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Abstract

The paper describes the set of all solutions of the singular initial prob-

lems
(p(t)w) = p(®)f(u), u(0) =B, u'(0) =0,

on the half-line [0, 00). Here B < 0 is a parameter, p(0) = 0 and p'(t) > 0
on (0,00), f(L) =0 for some L > 0 and zf(z) < 0if x < L, x # 0. By
means of this result, the existence of a strictly increasing solution of this
problem satisfying u(co) = L is proved under some additional assump-
tions. In particular cases this homoclinic solution determines an increas-
ing mass density in centrally symmetric gas bubbles which are surrounded
by an external liquid with the density L.
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1 Introduction

We investigate a singular boundary value problem which originates from the
Cahn-Hillard theory in hydrodynamics. If p is the density, p(p) the chemical
potential of a non-homogeneous fluid and the motion of the fluid is zero, the
state of the fluid in RY is described by the equation

YAp = pu(p) — po, (1)
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where v and pg are suitable constants. See [4]-[7] and [9]. When searching for
a solution with the spherical symmetry which depends only on one variable r,
equation (1) is reduced to the following ordinary differential equation

v(p" + ?P’) = p(p) — o, 7€ (0,00). (2)

In fact, together with the boundary conditions

p'(0) =0, lim p(r) =p, >0, (3)
T—00
equation (2) describes the formation of microscopical bubbles in a fluid, in
particular, vapor inside one liquid. The first condition in (3) follows from the
central symmetry and it is necessary for the smoothness of solutions of the
singular equation (2) at » = 0. The second condition in (3) means that the
bubble is surrounded by an external liquid with the density py.
Let N = 3. In the simplest models for non-homogeneous fluids, the chemical
potential p is a third degree polynomial with three distinct real roots. After
some substitution (see [9]), problem (2), (3) is reduced to the form

(%)) = 4N* 2 (u + Vu(u — €), (4)

u'(0) =0, u(c0) =¢, (5)

where A € (0,00) and £ € (0,1) are parameters. If there exists an increasing
solution of problem (4), (5) (having just one zero), many important physical
properties of the bubbles depend on them. In particular, the gas density inside
the bubble, the bubble radius and the surface tension. Numerical investigation
of the problem can be found in [4], [7]-[9]. Note that the same boundary value
problems arise in the nonlinear field theory [5].

2 Formulation of problem

We investigate possible generalizations of problem (4), (5). In particular, we
consider a singular boundary value problem on the half-line of the form

(pt)u")" = p(t) f(u), (6)
u'(0) =0, wu(o0) =L, (7)

where L € (0,00). We prove the existence of a strictly increasing solution of
problem (6), (7) having just one zero and belonging to C*([0, c0)) N C?((0, 00)).
Problem (6), (7) can be transformed onto a problem about the existence of a
positive solution on the half-line. For p(t) = t*, k € N and for p(t) = t*,
k € (1,00), such problem was solved by variational methods in [1] and [2],
respectively. Related problems were solved e.g. in [3] and [10]. Here we deal
with a more general function p and we omit some assumptions for f.



In what follows we assume
f is locally Lipschitz on (—oo, L], f(L) =0, (8)
zf(z) <0forx <L, z#0, 9)

there exists B < 0 such that F(B) = F(L), where F(x) = —/ f(z)dz, (10)
0
0,

p € C'((0,00)) N C([0,00)), p(0) = (11)
/ Pt
p'(t) >0, t € (0,00), tlgg() PO 0. (12)

For example functions
p(t) =t*, p(t) =tFIn(t + 1), k>0,
p(t) =t + asint, a € (—1,1),

tk
t) =
p(t) e

k>1>0,
satisfy (11) and (12).

Remark 1 According to (8) and (9), we have f(0) = 0. So, f has just two
zeros in (—oo, L]. The case when f has more that two zeros was solved in [11],
[12]. Assumptions (9), (10) yield that F' is continuous on (—oo, L], decreasing
on (—o0,0), increasing on (0, L) and

F(B) > F(L) for B € (—00,B), F(B) < F(L) for B € (B,0]. (13)

3 Lemmas
Define auxiliary functions

F(x) :{ (}(x) igi i;é P(z) = —/O f(2)dz, 2R, (14)

Choose B < 0 and consider an initial problem
(p(tyu') = p(t) f (w), (15)
u(0) =B, 4/(0)=0. (16)

Definition 2 Let ¢ € (0,00]. A function u € C*([0,¢c)) N C%((0,c)) satisfy-
ing equation (15) on (0,¢) and fulfilling conditions (16) is called a solution of
problem (15), (16) on [0, ¢).



Lemma 3 Let B < 0. Problem (15), (16) has a unique solution u on [0, 00),
such that
u(t) > B fort € [0, 00). (17)

Further, for each b > 0, By < 0 and each 6 € (0,|Boy|/2), there exists M =
M (b, By, d) > 0 such that

b /S
)+l < e o, [ f;fs))m’(sndsSM (18)

holds for each solution u of problem (15), (16) with B € (Bg — d, Bo + 9).

Proof. Step 1. (A priori estimate of solutions) Let u be a solution of problem
(15), (16) on [0,¢) C [0,00). By (15), we have

p'(t)
p(t)

and multiplying by ¢’ and integrating between 0 and ¢, we get

u'(t) + u'(t) — f(u(t)) =0 fort e (0,¢),

ulz(t) tp’(s) o . - C
2 +/0 o(s) " (s)ds + F(u(t)) = F(B), t € (0,¢). (19)

Let u(t;) < B for some t; € (0,¢). Then (19) yields F(u(t;)) < F(B), which
is not possible, because F is decreasing on (—o0,0). Therefore u(t) > B for
t €[0,c).

Step 2. (Local solution u of an auxiliary problem) By (8), we can find the
Lipschitz constant K > 0 for f on [B,L]. Put ¢(t) = ﬁfotp(s) ds, t > 0.
Having in mind (12), we see that

0<p(t)<t forte(0,00), lir(lgl+ e(t) = 0. (20)
t—

Choose n > 0 such that

and put R
Fo) = { j;(as) for x> B,

Consider the Banach space n
an operator F : C([0,n]) — C([0,n]) by

(Fu)(t) = B+ 1 AS p(7) fB(u(r))drds.
We have for uy, us € C([0,n])

n 1
| Fur — Fuzllco,n) < Kllur — uallego.n) /O p(s)ds < §||U1 —uz2|lcqo.q)-

S



Hence F is a contraction and the Banach fixed point theorem yields a unique
fixed point u € C([0,7n]) of F. Therefore

=B

W (t) = i) / (s) s (u(s)) ds, t € (0.1], u(0) = B. (21)
0

Let By < 0 and ¢ € (0,|Bg|/2). Choose an arbitrary B € (By — d, By + ¢). Due

to the definition of fp there exists M = M (B, d) € (0,00) such that
\fe(z)| <M for z €R.
Finally, (20) and (21) yield

lim |/ (t)] < M - lim o(t) = 0.

t—0t t—0t

Step 3. (Global solution u of the auxiliary problem) In Step 2 we have proved
that there exists a unique solution u of problem (22), (16) on [0, 7], where

(p(t)') = p(t) f5(u). (22)
By (20) and (21),
lu'(t)] < Mb, |u(t)| < |Bo|+ 6 + MV, t €[0,b], (23)

for arbitrary b > 0. Having in mind that fz € Lipi,e(R), u can be (uniquely)
extended as a solution of equation (22) to each interval, where u is bounded.
Since b is arbitrary, u can be extended as a solution of (22) on [0, c0). Put

b s
wm:AP®ApMM®J6&M

p(s)
Then, using the “per partes” integration and (20), we get
P(t) =p(t) — (b) +b—t, t € (0,0],
lim (t) = b—¢(b) =: ¥ € [0,00).

t—0+t

Integrating (22) over (0,t) and multiplying by 1/p(t) we derive

1 1 i r
O] < oo / p(s)|f5(u(s)|ds, t e (0,]

Multiplying by p’(¢)/p(t) and integrating it over (0,b), we get

b b/ t
[ wwnar< [T 28 [ o)\ fatulsniasdr < M. (20
0 0 0

p(t) P2(t)
Estimates (18) follow from (23) and (24) for

M = max{Mb+ |By| + 6 + Mb?, My}



Step 4. (Global solution u of problem (15), (16)) If u is a solution of problem
(22), (16) on [0,00), then we can prove as in Step 1, that u(t) > B on [0, 00),
and hence v fulfils equation (15) on [0,00). If u is a solution of problem (15),
(16) on [0,¢) C [0,00), then, by Step 1, u(t) > B on [0,c¢), and therefore u can
be uniquely extended as a solution of equation (22) on [0,00). So, solutions of
problem (15), (16) and (22), (16) are the same for all B < 0. Therefore, due
to Step 3, for each B < 0 problem (15), (16) has a unique solution on [0, c0)
satisfying (17) and (18).

O

In what follows by a solution of problem (15), (16) we mean a solution on
[0, c0).

Remark 4 Choose a > 0 and C' < L, and consider the initial conditions
u(a) = C, u'(a) = 0. (25)

We can prove as in the proof of Lemma 3 that problem (15), (25) has a unique
solution on [a,00). In particular, for C' = 0 and C' = L, the unique solution of
problem (15), (25) is w = 0 and u = L, respectively.

Lemma 5 For each By <0, b > 0 and each € > 0, there exists 6 > 0 such that
for any By, Bs € [By,0)

|Bi — Ba| <0 = |ui(t) —u2(t)] + [u)(t) —ub(t)] <€, t€[0,b]. (26)
Here u; is the unique solution of problem (15), (16) with B = B;, i = 1, 2.

Proof. Choose By < 0,b >0, e >0. Let K > 0 be the Lipschitz constant for
f on [By, L]. By (15) for v = w;, i = 1,2, By, By € [Bp,0) and by the Fubini
theorem

s (£) — us(t)] < By — Ba| + / 2% / ()| Flur (1)) — Flua(r))|drds

0
<iBi- ol + [ jj(/Osf<u1<f>>—fw2<r>>|dfds

(s)

~

<|Bi - Bl + / / Fur(r)) — Flus(r))) dr ds
< B, —Bg\—i—Kt/O lun (7) — un(7)] dr
< |B; — Bs| +Kb/0 lui (7) — ug ()| dr, t € 0,0].

From the Gronwall inequality, we get

lui(t) — ua(t)| < |B1 — BaleXY’, t € [0,b)]. (27)



Similarly, by (15), (20) and (27),

/ / 1 K r3

lui (t) — us(t)] < pi(t)/o p(s)|f(u1(s)) — f(ua(s))|ds
1 t

Km/o p(3)|ua (5) — ua(s)| ds

< Kb|B; — By|e"¥" | t € [0,0].

IN

If we choose § > 0 such that

€

5 - -
S 0T Kbyekw

we get (26). O

Lemma 6 Let u be a solution of problem (15), (16). Assume that there exists
a > 0 such that
u(t) <0 for allt > a, u'(a)=0. (28)

Then u'(t) > 0 for allt > a and

lim w(t) =0, lim u'(t) = 0. (29)

t—o0 t—o0

Proof. Since u fulfils (28), we have f(u(t)) = f(u(t)) for t € [a,00). By
(9) and (28), f(u(t)) > 0 on [a,c0) and thus p(¢)u'(t) and v'(t) are positive on
(a,0). Consequently there exists lim;_, o, u(t) = By € (u(a),0]. By (15),

and, by multiplication and integration over [a, t],

W) / ) gy ds = Plu(a) — Flu(t), > a. (31)

2 p(s)

Therefore

0< lim / TP0) ) ds < Flula)) — F(BL) < oo,

t—o0 a
and hence lim; ., u'%(t) exists. Since u is bounded on [0, 00), we get

Jim u?(t) = Jim u'(t) = 0.
By (8), (12) and (30), lim; o u’’(¢) exists and, since v’ is bounded on [0, 00),
we get lim;_, o u”’(t) = 0. Hence, letting ¢ — oo in (30), we obtain f(B;) = 0.
Therefore B; = 0 and (29) is proved. O



Lemma 7 Let u be a solution of problem (15), (16). Assume that there exist
a; >0 and Ay € (0,L) such that

u(t) >0 for all t > a, u(ar) = Ay, u'(a1) = 0. (32)
Then u'(t) <0 for allt > a1 and (29) holds.

Proof.  Since u fulfils (32), we can find a maximal b > a; such that 0 < u(t) < L
for t € [a1,b) and consequently f(u(t)) = f(u(t)) for t € [a1,b). By (9) and (32),
f(u(t)) < 0on [a1,b) and thus p(t)u’(t) and «/(t) are negative on (a1,b). So, u is
positive and decreasing on [a1,b) which yields b = oo (otherwise we get u(b) = 0,
contrary to (32)). Consequently there exists lim; .o, u(t) = L1 € [0,A;). By
multiplication and integration (30) over [aq,t], we obtain

W) [P e ds = FlAY — Flu a
5 —I—/a1 p(s)u (s)ds = F(Ay) — F(u(t)), t>a.

By similar argument as in the proof of Lemma 6 we get that limy_, ., v/(t) = 0
and L; = 0. Therefore (29) is proved. O

4 Damped solutions
Definition 8 A solution u of problem (15), (16) is called damped, if
sup{u(t) : t € [0,00)} < L. (33)

Theorem 9 If u is a damped solution of problem (15), (16), then u has a
finite number of isolated zeros and satisfies (29); or u is oscillatory (it has an
unbounded set of isolated zeros).

Proof.  Let u be a damped solution of problem (15), (16). According to (33)
we have f(u(t)) = f(u(t)) for t € (0, 00).

Step 1. If w has no zero in (0, 00), then u(t) < 0 for ¢ > 0 and, by Lemma 6, u
fulfils (29).

Step 2. Assume that 6 > 0 is the first zero of u on (0, 00). By (9), v/(¢) > 0 for
t € (0,0). Due to Remark 4, w/(0) > 0. Let u(t) > 0 for ¢ € (6,00). By virtue
of (9) and (15), f(u(t)) < 0 for t € (f,00) and thus p(t)u’(t) is decreasing.
Let ' be positive on (6,00). Then v’ is also decreasing, u is increasing and
lim;_, o u(t) = L € (0, L), due to (33). Consequently, lim; ., v/(t) = 0. Letting
t — oo in (30), we get lim; .o, u”(t) = f(L) < 0, which is impossible because u’
is bounded from below. Therefore there are a; > 6 and A; € (0, L) satisfying
(32) and, by Lemma 7, either u fulfils (29) or u has the second zero 61 > a;
with «/(61) < 0. So, u is positive on (6,6;) and has just one local maximum
Ay = u(ay) in (0, 61). Moreover, putting a = 0 and ¢ = a1 in (31), we have

) s = R
0< [ B SR ds = F(B) - ().



and hence
F(A,) < F(B). (34)

Step 3. Let u have no other zeros. Then u(t) < 0 for ¢ € (61,00). Assume that
v’ is negative on [61,00). Then, due to (17), lim; .o u(t) = L € [B,0). Putting
a = a; in (31) and letting t — oo, we obtain

W) [T(), e _ (T
0<tlirgo[ 5 +/a1 p(s)u (s)ds] =F(4,) - F(L).

Therefore lim;_, o, u/?(t) exists and, since u is bounded, we deduce that
lim «/(t) = 0.

t—o0

Letting t — oo in (30), we get lim;—, o u”/(t) = f(L) > 0, which contradicts the
fact that v’ is bounded above. Therefore, according to (17), there exist by > 61
and Bj € [B,0) such that u(b;) = By, v/(b1) = 0. Then, Lemma 6 yields that u
fulfils (29). Since v’ is positive on (b1, 00), u has just one minimum B; = u(b)
on (#1,00). Moreover, putting a = a; and ¢ = by in (31), we have

bl@ 2 _ _
0</a1 L ER ) ds = F(A) - F(B),

which together with (34) yields
F(By) < F(A,) < F(B). (35)

Step 4. Assume that u has its third zero 65 > 6;. Then we prove as in Step 2
that u has just one negative minimum By = u(b;) in (01, 62) and (35) is valid.
Further, as in Step 2, we deduce that either u fulfils (29) or u has the fourth zero
03 > 605, u is positive on (6o, 03) with just one local maximum As = u(az) < L
on (02,03), and F(Az) < F(By). This together with (35) yields

F(Ay) < F(B,) < F(Ay) < F(B). (36)

If v has no other zeros, we deduce as in Step 3 that u has just one negative
minimum By = u(b2) in (03, 00), F(Bs2) < F(Az) and u fulfils (29).

Step 5. If u has other zeros, we use the previous arguments and get that either
u has a finite number of zeros and then fulfils (29) or u is oscillatory. O

Remark 10 According to the proof of Theorem 9 we see, that if u is oscillatory,
it has just one positive local maximum between the first and the second zero,
then just one negative local minimum between the second and the third zero, and
so on. By (35) and (36) and Remark 1, these maxima are decreasing (minima
are increasing) for ¢ increasing.

Lemma 11 A solution w of problem (15), (16) fulfils the condition

sup{u(t) : t € [0,00)} = L (37)



if and only if u fulfils the condition

Jim. u(t)=L, u/'(t) >0 forte (0,00). (38)
Proof.  Assume that u fulfils (37). Then there exists § € (0,00) such that
uw(@) =0, v/'(t) > 0 for t € (0,6]. Otherwise sup{u(t) : t € [0,00)} = 0, due to
Lemma 6.
Let a; € (6, 00) be such that u/(¢) > 0 on (0,a1), u'(a;) = 0. By Remark 4 and
(37), u(a1) € (0, L). Integrating the equality (15) over (aq,t), we get

¢

=00 /al p(s)f(u(s))ds, forall t > a;.

Due to (9) and (14), we see that w is strictly decreasing for ¢t > a; as long as
u(t) € (0,L). Thus, there are two possibilities. If u(t) > 0 for all ¢ > ay, then
from Lemma 7 we get (29), which contradicts (37). If there exists 6; > a; such
that u(f1) = 0, then in view Remark 4 we have v/(0;) < 0. Using the arguments
of steps 3-5 of the proof of Theorem 9, we get that u is damped, contrary to (37).
Therefore such a; cannot exist and ' > 0 on (0, 00). Consequently, lim;_, o, u(t) =
L. So, u fulfils (38). The inverse implication is evident. O

Note that if we extend the function p in equation (15) from the half-line
onto R (as an even function), then any solution of (15), (7) has the same limit
L ast — —oo and t — oo. Therefore we will use the following definition.

Definition 12 A solution u of problem (15), (16) satisfying (38) is called a
homoclinic solution.

Theorem 13 (On damped solutions) Let B be of (10). Assume that u is a
solution of problem (15), (16) with B € [B,0). Then u is damped.

Proof.  Let u be a solution of (15), (16) with B € [B,0). Then, by (13),
F(B) < F(L). (39)

Assume on the contrary that u is not damped. Then sup{u(t) : ¢ € [0,00)} > L.
If sup{u(t) : t € [0,00)} > L, then there exists b € (0,00) such that u(b) = L,
u'(b) > 0 and u(t) < L for t € [0,b). Then (30) and (34) give by integration

u?®)  [MP() _ _
0< 5 +/0 p(s)u (s)ds=F(B)—F(L) <0,

a contradiction. If sup{u(t) : t € [0,00)} = L, then, by Lemma 11, u fulfils (38).
So w has a unique zero 6 > 0. Integrating (30) over [0, 6], we get

and so



Integrating (30) over [6,t], we obtain for ¢ >

u(t)  u(0) /t p'(s) 1
- + u?(s)ds = F(u(0)) — F(u(t)) = —F(u(t)).
3 = [P B ey ds = F(ui®) ~ Fu(0) = ~Fu(o)
Therefore, u'2(0) > 2F(u(t)) on (#,00), and letting t — oo, we get u'?(0) >
2F(L). This together with (40) contradicts (39). We have proved that u is
damped. O

Theorem 14 Let My be the set of all B < 0 such that corresponding solutions
of problem (15), (16) are damped. Then My is open in (—o0,0).

Proof. Let By € My and ug be a solution of (15), (16) with B = By. So, ug
is damped.

(a) Let ug be oscillatory. Then its first local maximum belongs to (0, L). Lemma
5 guarantees that if B is sufficiently close to By, the corresponding solution u
of (15), (16) has also its first local maximum in (0, L). That means that there
exist a1 > 0 and A; € (0, L) such that u satisfies (32). Now, we can continue
as in the proof of Theorem 9 using the arguments of steps 2-5 and get that u
is damped.

(b) Let up have at most a finite number of zeros. Then, by Theorem 9, u fulfils
(29). Choose cq € (0, F(L)/3). Since uq fulfils (30), we get by integration over
[0, ]

u62(t) _’_/0 p/(s) 7—"62(8) ds = F(Bo) — F(uo(t)), t>0.

For t — oo we get, by (29

o p/(s) 2
ug (s)ds = F(By). (41)
| S
Therefore we can find b > 0 such that
*p'(s) s
ug (s)ds < ¢p. 42
| B <a (42)

Choose 6 > 0. Let M = M (b, By,d) be the constant from Lemma 3. Choose
€ € (0,53%%). Assume that B < 0 and u is a corresponding solution of problem
(15), (16). Using Lemma 3, Lemma 5 and the continuity of F, we can find
§ € (0,6) such that if |B — By| < 4, then

|F(B) — F(Bo)| < co, (43)

moreover |ug(t) — u/(t)| < e for ¢ € [0,b] and

b ’S b /s
| B 6) — ws)las < guas futo) w0 [ ZE (Qup)] + () s
0 0

p(s) t€[0,b] p(s)

Co
<e oM < Do — ¢
s e M <o co

11



Therefore, we have

b /(s
/0 P'(s) u(s) —u'?(s)|ds < cop. (44)

p(s)

Consequently, integrating (15) over [0,¢] and using (41) — (44), we get for ¢t > b

_ t /(s u/2 to s
F(B)—F(u(t)):/o ];((S))ulz(s) ds + 2(15) 2/0 2;((5))“/2(8)(18

bp/(s 2 bp(s) 2
> [ B as - /Ops)w (s) — w2(s)) s
(s)

b
pPs) 1
—|—/ ug (s)ds > —co +
o pls) "’ =) (s)

= —co—i—/ooo p/(s)ug(s)ds—/b p’(s)u62( )ds

b
p'(

ds

p(s) p(s)
> —Co+F(Bo) —Ccyp = —200+F(B0) —F(B)+F(B)
> —3co + F(B)

We get F(u(t)) < 3¢y < F(L) for t > b. Therefore F(u(t)) = F(u(t)) for t > b
and, due to Remark 1,

sup{u(t) : t € [b,00)} < L. (45)

Assume that there is by € (0,b) such that u(bg) = L, u'(by) > 0. Then, since
(p()u'(t)) =0if t > bg and u(t) > L, we get «'(t) > 0 and u(t) > L for t > by,
contrary to (45). Hence we get that w fulfils (33). O

5 Escape solutions

Definition 15 A solution u of problem (15), (16) is called escape, if there exists
¢ > 0 such that
u(c) =L, ' (t) >0 fort € (0,00). (46)

Theorem 16 (On three types of solutions) Let u be a solution of problem (15),
(16). Then w is just one of the following three types

(I) w is damped;
(II) w is homoclinic;
(III) w is escape.

Proof. By Definition 8, u is damped if and only if (33) holds. By Lemma 11
and Definition 12, u is homoclinic if and only if (37) holds. Therefore, if u is
neither damped nor homoclinic, v has to fulfil

sup{u(t) : t€[0,00)} > L. (47)

12



Then, similarly as in the proof of Lemma 11, we get u/(t) > 0 for t € (0, 00).
Hence (47) is equivalent to (46). O

By Theorem 13 we know that if B € [B,0), then a solution of problem
(15), (16) is damped. Therefore if we want to prove the existence of an escape
solution of (15), (16), we need to restrict our consideration on B < B. First we
will prove an auxiliary assertion.

Lemma 17 Let C < B and {B,} C (—00,C). Then for eachn € N

(i) there exists a solution u, of problem (15), (16) with B = B,

(ii) there exists b, > 0 such that [0,b,) is the mazimal interval on which the
solution u, is increasing and its values are less or equal to L,

(iii) there exists v, € (0,by) satisfying un(yn) = C.

If the sequence {v,} is unbounded, then there exists { € N such that uy is an
escape solution.

Proof. In view of Lemma 3, Theorem 16 and the proof of Theorem 9 solutions
u, of problem (15), (16) with B = B,, and constants b,, 7y, exist (b, can be
infinite). Let {v,} be unbounded. Then

lim v, =00, lim b, = 0. (48)
n—oo n—oo
(Otherwise we take subsequences.) Assume on the contrary that for any n € N,
U, is not an escape solution. Choose n € N. If b, = oo, we write uy,(b,) =
lims—, 00wy (t) and ), (by,) = lims—, o ul,(t). By Theorem 16, we have

Consequently, R
flun (@) = fun(t), ¢ €[0,bn). (50)
Due to (49) there is 7, € [yn, by) satisfying
() = max{ul, (6) ¢ € [, b)) (51)
By (15) and (50), u,, satisfies equation
" p/(t) ’ — f(u

Integrating it over [0, ], we get

“%2“) + F(un(t)) = F(B,) — /0 1;8 u?(s)ds, t € (0,by,). (52)
Put o
Eatt) = 2 4 B 1), te (0,by). (53)

13



Then, by (52),
dE.(1) _ P'()
=— t) <0, te(0,by). 54
We see that E,, is decreasing. Since F' is increasing on [0, L] (see Remark 1),
we get by (49) and (53),

En(vn) > Fun(yn)) = F(C), En(by) = F(un(bn)) < F(L). (55)

Integrating (54) over (v, b,) and using (51), we obtain

bn 1
Balon) = Bulta) = [ 2 O 2ty dt <y (3) (L — OV,

O
where
P't)
K, = Sup{ o0 te [vn,bn)} € (0, 00).
Further, by (55),
F(C) < En(va) < F(L) + uy, () (L — C) Ko, (56)

and F(C)—F(L) 1
FO-FL) 1 _
I—c I, < Ul

Conditions (12) and (48) yield lim,_,o K, = 0, which implies
lim u), () = oco. (57)
By (53) and (56),

w? (Yn)

5 < En(’_Yn) < En(’Yn) < F(L) + uln('_Yn)(L - C)Km

and consequently
) (530) = (L= OOF, ) < F(L) < o0, me N

which contradicts (57). Therefore at least one escape solution of (15), (16) with
B < B must exist. U

In the next theorem we add one new assumption for the function p to our
basic assumptions (8) — (12).

Theorem 18 (On escape solutions I) Assume that the function p moreover

fulfils
L ds

Then there exists B < B such that the corresponding solution of problem (15),
(16) is an escape solution.
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Proof.  Let C < B and let {B,}, {u,}, {bn}, and {7,} be sequences from
Lemma 17. Moreover, let {B,,} fulfil

lim B, = —oc. (59)

n— o0

Assume on the contrary that for any n € N, u,, is not an escape solution. Then
(49) is satisfied. According to (ii) from Lemma 17 and (14)

Flun(t)) = flun(t), ¢ € (0,bn), (60)

holds. By Lemma 17, the sequence {~,} must be bounded, that is there exists
I' € (0, 00) such that
Y <T' forn eN. (61)

Choose an arbitrary n € N. Since B,, < C' < 0 and u,,(t) € [B,,C]fort € [0,7,],
we get, by (9),
flun(t)) >0 for ¢ € (0,7vy,].

By (15), (16) and (60), p(¢t)u.,(t) is increasing and positive on (0,,], and so
1
Un(8) < POm)un(vn) 2y £ € (0, 7):

Using (61), we get by integration over (0,,)
€ Bu ot [ (62)
n =Pt |y

In view of (15) and (60) we get

(5 @)()2@NW®J

P(#)uy, () (' (), (£) + p(E)ug, () = p(t) f (un (1)) + 2p()p () F (un(t))
2p()p (1) F(un(t)) = 0
(Yn

for each ¢ € (Yn,by). It follows that for ¢ € (v, by)
;%><prﬂwm>§<%>wwﬂﬂmm%m»
Consequently,
P (yu(t) = p* () (va) = 20° (D F(C), ¢ € (Yn,bn). (63)
Since limy, .00 Bn = —00, we get by (62),
lim. p(yn ) () = 0. (64)

n—oo

Let {b,} be bounded, that is we can find by > 0 such that b, < by for n € N.
Then, by (63) and (64), there is ng € N such that for n > ng

P2(OuZ(t) > p*(bo), tE (Ynsbn),
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and u/?(t) > 1, t € (Yn, byn). Therefore u/?(b,) > 1, contrary to (49).

Let {b,} be unbounded. We have lim, o, b, = oo (otherwise we take a
subsequence). There is ng € N such that for n > ng, we have I' + 1 < b,, and,
due to (63) and (64),

P Oui(t) > p*(C+1)(L = C)?, te (y, T +1].
Hence, u), (t) > L — C for t € (v, + 1]. Integrating this we obtain
Un(T+ 1) —up(yn) > (L—C)YT +1— ).

Therefore, by (61), u,(I'+1) > C+L—C = L. Since u, is increasing on (0, b,,),
we get un(b,) > L, contrary to (49). We have proved that an escape solution
must exist for some B < B. O

The next theorem investigates the case when p does not fulfil (58) and we
add one new assumption for f to our basic assumptions (8) — (12).

Theorem 19 (On escape solutions II) Assume that f moreover fulfils

N
P fx) (65)

Then there exists B < B such that a solution of problem (15), (16) is an escape
solution.

Proof. Let C < B and let {B,}, {u,}, {bn} and {,} be from Lemma 17
and let {B,} satisfy (59) . Assume on the contrary that for any n € N, u,, is
not an escape solution. Then (49), (60) and (61) for some I' € (0, 00) hold. Put

P(t) = [y p(s)ds. By (20),

m P = lim ¢(t) =0.

t—0t p(t) t—0t

Therefore

TP
/O =Ty € (0.00) (66)

Choose an arbitrary n € N. Then u,, fulfils (15) and this yields
t
PO = [ ) n(s)) s, 1€ (0.7) (67
0
We can find ng € N such that B,, < 2C for n > ng. Choose an arbitrary n > ny.
There exists a unique 7, € (0,v,) satisfying u,(¥,) = Bn/2, and there exists

on € [1/2,1] such that

f(onBy) = max{f(z): x € [Bn, Bn/2]}.
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By (67),

P(t) _
w0 < flonBa) i 1€ (03]
and w P
_ Tn t
un('}/n) - Un(o) < f(Uan) o m dt.
Consequently,

1 lowBl _1_|B,l </% P(t)
0

5f(o'an) - if(aan) o W

Letting n — oo and using (61) and (65), we get oo < T'g < 0o, a contradiction.
Therefore an escape solution must exist for some B < B. O

Theorem 20 Let M, be the set of all B < 0 such that corresponding solutions
of problem (15), (16) are escape ones. Then M. is open in (—o0,0).

Proof. Let By € M, and ug be a solution of problem (15), (16) with B = By.
So, ug is an escape solution. By Lemma 5, if B < 0 is sufficiently close to
By, then the corresponding solution u of problem (15), (16) must be an escape
solution, as well. O

6 Main results

Theorem 21 (On a homoclinic solution) Let our basic assumptions (8) — (12)
be fulfilled. Assume that moreover the assumptions of Theorem 18 or Theorem
19 be satisfied. Then problem (6), (7) has a strictly increasing solution with just
one zero.

Proof.  Under assumptions (8) — (12), by Theorem 13 and Theorem 14, the
set My is nonempty and open in (—o00,0). By Theorem 20, the set M, is
open in (—o0,0). We assume that the conditions of Theorem 18 or Theorem
19 are fulfilled. Using this theorem, we get that M. is nonempty. Therefore
the set M}, = (—00,0) \ (M4 U M,) is nonempty and if B € My, then the
corresponding solution of problem (15), (16) is neither damped nor an escape
solution. According to Theorem 16, such solution u is homoclinic. By Definition
12, u is strictly increasing on [0, 00) and fulfils (7). By Lemma 11, u satisfies
(37) and so it is a solution of equation (6). O

In contrast to papers [1] and [2] we need assume neither that f'(0) exists
and is different from 0 nor that

See the following example.
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Example 22 The function

_{ V(e 41 for 2 <0,
f(x){%{;_[,) for x€]0,L]

satisfies the conditions (8) — (10) and (65).
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