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Abstract. This work deals with a nonlinear boundary value problem with impulses.
Such problem was investigated by many authors, see for example [1] or [2] and references
therein. The main purpose of this paper is to prove the equivalence between impulsive
problems and properly constructed boundary value problems without impulses. Using
this equivalence we can transfer results known for boundary value problems of ordinary
differential equations on boundary value problems of differential equations with impulses.
Here, we use this approach and prove the lower and upper solutions method for nonlinear
impulsive problems with impulsive functions having positive or negative derivatives.
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1. Introduction

Let us consider the interval J = [a,b] C R, where a =ty < t; < ... < t, < t,41 = b.
We will work with the Banach spaces C(J) (the space of functions x continuous on .J
with the norm ||z||c = max,cs |z(t)[), C'(J) (the space of functions x having continuous
first derivatives on J with the norm ||z||c1 = ||z||c + ||'||c), L(J) (the space of functions
y Lebesgue integrable on J with the norm ||y||; = [”|y(t)|dt) and with the set AC(.J)
(the set of functions absolutely continuous on J). We say that f : J x R — R fulfils the
Carathéodory conditions on .J x R, if f has the following properties: (i) for each x € R
the function f(-,x) is measurable on J; (ii) for almost each ¢t € J the function f(t,-) is
continuous on R; (iii) for each compact set K C R the function mg (t) = sup,cx |f (¢, )| is
Lebesgue integrable on J. For the set of functions satisfying the Carathéodory conditions
on J x R we write Car(J x R). For a subset  of a Banach space, cl(Q2) and 02 stand for
the closure and the boundary of €2, respectively.

We will investigate the impulsive problem

u'(t) = f(t,u(t)) fora.e. te(tj,tjy1), j=0,...,p (1)
ultj+) = Li(u(t)), j=1....p, (2)
h(u(a),u(b)) = 0, (3)

where f € Car(J xR), I; € C'(R), I} #0,j=1,...,p, and h € C(R?).



Together with the problem (1) - (3) we will study the problem without impulses

2'(t) = g(t,z(t)) fora.e. te (4)

h(z(a), w(x(b))) = 0, (5)
where g € Car(J x R), w € C'(R), w' # 0, and h € C(R?).

We prove that problems (1) - (3) and (4), (5) are equivalent and by means of this we
get the lower and upper functions method as well as the existence of solutions to problem
(1) - (3). Let us note that the existence results to problem (1) - (3) were proven also by
E. Liz in [2], but by another approach and for increasing impulsive functions, only. Here,
we extend the lower and upper functions method and the existence results on the case of
decreasing impulsive functions. Our proofs need no technique and results from the theory
of impulsive differential equations.

Definition 1. By AC* we mean a set of functions v : J — R, which are absolutely
continuous on each (¢;,¢,41), 1 =0,...,p, u(t;) =u(t;—), j=1,...,p+1, u(a) = u(a+).
A function u € AC* which satisfies conditions (1) - (3) is called a solution of problem
(1) - (3). A function x € AC(J) which satisfies conditions (4), (5) is called a solution of
problem (4), (5).

2. Nonlinear boundary value problems without impulses

To have this paper self-contained, let us show the ideas of the lower and upper functions
method for problem (4), (5).

Definition 2. A function oy € AC* (ap € AC*) is called a lower (upper) function of
problem (4), (5) provided the conditions

(af(t) — g(t,c;(1))(=1)" > 0 fora.e. t € (tj,tj11), j=0,...,p, (6)
(ai(tj+) —ai(ty))(=1)" 20, j=1,....p, (7)
h(eia), w(os(b)(=1) 2 0, i=1,2 (8)

are satisfied.

We will assume certain relation between lower and upper functions.
First, let
a1(t) < as(t) for each t € J, 9)

ar(t) if =< a(t)
at,r) = r if aq(t) <z < ao(t) foreacht e Jand z € R, (10)
as(t) if as(t) <z



g(t,x) = g(t,a(t,z)), g€ Car(J xR). (11)

Further, we assume that
w € C'(R), w' > 0 on R, (12)

h € C(R?), h is nonincreasing in its second variable (13)

and consider an auxiliary problem
7' (t) = g(t, z(t)) for a. e. t € J, (14)

(a) = a(a, x(a) — h(z(a), w(z(b)))). (15)

Proposition 1. Let us suppose (9) - (13) hold. Let x be a solution of problem (14), (15)
and let ay, g be lower and upper functions of problem (4), (5). Then

o <z<ayonJ (16)

and consequently x is a solution of (4), (5), as well.
Proof. Let us put
2(t) = ayq(t) — z(t) for each t € J.

According to (15) we have x(a) € [a1(a), az(a)], which means that z(a) < 0. Suppose
that there exists ¢, € (a,t;) such that

z(q1) > 0. (17)
Since z is continuous on [a, t1), we can find ¢y € [a, ¢;) such that
2(qo) = 0 and z > 0 on (qo, ¢1]. (18)

In view of (6) we have

for a. e. t € (go, q1]. Therefore

0> /ql Z(t)dt = 2(q1) — 2(q0) = 2(a1),

q0
which contradicts (17). Thus we get
z <0 on [a,t]. (19)
By (7) and (19), the inequalities a;(t14+) < ai(t1) < x(t1) = x(t,+) are true, and so

Z(t1+) S 0.
Suppose that there exists ¢; € (¢1,t2) such that (17) is true. Then we can find ¢ € (¢1, 1)
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such that (18) is valid and we get a contradiction to (17) as before. In such a way we can
argue at each interval (¢;,%;41], 7 =1,...,p, and get z < 0 on J which means that

o < xon J.

The second inequality in (16) can be proved similarly putting z = = — ap on J.
Due to (16), we have

z'(t) = g(t, z(t)) = g(t,x(t)) for a.e. t € J.
[t remains to prove that z fulfils (5). It is sufficient to show that
ai(a) < 2(a) — h(z(a), w(z(b))) < az(a), (20)

because (15) implies (5) then.
Suppose on the contrary, that
ai(a) > x(a) — h(z(a), w(z(b))).

Since (15) is valid, we get z(a) = a;(a). Then, by (12) and (13), we have 0 < h(z(a), w(z(b))) <
h(ci(a), w(aq(b))), which contradicts (8). The second inequality in (20) can be proved si-
milarly. This completes the proof. O

We can easily see that the following modification of Proposition 1 is true.

Proposition 2. The assertion of Proposition 1 remains valid if we replace the conditions
(12) and (13) with
we C'R), w <0onR (21)
and
h € C(R?), h is nondecreasing in its second variable. (22)

Theorem 1. Let oy and ay be lower and upper functions of problem (4), (5). Further,
suppose that oy < ag on J and that either w' > 0 and h is nonincreasing in its second
variable or w' < 0 and h is nondecreasing in its second variable. Then there exists a
solution x of problem (4), (5) such that

o <z <ay onJ (23)

Proof. Consider the integral equation

2(t) = a(a, z(a) — h(z(a), w(z(b)))) + /atﬁ(s,fv(S))ds, (24)



which is equivalent with problem (14), (15). Further, define the set
Q={zeC():|z|lc <M},

where M = sup,c; a1 ()] + sup,e; |aa(t)| + [P A(s)ds and A(t) = sup{|g(t,2)| : = €
[y (t), az(t)]}. Clearly Q is nonempty, convex, closed and bounded set in C'(.J). We can
check that the operator T': Q — C(J) given by

(T)(t) = a(a, x(a) = h(z(a), w(z(b)))) + /:6(8, x(s))ds

is continuous and that cl(T'(€2)) is a compact set in C'(J) and T maps € to itself.
Thus, according to the Schauder fixed point theorem, there is a point z € 2 such that

Tr =z,

which means that the function x is a solution of (24) and consequently a solution of (14),
(15). Propositions 1 and 2 imply that x is a solution of (4), (5) and satisfies (23). O

Now, suppose

as(t) < ay(t) for each t € J, (25)
az(t) if o < ag(t)

at,r) = r if ap(t) <z <ay(t) foreacht e Jand xz € R (26)
ar(t) if oq(t) <=z

and consider an auxiliary problem (14),
2(b) = a(b, x(b) + h(x(a), w(z(b))))- (27)
Proposition 3. Let the conditions (25), (26), (11) and
h € C(R?), h is nondecreasing in its first variable, w € C*(R) (28)

be satisfied. Let x be a solution of problem (14), (27) and let oy, o be lower and upper
functions of problem (4), (5). Then

ay <z <o on.J (29)

and consequently x is a solution of (4), (5), as well.
Proof. This proof is similar to that of Proposition 1. We put

2(t) = x(t) — ay(t) forallt € J

and prove z(t) < 0 for all ¢ € J. In view of (27) we have z(b) € [ay(b), a1 (b)], which means
that z(b) < 0. Suppose, that there is gy € (¢,,b) such that

z(qo) > 0. (30)
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Since z is continuous on (t,,b], we can find ¢; € (go, b] such that
2(q1) =0 and z > 0 on [qo, ¢1)- (31)
In view of (6) we have
2(t) =a'(t) — oq(t) = g(t, x(t)) — g(t,01(t)) = 0 for a. e. T € [go, q1).
Therefore o
0< [" 20t = 2(a) = 2(00) = —2(ao),

q0

which contradicts (30). Similarly, we can proceed to the initial point a = . To prove the
first inequality in (29) we work with

2(t) = as(t) — x(t) for each t € J.
Due to (29), we have

() = g(t, z(t)) = g(t,z(t)) for a.e. t € J.
Finally, we need to prove

as(b) < z(b) + h(z(a), w(z(b))) < ai(b). (32)

If oy (b) < z(b) + h(z(a), w(z(b))), then z(b) = oy (b) and

0 < h(z(a), w(z(b))) < h(ai(a), wlai(b))),
which contradicts (8). For the first inequality in (32) we argue similarly. O

Theorem 2. Let a; and as be lower and upper functions of problem (4), (5). Further,
suppose that a; > ag on J and that h is nondecreasing in its first variable. Then there
exists a solution x of problem (4), (5) such that

as <z < aq onJ. (33)

Proof. Starting with the integral equation

(1) = afb,7(0) + (), wz ) + [ 505, 7())ds

and using Proposition 3 instead of Propositions 1, 2, we can argue as in the proof of
Theorem 1. O



3. Relation between impulsive problem (1) - (3) and problem (4), (5)

Consider the impulsive functions I; € C'(R), I #0,j=1,...,p, and define functions
w;:R—R,2=0,...,p:

woy = idg,
w = Il)
??2.:]2([1) :IQ(UM), (34)
Wwp—1 = Ip1(wp-2),
w = wp = Ip(wp_1).
Further, having f € Car(J x R), define
[Lnl@) for t € [a,t]
G
gltoy =] wmw fortelnbl g (35)
el for t € (ty,0)
Conversely, having g € Car(J x R), define
g(t,wy ! (u))wy(wg ' (u)) for t€ la,t]
—1 l —1
f(t,u) _ g(tawl (u))wl(wl (U)) fOI‘ te (tlﬂtZ] for u € R. (36)
g(t,wp_l(u))w;,(wp_l(u)) for ¢ e (tp,0]

Theorem 3. a) Let u be a solution of problem (1) - (3) and let g be defined by (34), (35).
Then a function x given by

wy H(u(t)) for t € [a,ti]

o(t) = wit(u(t)) for t € (ti,ts) (37)
wy ' (u(t)) for t € (0],
is a solution of problem (4), (5).
b) Let x be a solution of problem (4), (5) and let f be defined by (34), (36).
Then a function u given by
wo(z(t)) for t € la,t]
u(t) = wi(z(t)) for t€ (t1,t] (38)

wp(a(t)) for € (1),
is a solution of problem (1) - (3).
Proof. a) Let u be a solution of problem (1) - (3). Then, in view of (37) and (35)

o) = W SEwlEO) o) for e t e (ttin),

wi(z (1)) wi(z (1))




i = 0,...,p. Since u(a) = z(a) and u(b) = wy(z(b)) = w(xz(b)), we have by (3),

h(z(a),w(z(b))) = 0.

Next, alt+) = wr (ult;+)) = w (I(u(t) = wib (7 () = i (ult) =

x(tj), j = 1,...,p. This together with u € AC* implies x € AC(J) and therefore z is a

solution of (4), (5).

b) Let = be a solution of (4), (5). Then, by (38) and (36), u'(t) = wi(z(t))2'(t) =

(%)Ué(fv(t))g(t,fv(t)) = wi(w;” (u(t)g(t, wi (u(t)) = f(t,u(t)) for a. e. t € (titin1), i =
see s D

We have z(a) = u(a), w(z(b)) = wy(x(b)) = u(b) and then h(u(a),u(b)) = 0. Finally,

u(ti+) = wi(@(t;+)) = w;(2(t;)) = (w1 (2(t)))) = Li(u(t;), j=1,...,p.

Since # € AC(J), then, in view of (38), w;(x(t)) are absolutely continuous on (¢;,t;11), i =

0,...,pand u(t,—) = u(t;), j=1,...,p+ L. Therefore u is a solution of (1) - (3). O

4. Lower and upper functions method to problem (1) - (3)

4.1 Increasing impulsive functions
Let us suppose
I;€eC'(R), I} >0, j=1,....p. (39)
Definition 3. A function o3 € AC* (0o € AC™) is called a lower (upper) function of
problem (1) - (3), provided the conditions

(o) — f(t,00(1))(=1)" > 0 for a. e. t € (tj, t;11), 5=0,...,D, (40)
(i(ty+) = Li(oi(t))(=1)' 20, j=1,...,p, (41)
h(oi(a),o;(b))(=1)" >0, i=1,2 (42)

are satisfied.

Theorem 4. Suppose that (39) holds.
a) Let o1 and oy be lower and upper functions of problem (1) - (3) and let g be defined
by (34), (35). Then functions oy and oy given by

wy H(o3(t)) for t € la,ty]

wy H(oi(t)) for t € (ty,ts]

a;(t) = (43)

w;l(ai(t)) for t € (tp, bl

are lower and upper functions of problem (4), (5).
b) Let a; and oy be lower and upper functions of problem (4), (5) and let f be defined by

(34), (36).

Then functions oy and oo given by

wo(a;(t)) for t € |a,ty]

wi(ai(t)) for t€ (ti,t] (44)

il = g
wy(ay(t)) for t e (ty,b],
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are lower and upper functions of problem (1) - (3).

Proof. We will prove the assertion for lower functions, only. Choose arbitrary j € {1,...,p}
and i € {0,...,p}. Let oy be a lower function of (1) - (3).
Then

ry = —2®) =g(t,a or a. e iy b
a;(t) = Do) S W) g(t,aq(t)) for a. e. t € (t;,t;41).
) = w(ay(b)), we have
)

h(ai(a), w(ay (b)) = h(o1(a),o1(b)) < 0.

Further, oy (t;+) = wj_l(al(tj—i—)) < wj_l(fj(al(tj))) = wj_,ll(al(tj)) = ay(t;).
Thus «; is a lower function of (4), (5).
Now, let a; be a lower function of (4), (5). Then o/ (t) = wi(a;(t))a)(t) < wi(ay(t))g(t, ai(t)) =

wi(wy (o1 (1)) (t, wi (01()) = f(t,01(2)), for a. e. t € (ti,tip1).
As before, we have

Finally, o1 (t]—|—) = wj (CYl (t]—f—)
So, 01 is a lower function of (

= ~—

Theorem 5. Let 01 and o3 be lower and upper functions of problem (1) - (3) and let (39)
be fulfilled. Further, let one of the following conditions be satisfied:

1. o1 < 09 on J and h is nonincreasing in its second variable;
2. 09 < oy on J and h is nondecreasing in its first variable.

Then there exists a solution of problem (1) - (3) lying between oy and oy on J.

Proof. We will investigate only the case o; < 0y on J. The second case can be pro-
ved similarly. Consider problem (4), (5), where g is defined by (34), (35). We can see
that f € Car(J x R) implies ¢ € Car(J x R), and that, according to (39), we get
w € C'(R), w' > 0. Theorem 4 implies that the functions ay, ay given by (43) are lower
and upper functions of (4), (5).

Since the functions w;, ¢ = 0,...,p, are increasing, it follows, that oy < ap on J if and
only if oy < 09 on J. Therefore, by Theorem 1, problem (4), (5) has a solution z which
satisfies (23). Thus, in view of Theorem 3, the function u given by (38) is a solution of
(1)-(3)and 0y <u<o90nJ. O

4.2 Decreasing impulsive function
Let us suppose

I;€eC'(R), I} <0, j=1,...,p. (45)

Definition 4. A function oy € AC* (0, € AC*) is called a generalized lower (upper)
function of problem (1) - (3), provided the conditions

(O4(1) ~ F(E o)1) 20 forae.t€ (ttynr), G=0,...p,  (46)

)
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(03(ti+) = Li(oa(t) (1) >0, j=1,....p, (47)
h(oi(a),04(b))(=1)" >0, i=1,2. (48)
Theorem 6. Suppose that (45) is satisfied.

a) Let oy and o9 be generalized lower and upper functions of problem (1) - (3) and let g
be defined by (34), (35). Then an, ay given by (43) are lower and upper function of (4),
(5).

b) Let ay, ay be lower and upper functions of (4), (5) and let f be defined by (34), (36).
Then oy, o9 given by (44) are generalized lower and upper functions of problem (1) - (3).
Proof. We can use the arguments from the proof of Theorem 4 having in mind that the
conditions (34) and (45) imply that

(—1)w;>0,j=0,...,p. (49)

We will prove the assertion a) for oy, only. So, choose arbitrary j € {0,...,p} and
consider a generalized upper function oy of (1) - (3). Then

) fa®) o (1)
CY2(t) g(tv Q(t)) ’LU;(CYQ(t)) w}(ag(t)) (2(t) f(t7 Q(t)))|w§(a2(t))| >0

fora.e. t € (tj,tj+1).
Further, choose j € {1,...,p} and suppose that j is odd. Then, by (47), oq(t;+) <
I;(049(t;)), and in view of (49) we have

w; H(oa(tj+)) > wjt (Ii(02(t5))).

as(t;). Similarly

Theorem 7. Let o1 and oy be generalized lower and upper functions of problem (1) - (3)
and let (45) be fulfilled. Further, let one of the following conditions be satisfied:

1. (o1 — 09)(—=1)" <0 on (t;,t;y1] for i =0,...,p and h is nonincreasing (nondecrea-
sing) in its second variable if p is even (0dd);

2. (o1 — 09)(=1)" > 0 on (t;, tir1] fori = 0,...,p and h is nondecreasing in its first
variable.

Then there exists a solution of problem (1) - (3) lying between oy, and oy on J.
Proof. We follow the proof of the Theorem 5 working with (—1)%w;, i =0, ...,p and using
Theorem 6 instead of Theorem 4. O

We can also study instead of problem (4), (5) the problem (4),



where g € Car(J x R) is given by

f(z,;fog)) for ¢ € (tp,0]
f (L1 () for te€ (t,-1,t
g(t, ﬁ) = wi (z) or 1e ( p—1s p] for z € R, (51)
L) for t € [a,1]
where
wp = 11—1,
wy =1, (I 1) = Iy (w), (52)

Wp—1 = ];;11(@”10—2)7
w = wy, = I, (wy_y).

Working with problem (4), (50) we can prove the following modification of Theorem 7.

Theorem 8. Let 0y and oy be generalized lower and upper function of problem (1) - (3)
and let (45) be fulfilled. Further, let one of the following conditions be satisfied:

1. (o1—09)(—=1)P7" <0 on (t;,t;11] fori =0,...,p and h is nonincreasing in its second
variable;
2. (o1 —09)(=1)P7" >0 on (t;, ti11] fori=0,...,p and h is nondecreasing (nonincre-

asing) in its first variable if p is even (odd).

Then there exists a solution of problem (1) - (3) lying between oy and oy on J.
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