. Srzednicki, Wazewski method and Conley index, In: Handbook of Dif-
ferential Equations, Ordinary Differential Equations, Vol. 1, A. Canada,
P. Drabek, A. Fonda, eds., Elsevier, North Holland, Amsterdam (2004),
pp- H91-684.

S. Stanék, Periodic boundary value problem for second order functional
differential equations, Math. Notes (Miskolc) 1 (2000), 63-81.

S. Stanék, On solvability of singular periodic boundary value problems, Non-
linear Oscil. 4 (2001), 529-538.

S. Stanék, Positive solutions of singular positone Dirichlet boundary value
problems, Math. Comp. Modelling 33 (2001), 341-351.

S. Stanék, A nonlocal singular boundary value problem for second-order
differential equations, Math. Notes (Miskolc) 5 (2004), 91-104.

S. Stanék, A nonlocal boundary value problem with singularities in phase
variables, Math. Comput. Modelling 40(2004), 101-116.

S. Stan¢k, Singular nonlocal boundary value problems, Nonlinear Anal.,
Theory Methods Appl. 63 (2005), e277—287.

S. Stanék, General existence principle for singular BVPs depending on
a parameter and its application, Funct. Differential Equations 13 (2006),
637-656.

S. Stanék and O. Pribyl, Singular antiperiodic boundary value problem with
given maximal values for solutions, to appear.

G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. 110
(1976), 353-372.

S.D. Taliaferro, A nonlinear singular boundary value problem, Nonlinear
Anal., Theory Methods Appl. 3 (1979), 897-904.

P.J. Torres, Bounded solutions in singular equations of repulsive type, Non-
linear Anal., Theory Methods Appl. 32 (1998), 117-125.

P.J. Torres, Existence of one-signed periodic solutions of some second-order
differential equations via a Krasnoselskii fixed point theorem, J. Differential
Equations 190 (2003), 643-662.



REFERENCES 331

193]

[194]

[195]

[196]

[197]

[198]

[199]

200]

[201]

[202]

203]

[204]

[205]

P.J. Torres, Existence and uniqueness of elliptic periodic solutions of the
Brillouin electron beam focusing system, Math. Methods Appl. Sci. 23
(2000), 1139-1143.

N.I. Vasiliev and Yu.A. Klokov, Foundation of the Theory of Boundary
Value Problems for Ordinary Differential Equations, Zinatne, Riga 1978
(in Russian).

J.Y. Wang, Solvability of singular nonlinear two-point boundary value prob-
lems, Nonlinear Anal., Theory Methods Appl. 24 (1995), 555-561.

J.Y. Wang and J. Jiang, The existence of positive solutions to a singular
nonlinear boundary value problem, J. Math. Anal. Appl. 176 (1993), 322
329.

J.Y. Wang and W. Gao, A singular boundary value problem for the one-
dimensional p-Laplacian, J. Math. Anal. Appl. 201 (1996), 851-866.

Z. Wei, Existence of positive solutuions for 2n th-order singular boundary
problems, J. Math. Anal. Appl. 306 (2005), 619-636.

P.J.Y. Wong and R.P. Agarwal, Results and estimates on multiple solutions
of Lidstone boundary value problem, Acta Math. Hungar, 86(2000), 127—
168.

P. Yan, Nonresonance for one-dimensional p-Laplacian with reqular restor-
ing, J. Math. Anal. Appl. 285 (2003), 141-154.

P. Yan and M.R. Zhang, Higher order non-resonance for differential equa-
tions with singularities, Math. Meth. Appl. Sci. 26 (2003), 1067-1074.

M.R. Zhang, Periodic solutions of Liénard equations with singular forces
of repulsive type, J. Math. Anal. Appl. 203 (1996), 254-269.

M.R. Zhang, Nonuniform nonresonance at the first eigenvalue of the p-
Laplacian, Nonlinear Anal., Theory Methods Appl. 29 (1997), 41-51.

M.R. Zhang, A relationship between the periodic and the Dirichlet BV Ps
of singular differential equations, Proc. Roy. Soc. Edinburgh Sect. A 128A
(1998), 1099-1114.

M.R. Zhang, Periodic solutions of damped differential systems with repul-
sive singular forces, Proc. Amer. Math. Soc. 127 (1999), 401-407.



332 REFERENCES

[206] Z. Zhao, On the existence of positive solutions for 2n-order singular bound-
ary value problems. Nonlinear Anal., Theory Methods Appl. 64(2006),
2553-2561.

[207] N.V. Zmitrenko, S.P. Kurdyumov, A.P. Mikhailov and A.A. Samarski, Lo-
calization of thermonuclear combustion in a plasma with electronic thermal
conductivity, JETF Lett. 26 (1977), 469-472.



Subject Index

p 200 lemma
siny, , 313 Fatou, 299
lower and upper functions
a priori estimate, 40} 106, 174 non-ordered, [174
well-ordered, [170
condition lower function, 112} (161 179, 229, 236
Carathéodory, 2 lower solution, 112
compatibility, 251
dissipativity, 205 mean value of a function, [186
left focal, 23
Nagumo, 119, 120, [133), 181 operator
right focal, 23 compact, 305
strong repulsive singularity, [182 completely continuous, 305
degree principle
Brouwer, [306 antimaximum, 213
Leray-Schauder, 306 maximum, [162
additivity property, 306 problem
excision property, [306 (n,p) , 37
existence property, 306 conjugate, 15
homotopy property, 306 Dirichlet, [101
normalization property, 305 quasilinear, 164, 200, [314
left focal, 23], 28
equation Lidstone, [85
Dulffing, 194 215 mixed, 228
Emden-Fowler, [3 nonlocal
Forbat, 160 regular, 253
Liénard, [188], 194 singular, 256
existence principle positone, [135
for mixed singularities, 140 regular, 2
for space singularity, [16], 19} 256, 268 right focal, 27
for time singularity, 8, [11, 13} 127, singular, 2
132 Sturm-Liouville, [67
with a parameter, 267
Green function, 28, 38, (68, [85 singular, 268
growth
linear, [109, LT, 124} (140 sequence
sublinear, (106, (111} 123 137 equicontinuous, 291
uniformly integrable, 287
inequality set
sharp Poincaré, 314 equicontinuous, 301
relatively compact, 300 [305
Laplacian uniformly bounded, 301
¢ —Laplacian, 99, [100 shallow membrane caps, 234
p —Laplacian, 99 singular point, [7, [15

333



334

of type I, [16
of type II, 16
singularity
attractive, (159, [186
mixed, (145
repulsive, 159, [182] [193
strong, 182
weak, 182 207
space, |15, 19, 27, 1235
strong, 182, 235
time, 6} 235

weak, [182, 207
solution, 5, [T0T], 160, 228, 236, 252, 268,
969

approximate, [7, [16
positive, 160
radially symmetric, 99, 227

theorem
Arzela-Ascoli, 301
Borsuk antipodal, 306
diagonalization, 303
Fredholm type existence, 307
Lebesgue dominated convergence, 299
Leray-Schauder degree, [305
Schauder fixed point, 305
Vitali convergence, 300

upper function, 112 [162] [179) 229/ 236
upper solution, [112

w-solution, 5l [T0T1], 228
positive, 235

SUBJECT INDEX



Author Index

Agarwal R.P., 2, 5, 23] 28, [36] (38 54, 66,
68, 183, [86L, 96, 99, [T00, 122 158,
935, 249, 264, 285

Ambrosetti A., 103

Atkinson C., 99

Bartle R.G., 299
Baxley J.V., 234, 235
Bebernes J., 98
Berestycki H., 4], 227
Bernis F., 3, 4
Bertozzi A.L., 3
Binding P., 313
Bobisud L.E., 227
Bonheure D., 225
Bouillet J.E., 99
Brenner M.P., 3
Budd C.J., 98

Cabada A., 224
Callegari A., 3
Chan C.Y, 227
Collins G.J., 98
Cronin J., 103

Dambrosio W., 199, 100
De Coster C., 103} [112} 224], 225
Deimling K., 305} 306
del Pino M., 225

del Pino M., 313
Derwidué L., [159
Diblik J., 103

Dickey R.W., 234
Dosly O., 103} 313
Drébek P., [103] 313
Drmota M., 227
Dugundji J., 305
Dupont T.F., 3

Eberly D., 98
Elgueta M., 313
Eloe P.W., 66
Esteban J.R., 99

Fabry C., 224

335

Fan X., 199, 100
Fan X.L., 199, 100
Faure R., 159
Forbat N., 159
Friedman M., [3
Fuéik S., 306

Galaktionov V.A., 98
Gao W., [100

Ge W., 225

Gidas B., 14, 227
Goldberg M.A., 235
Granas A., 103}, [305
Guenther R.B., 103
Gurevich B.L., 299

Habets P., 103, [112] 224 225
Hartman P., 301

Henderson J., 66

Hewitt E., 299

Hon Y.C., 227

Huang Y.X., 313

Huaux A., 159

Jebelean P., [100, 224
Jiang D.Q., 100
Johnson K.N., 234

Kadanoff L.P., 3

Kannan R., 234

Kiguradze L, 2, [5, 20, 103, 106} 112, 115,
199] 158, P74], 249

Klokov Yw.A., 103, 112, 305

Koch O., 249

Kurdyumov S.P., 98

Ladde G.S., 112
Lakshmikantham V., 36} 54 [112
Lang S., 299, [300

Lasota A., 305

Lazer A.C., [225

Le Roux M.N., 98

Lee J.W., 1103

Levine H.A., 98

Lions P.L., 4} 227



336

Liu Bin, 100

Liu Bing, 100, 224
Lomtatidze A., 122, 224
Lu L., 99, 100

Lii H., 100, 122

Malaguti L., [122

Manésevich R., 09, 100, 224, 225, 513

Mawhin J., 2, 99, 100, 103}, [224], 225 1305,
313

Mikhailov A.P., 98

Montero A., 225

Nachman A., [3
Natanson I.P., 299
Necas J., 306

Ni W., [, 227
Nirenberg L., 4, 227
Nowakowski A., 99, 100

O’Regan D., 2 5, 28, 136, 38, 154, (66, 90,
99, 100, 122, 158}, 235, 249, 264,
285

Omari P., 225

Orpel A., 199, 100

Parter S.V., 227

Peletier L.A., [3, [4, 227
Phan-Thien N., 99
Piccinini L.C., 301
Polagek V., [100] [158, 224
Pouso R., 224

Ptibyl O., 285

Pulverer G., 249

Rachunkovd 1., 2, 21, [36, (54, [66, 83} 96,
100} 112) [158) 12241 1225 1248, 264

Reddien G.W., 227

Rentrop P., 227

Robinson S.B., 234

Rehsk P., 103, 313

Samarskii A.A., 98

Sanchez L., 225

Scheidl R., 227

Shekhter B., 2, 20, 103, 106, 112, 115,
129, (158, 224, 249

AUTHOR INDEX

Shilov G.E., 299

Solimini S., 225

Soucek J., 306

Soucek V., 306

Srzednicki R., 103

Stampacchia G., 301

Stanék S., 2, 211, [36, 54, 66, [83, ©6, [100,
158, 224, 225, 248, 264, 265, 235

Stein M.L., 227

Stein P.R., 227

Stromberg K., 299

Stryja J., [158

Taliaferro S.D., 13

Torres J.P., [122] 225

Troger H., 227

Tvrdy M., [2, 21] 100, [112] [158) 224, 225
249, 264

Ureiia A.J., 99, [100
Usmani R.A., 28

Vasiliev N.1., 103, 112, 305
Vatsala A.S.,[112

Vazquez J.L., 99
Vidossich G., 301

Vrkoé 1., 225

Wazewski T., [103

Wang F.Z., 199, [100

Wang J.Y., [100

Wei Z.,196

Weinmiiller E., 227, 1249
Wilhelmsson H., 98

Willem M., [103

Williams S.M., 13

Wong P.J.Y., 2] 28] 138, 83|, 86
Wu H.Q., 99, 100

Yan P., 221
Ye W.Y., 225

Zhang M., 225

Zhang M.R., 99} 100, [313
Zhao Z.,196

Zmitrenko N.V., 98



