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1 Introduction

Let T be a positive constant, J = [0,7] and R_ = (—00,0), R, = (0,00),
Ry =R\ {0}.

We will consider two types of singular boundary value problems for higher
order differential equations. The first one is the singular Lidstone boundary

value problem (BVP for short)
(=1)"®(t) = f(t,z(t),..., 272 (1), (1.1)

2®(0) =2¥)(T)=0, 0<j<n-—1 (1.2)
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where n > 1 and f satisfies the local Carathéodory conditions on J x D (f €
Car(J x D)) with

Ry xRy xR_ xRy x--- xRy ifn=2k-1

D— 4k—3
Ry xRy xR_ xRy x---xR_ ifn=2k

4k—1

(forn =1,2 and 3, we have D =R,, D =R, x Ry x R_ and D = R, x Ry x
R_ xRy xR, respectively). In our considerations the function f (¢, xg, ..., Ta,—2)
may be singular at the points z; = 0, 0 < ¢ < 2n — 2, of the phase variables

Lo,y -5 Top—2-
The second one is the singular (n,p) boundary value problem
—aM(t) = f(t,x(t), ..., a" V(@) (1.3)
£D0)=0,0<i<n-2, zP(T)=0, p fixed, 0 <p<n-—1, (1.4)

where n > 2 and f € Car(J x X) with
X =R, xRI"?xR.

In this case the function f(¢,xo,...,x,_1) may be singular at the points x; = 0,
0 <i < n — 2 of the phase variables xg, ..., Z,_s.

We will prove the existence of solutions to problems (1.1), (1.2) and (1.3), (1.4).

Definition1.1. A function x € AC?""!(J) (i.e.,  has absolutely continuous
the (2n — 1)% derivative on J) is said to be a solution of BVP (1.1),(1.2) if
(=1)72®)(t) > 0 for t € (0,T) and 0 < j < n — 1, x satisfies the boundary
conditions (1.2) and (1.1) holds a.e. on J.

Definition 1.2. By a solution of BVP (1.3),(1.4) we understand a function
x € AC™1(J) which is positive on (0,7T), satisfies conditions (1.4) and for a.e.
t € J fulfils (1.3).

From now on, ||z| = max{|z(t)] : 0 < t < T}, ||z|z = Ji |z(t)|dt and
|7|le = essmax{|z(t)| : 0 < ¢ < T} stands for the norm in C°(J), Li(J) and
Lo (J), respectively. For a subset €2 of a Banach space, ¢l(€2) and 0f2 stands for
the closure and the boundary of €2, respectively. Finally, for any measurable set
M, (M) denotes the Lebesgue measure of M.

The fact that a BVP is singular means that the right hand side f of the
differential equation does not fulfil the Carathéodory conditions on the region
where we seek for solutions, i.e. on J x cl(D) if we work with equation (1.1) or
on J x cl(X) if we study equation (1.3). In singular problems the Carathéodory
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conditions can be broken in the time variable ¢ or in the phase variables or in
the both types of variables. The first type of singularities where f need not
be integrable on J for fixed phase variables was studied by many authors. For
BVPs of the n-th order differential equations such problems were considered for
the first time by Kiguradze in [18]. The second type of singularities where f
need not be continuous in its phase variables xq, x1, . .. for fixed ¢ € J was mainly
solved for BVPs of the second order differential equations. One of the first papers
concerning the second order Dirichlet BVP with a singularity at x = 0 of the right
hand side of the differential equation z”(t) = f(¢,x(t)) was written by Taliaferro
in [26], where necessary and sufficient conditions for the existence of a concave
solution > 0 on (0, 1) were found. Then a lot of papers extending or generalizing
Taliaferro’s result appeared. Let us mention [19] by Lomtatidze and Torres and
[5] by Agarwal and O’Regan dealing with sign-changing right hand sides f of
singular second order equations and proving the existence of a solution which is
nonconcave and positive on (0, 1). The existence of nonconcave and sign-changing
solutions of the above problem was proved by the authors in [25].

Problems (1.1),(1.2) and (1.3), (1.4) have received a lot of attention in the
literature. For n = 1, the Lidstone boundary conditions (1.2) are equal to the
Dirichlet conditions and conditions (1.4) with n = 2 contain the Dirichlet ones
as the special case p = 0. The Lidstone BVP (with a general n) was studied
in the regular case e.g. by Agarwal and Wong [1], [7], [31] and for the singular
(n,p) BVP with a special case of the right hand side f in (1.3) we can refer to
the papers [6], [30] by Agarwal, O’Regan, Lakshmikantham and Wong.

In this paper we extend the citied results on the case of a general Carathéodory
right-hand side f which may depend on higher derivatives up to the order 2n —2
in (1.1) and the order n — 1 in (1.3). Let us note that conditions (1.2) imply that
odd derivatives of any solution of (1.1),(1.2) are sign-changing functions on J.
Similarly, if x is a solution of (1.3),(1.4) with 0 < p < n — 2, then 2 changes
its sign inside of J forp+1<i<n —1.

So, the main common feature of problems (1.1),(1.2) and (1.3),(1.4) is the
fact that some derivatives of solutions go through singularities of f somewhere
inside of J. This is the substantional difference of our problems (1.1),(1.2) and
(1.3),(1.4) from all the problems citied above. As we know, such situation has
not been considered, yet.

The following assumptions ! will be used in the study of problem (1.1), (1.2) :
(Hy) f € Car(J x D) and there exists ¢ € L;(J) such that
0< @Z)(t) S f(tvx(h s a:L‘Qn—Q)

for a.e. t € J and each (xq,...,%2,-2) € D;

! Throughout the paper, we set Z?;OZ =0ifn=1.
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(Hy) For a.e. t € J and for each (xy, ..

. 7x2n72) € D7
2n—2 2n—2
f(taxl)w- y Loan—2 <¢ +ZQ] w] ‘x]‘ + Zh |x]‘
7=0
where ¢, h; € Li(J) and ¢; € Lo(J) are nonnegative, w; : Ry — Ry are
nonincreasing,
n— 1T2(n i)—3 T
S= ZO " /O t(T — t)hoy(t) dt
n— 2T2(n i—2) (15)
+ Z Gri—2 /0 t(T — t)hQH_l(t) dt <1
1=0
and .
/ wi(s)ds < 0o, wj(uv) < Awj(u)w;(v) (1.6)
0

for 0 <7 <2n—2 and u, v € R, with a positive constant A.

In the study of problem (1.3), (1.4) we will work with assumptions:

(Hj

) f € Car(J x X) and there exist positive ¢ € L;(J) and K € Ry such that

w(t) S f<t7 Zoy - .- 7xn71)
for a.e. t € J and each (xg,...,2,-1) € (0,K] x RI"* xR C X;

(H,) For a.e. t € J and for each (xg,...,z,-1) € X,

n—1
0<f(t,.%‘07.. , Tp—1 <¢ +ZCI1 W ’xz +Zh’](t)|$]’
=0

where ¢, hy, € L1(J) and ¢; € Lo(J) are nonnegative, w; : Ry — R, are
nonincreasing,

:Z n—]—l) | his)st s < 1 (L7)

and

T )
/ wi(s"ds < oo
0
for0<i<n-—-2,0<k<n-—1.

(1.8)

Remark 1.3. Since w; : Ry — R, in (H;) are nonincreasing, the assumption
Jif wi(s)ds < oo implies that [y w;(s)ds < oo for each V € Ry, 0 < j < 2n — 2
The same is true for integrals in (1.8) and 0 <7 <n — 2.
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The paper is organized as follows. Section 2 presents properties of the Green’s
function G;(t, s) for the problem z(*) = 0, 29(0) = 2®)(T) =0,0<i < j—1
and of the Green’s function G(t,s) for the problem —z(™ = 0, (1.4), which are
necessary for our next considerations. Section 3 deals with auxiliary regular
BVPs to problems (1.1),(1.2) and (1.3), (1.4). We give a priori bounds for their
solutions and prove their existence by the theory of homotopy and the topological
degree. In addition, we prove that some sets of functions containing solutions of
our auxiliary regular BVPs are uniformly absolutely continuous on J. The main
results about the existence of solutions to BVPs (1.1),(1.2) and (1.3), (1.4) are
given in Section 4. Proofs are based on the Arzela-Ascoli theorem and the Vitali’s
convergence theorem, see e.g. [8], [21].

2 Green’s functions and a priori estimates

2.1 Problem (1.1),(1.2)

Given j € N. From now on, G;(t, s) denotes the Green’s function of BVP
%) (t) =0,

Then s
T(t_T) for0<s<t<T
Gl(t, S) = ¢ (21)
f(s—T) for0<t<s<T.
The Green’s function G;(t, s) can be expressed as ([1], [7], [28])
T
Gilt,s) = / Ch(t, u)Gyr (u, 8) du, j > 1 (2.2)
0
and it is known that ([7], [28])
(=1)7Gy(t,s) >0 for (t,s) € (0,T) x (0,T). (2.3)
Lemma2.1. For (t,s) € J x J and j € N, we have
) T2j—3
(—1)Gy(t,s) < o1 s(T — s). (2.4)



Proof. For (¢,s) € J x J, we see from (2.1) that
$
G1(t,s)| < (T = 5) (2:5)

i.e. (2.4) is true for j = 1. Assume that (2.4) holds for j = i (> 1). Then it
follows from (2.2)-(2.5) that

T
G (£, 5)| = /0 (G (t, )| Gy (u, )] du

T2i—4 T T2i—1
g.is(T—s)/ w(T —u)du = ——s(T — s)
6i—1 0 6
for (t,s) € J x J. Thus (2.4) is true for j =i+ 1. O

Remark 2.2. If 7= 1, Lemma 2.1 gives the result proved in [31].

Lemma2.3. For (t,s) € J x J and j € N, we have

2j—5
|G,(t,s)] > Wst(T —t)(T —s). (2.6)
Proof. We see that
i(T—t)zSﬁ(T_t)(T_S) for0<s<t<T
Gi(t,s) =4 T T3 (2.7)
| i(T— )>St(T_t)(T_S) for 0<t<s<T
T = I Phetse=h

and so (2.6) holds for j = 1. Assume that (2.6) is true for j = i (> 1). Then
(2.2), (2.3), (2.6) and (2.7) give

T
G (t.)| = [ Gt ) Gilu, ) du

2i—8 T 2i—3
> o st(T = 1)(T = s) /O WA(T = u)?du = —mst(T = £)(T = 5)
for (t,s) € J x J and so (2.6) is valid for j =i + 1. O

Lemma 2.4. Let z € AC*'(J) satisfies (1.2) and (—1)"x®™(t) > 1)(t) for a.e.
t € J with v given by (Hy). Set

Q= /OT s(T — s)i(s) ds. (2.8)
Then

(a) (=123 (t) >0 fort € (0,T),0<j<n—1,

6



(b) (=1)72%*V s decreasing on J and vanishes at a unique point & € (0,T)
for0 <73 <n-—1.

In addition,

' T2(nfj)f5
12D (t)] > Sgor T —t) forteJ 0<j<n—1 (2.9)
and if n > 1 then
|z 2]+1()|—30n329‘/ —sds forteJ, 0<j<n-—2.2 (2.10)

Proof. From the equalities
. ) T )
(~172®(t) = [ (=1 G (1 5) (1)@ (s) ds, 0<j<n—1,
0

(2.3) and (—1)"z®V(t) > () > 0 for ae. t € J we deduce (a). Then
(—1)72@*D is decreasing on J for 0 < j < n — 2 and (=1)"2?" > 0 ae.
on J implies (—1)""'z("=1) is decreasing on J. Now from (1.2) we deduce that
2@+ (¢) = 0 for a unique &; € (0,7) with 0 < j < n — 1 which finishes the
proof of (b).

Further, from the inequalities

) T
29 ()] 2/ |Gni(t,5)[(s)ds, te 0<j<n-—1
0

and (2.6) it follows that

2(n—j)—>5
\x@j)(z&) > Ty

> S (=) /OT s(T — s)y(s) ds

fort € J,0<j<n-—1,and so (2.9) holds.
Finally, let 0 < j <n —2. Then 2®*)(t) = [{ 237%2)(s) ds and, by (2.9),

) (n—3)—7
|:L’(23+1()|_30n]2§2‘/ T —s) ds ted

which proves (2.10). O

2 If some statements depend on j with 0 < j < n — 2, then n > 1 is assumed throughout
the paper.



2.2 Problem (1.3),(1.4)

Let us consider the equation
—2™(t) = 0. (2.11)

Lemma 2.5. The Green’s function of problem (2.11), (1.4) has the form

T — n—p—1
(t"‘l < 8) —(t—s)”_1> for0<s<t<T

1 T

Glt, ) = (n—1)! et (T _ s>np1

0<t<s<T.
T for 0 < s <

Proof. See e.g. [1]. O
Lemma 2.6. The Green’s function of problem (2.11), (1.4) fulfils
G(T,s) >0 for s € (0,T) and for p > 0, (2.12)

D'G(t, s)
ot
Proof. Condition (2.12) follows from the inequality

S n—p—1 S n—1
1— = >(1— =
(-7)  >(-%)
which is true for s € (0,7) and for p > 0. Let us suppose 0 < i < min{p,n — 2}
and prove (2.13). We have

>0 for(t,s) € (0,7) x (0,7), 0<i<min{p,n— 2}. (2.13)

) T — n—p—1 .
<tn—l—1 ( S) —(t— s)”_z_1> for0<s<t<T

I'G(t,s) 1 T
ot (n—i—1)! , _ g\ Pl
( ) ﬂll(T S) for 0<t<s<T,
T
and therefore it is sufficient to show that
T — n—p—1 t— n—i—1
( T8> >< t8> for 0<s<t<T. (2.14)

Since inequalities

s n—p—1 s n—p—1 S n—i—1
1— = > 1—) ><1—>
(-7) =00 =0

are valid for 0 < s <t < T, condition (2.14) is true, as well. O
Lemma2.7. Let x € AC™V(J) satisfy (1.4) and let

—z™(#) >0 forae te.lJ (2.15)
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Then, if p > 0, we have
() >0 on (0,7], 0<i<p—1, 2P (t) >0 on (0, 7). (2.16)
If p=0, we have
xz(t) >0 for te€(0,7T). (2.17)

Proof. We will consider two cases, namely (i) p=n—1and (ii)) 0 <p <n—2.
Case (i). Let p=mn — 1. Then, by (1.4) and (2.15), we have

T
0< —/ 2™ (s)ds = ™ V(t) for t€[0,T). (2.18)
¢

Thus, integrating (2.18) from 0 to ¢ € (0,7] and using (1.4), we get step by step
29(t) >0 for t € (0,T], 0<i<n-—2 (2.19)

Inequalities (2.18) and (2.19) give the assertion of Lemma 2.7.
Case (ii). Suppose that 0 < p < n — 2. Then, using the formula

2(t) = — /0 LG s)a™ (s)ds, (2.20)

we can see that the assertion of Lemma 2.7 follows from (2.15) and Lemma 2.6.
O

In the study of problems having singularities in zero values of phase variables
it is necessary to find a priori estimates of solutions below. The following three
lemmas give a priori estimates below for functions satisfying conditions (1.4) and
(2.15). We consider the cases p=n—1, p=0and 1 < p < n — 2 separately.

Lemma2.8. Let p=n—1 and let z € AC" () satisfy (1.4),(2.15). Then the
inequalities
]l

29 (t) > e et =L for te (2.21)
0<i<n-—2, are fulfilled.
Proof. Put )
t\""
po(t) = ||| (T) fort € J. (2.22)
Then po(0) = ... = p2(0

) =0, po(T) = ||z]|. According to (2.16) we have
|z|| = =(T). So 1f h(t) = x(t) — p ( ) for t € J, then h satisfies the boundary
conditions h(0) = = h""2(0) = 0, h(T) = 0 and moreover h(™(t) = z™(t) —
Py (1) = ™M (t) < O for ae. t € J. Therefore Lemma 2.7 (with £ instead of z)
gives h(t) > 0 for t € (0,7), i.e

x(t) > po(t) for t e J. (2.23)
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Further, put

t n—2
p(d) = |1 (T) for teJ. (2.24)
Then pi(0) = ... = p{" 2(0) = 0, pi(T) = [l2’|. Since [|2’|] = 2'(T), the
function h = 2’ — p; satisfies h(0) = ... = K" (0) = 0, h(T) = 0, and moreover

=1 = g — p§”‘1) =2 < 0 a.e. onJ. So, by Lemma 2.7, where we use h
and n — 1 instead of = and n, respectively, we have h > 0 on (0,7, i.e

2'(t) > pi(t) for t e J (2.25)

. n—i—1 .
Similarly, for 2 < i < n — 2, we put p;(t) = [«@|| (£) and h(t) = 20 (t) —
pi(t) for t € J. Using Lemma 2.7 (with h and n — ¢ instead of x and n, resp.),
we get h > 0 on (0,7) and so

cO(t) > pi(t) for teJ, 2<i<n-—2 (2.26)
Having (2.22) - (2.26) together with the inequalities

| H> L 1<i<n-—2 (2.27)

we obtain (2.21) for 0 <i <n — 2. O

Lemma2.9. Let p =0 and let v € AC"'(J) satisfy (1.4), (2.15). Then we have
on J for0<i<n-—2

Mrlpot for 0 <t <
O
xr
T (& —1) for & <t<E, (2.28)

() ||| o A
2Vt < pp (&G =) for &<t<T

with

0<&1<&o<...<&E<E<E =T, where
(2.29)

& is a unique zero of 29 in (0,T), 1<j<n—1.

Proof. In view of (1.4) and (2.17) we have z(0) = z(T) = 0, z(t) > 0 for

€ (0,7). Further, there is a unique & € (0,7) such that 2/(§;) = 0. (Otherwise
we get a contradiction to (2.15).) Similarly, in (0,7) there is a unique §; < &_;
such that (&) =0, 2 <4 <n — 1. According to (2.15) we get

2@ (t) > 0o0n (0,&), 29(t) <0on (&,T], 1 <i<n-—1. (2.30)
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Therefore
2\ is concave on [€;49, T] and convex on [0,&40], 0 < i < n —2, (2.31)

where &, = 0. Let us prove (2.28) for i = 0. Put

pol®) = [ (;) for € [0,1].

Then po(0) = ... = p" 2(0) = 0, po(&1) = ||#]|. Since ||z]| = (&), the function
h = x — p, fulfils boundary conditions h(0) = ... = h(»=2(0) = 0, h(&;) = 0, and

h(™M(t) < 0 for a.e. t € (0,&;). Therefore, by Lemma 2.7 (where we use h and &
instead of z and T', respectively), we deduce that the inequality A > 0 holds on
(0,&1), which gives

x(t) > ” H ——t""! for t € [0,&]. (2.32)
By (2.31), z is concave on [{1, ] C [&2,T]. Thus z(t) > x(&l)% on [£1,T], and

SO
]

x(t) > T(T —t) for t € [&,T]. (2.33)

Estimates (2.32) and (2.33) lead to (2.28) for ¢ = 0.
For 1 <i <mn—2, we put on [0, 1]

n—i—1
- t
pilt) = 29 (i) ( ¢ ) and h(t) = () — pr(1)
i+
Since
ﬁ(i)(fwl) > HTmJ, I1<i<n-2 (2.34)
we get as before
29 (t) > Il i1 gy € [0, &1 2.35
sl Tn_l y Qe+1]- ( . )

Further, using (2.31), we see that 2 is concave on [ 41, T] C [£49, T]. Thus we
get the following two inequalities

. , St
2(t) > 37(1)(5#1)57 20 for t € [§1,8]

i — &
(2.36)

) t

P0(1) < 20 (6) £ <0 for 1€ [6, T
g €1+1
According to (2.34) the above inequalities yield
l2O ()| > =] & —t] for t €[4, T) (2.37)
= i+l ? i+1 . .
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Estimates (2.36) and (2.37) imply (2.28) for 1 <i <n —2. O

Lemma2.10. Let 1 < p < n—2 and let z € AC"(J) satisfy (1.4),(2.15).
Then, for 0 < i < p — 1, inequality (2.21) is true and for p < i < n — 2,
conditions (2.28) are valid on J, with 0 < &,-1 < &0 < ... < &1 < & =T,
where & is a unique zero of x9) in (0,T), p+1<j<n—1.

Proof. For 0 < i < p— 1 we use arguments of the proof of Lemma 2.8 and for
p <1 <n—2 we argue as in the proof of Lemma 2.9. O

Lemma2.11. Let v € Ly(J) be positive. Then there is a positive constant
c = c(1p) such that for each function x € AC"'(J) satisfying (1.4) and

Y(t) < —x™(t) for a.e t e J, (2.38)

the estimate
|lz|| > ¢ (2.39)

holds.
Proof. Let G be the Green’s function of problem (2.11),(1.4). There are two
cases to consider, namely (i) 1 <p <n —1 and (ii) p = 0.

Case (i). Let us suppose 1 < p <n — 1 and define a function

G(t,s)

tnfl

O(t,s) = for (t,s) € (0,77 x (0,7T.

In view of Lemma 2.6, ® is continuous and positive on (0,7] x (0,7"). Further,
for any s € (0,T") we have

anlcxus)‘ _»(Tﬂ—s)"p1:>0
otr—1 ls=0s \ T '

Choose an arbitrary s € (0,7"). Then

1 0"1G(¢,s)
lim ®(t, s) = ’
Jim ®(t, s) (n—1) o1 @¢m@

> 0,
which means that for any s € (0,7") we can extend ®(-,s) at ¢ = 0 as a contin-
uous and positive function on J. Thus the function F(t) = [ ®(t, s)(s)ds is

continuous and positive on J, as well. Therefore we can find d > 0 such that
F(t) >don J. So,

o) =- [ Gt )2 (s)ds > / Gt s)p(s)ds

T
_ tn—l/ D(t, s)p(s)ds = t"TF(t) > " d for te J.
0

This implies ||z|| = x(T) > T"'d = c.
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Case (ii). Let p = 0. Define a function

G(t, s)

O(t,s) = T =)

for (¢,s) € (0,7) x (0,7).

In view of Lemma 2.6, ® is continuous and positive on (0,7") x (0,7). For any
s € (0,T) we get

1 oGt s) 1 T —s\"!
lim ®(t,s) = d = >0
0t (t,s) T(n—1)! otr=1  lts)=(0s) T(n—l)!( T > ’
and 1 0G(t, )
. - y S
Jim @0t 8) = o =5 e

> 0,

“reg(7) - (F)

which means that for any s € (0,7') we can extend ®(-,s) on J as a continuous
and positive function. Further we can argue as in Case (i).

a

3 Auxiliary regular BVPs

3.1 Problem (1.1),(1.2)
For each m € N, define Y., ©m, 7m € C°(R), R,, C R and f,, € Car(J x R*"™ 1)

by the formulas
Xom(u) = {
for u > —%

m\U) =
#m{t) {u forug—%,

Xm fn=2k-—1
Tm =

u foru>-2L
m

L foru< L,

m m

1

m

Om ifn =2k,

1 1

R,, = (—00,——) U (—
m ( 0, m)U(mvoo)

and
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fm(t7 Loy, L1, T2, X3y . - -

for (t,xq, 1, x2, T3, . ..
Lo, T3, ...

m 1
o mta s Ty
2[f (t, o m

_fm(t> To, ——,

1

E[fm(taanxbm?a Ea
1

for (¢, x0, x1, %, 23, . ..

m 1

1
—fm(t, Loy, L1y L2y ey

for (¢, x0, x1, 2, . ..

Then

0< '(ﬁ(t) < fm(t,l’g, .o

2n—2

+an

for a.e. te J and each (xo,..

and

0< w(t) < fm(tux(]y s

2n—2

+qu

for a.e. teJandeaCh (2o, - ..

f(taXm(ﬁo),%, SOm(l’Q),I’g, -
7I2n—2)EJXRXRmXRXRmX...

T2,T3,...

for (t, Loy, L1, L2, L3y ...,

—fm(t, Lo, L1, X2y — ...
m

E[fm(tvaaxbev LI E:

7$2n72) =

s T (T2n—2))

x R

1
, Ton—a)(T1 + E)

1

) Top—2)(T1 — %)]

Ton—2) € J X Rx [=L L] x R xRy, x - -

1

-y Top—2)(xs + %)

1

) Tap—2) (T3 — %)]

(Tan) € J X RY x [—L L] x ...

1
Ton—2)(Ton—3 + E)

1

) Ton—2)(Ton—3 — %)]

2n—3
7$2n—37$2n—2) e J xR X [—

7I2n—2)

2n—2

+Zh

—|— |ZE]|) (3.1)

$2n72) e R
) $2n72)

2n—2

Jw;(lz;]) + Y hy(t

7=0

)1+ |25]) (3.2)

2n—1
7$2n72) S Ro

provided f satisfies assumptions (H;) and (Hs).
Consider auxiliary regular differential equations
(=) () = folt, z(t), ..., x

() (3:3)
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and
(—1)%(2”) (t) = Afn(t, x(t),. .. ,x(2"_2) (), Xelo,1] (3.4)

depending on the parameter m € N.
Proposition 3.1. Let m € N. If there exists a positive constant K such that
|2V <K, 0<j<2n-2 (3.5)

for any solution x of BVPs (3.4), (1.2) with X € [0,1], then BVP (3.3), (1.2) has
a solution x satisfying (3.5).
Proof. Solving BVP (3.4),(1.2) is equivalent to finding = € C*"72(J) to

= ”)\/ w(t, ) fn(s,2(s), ..., 2?3 (s)) ds. (3.6)

It is easy to see that S : C*"2(J) — C?"72(J),

T
(S2)() = (~1)" [ Gult,5)fus,2(s), ., 2(s)) ds
0
is a completely continuous operator. Since we can rewrite (3.6) as
r=ASz, Ae€]0,1] (3.7)

and, by our assumption, (3.5) holds for any solution z of (3.7), there exists a
solution x of the operator equation x = Sz by [17]. Of course, z is a solution of
BVP (3.3), (1.2) satisfying (3.5). O

Lemma 3.2. Let assumptions (Hy) and (Hs) be satisfied. Then for for each
m € N there exists a solution of BVP (3.3), (1.2).

Proof. Fix m € N. By Proposition 3.1, it is sufficient to show that there exists
a positive constant K such that (3.5) is satisfied for any solution x of BVPs
(3.4),(1.2) with A € [0,1]. We see that x = 0 is the unique solution of BVP
(3.4),(1.2) with A = 0. Let A € (0,1] and = be a solution of BVP (3.4),(1.2). By
(3.1) and (2.4), fort € J and 0 < j <n — 1 we have

] T
ESAGIE )\/0 ’Gn_j(t,s)lfm(8,1’<5),-‘.,x(Q”*Q)(s))dS
T2(n7j)73 T 2n—2 2n—2 (i)
T2(n ]) 2n—2

< W(M‘f' ZZ:;) HinL‘Z ”)

where

T
H; = / s(T'—s)hi(s)ds, 0<i<2n-—2 (3.8)
0

15



and

2n—2 1 T 1 2n—2
M= / s+ 3 lgllocwr( =) [ $(T =) ds +— 3 M.
=0

By (1.2), 22+1(&;) = 0 for some &; € (0,T), 0 < j < n—1, and so the equalities
2@ (1) = fgt] 2@+ (s)ds fort € J,0 < j < n— 2, imply

(2541) T2(n—j—2) 2n—2 @
2B 0] < e (M Y Hijl2?))).
=0
We have proved that
@) < T M il Hll2® 0<i<mn-—1 3.9
|e®) < e (M + 3 Hill2®)), 0<j<n-1, (3.9)
=0
(2j+1) <M M 2n72H. (@) 0<i<mn—2 3.10
J=® ) < = ( + 3 Hia 1), 0<j<n-2 (3.10)

Assume that Y202 H; > 0 and set A = 37,2 H||z||. Then (3.9) and (3.10)
yield A < S(M + A), where S < 1 is defined by (1.5). Then A < £ and so (see
(3.9) and (3.10))

T2(n i)— 3SM
— 0<7<n—-1
2 < gy 0Si<nol
, T2(n=3=2) 1
G| < ————— 0<j<n-—2
Hx H — 6n_‘7_2<1 _ S)? — j — n

From (3.9) and (3.10) we see that the last two inequalities hold also in the case
of ¥2"2 H; = 0 where S = 0. Consequently, there exists a positive constant K
for which (3.5) holds. O

Lemma 3.3. Let assumptions (Hy) and (Hs) be satisfied. Then there exists a
positive constant V' such that

|2V <V, 0<j<2n-2 (3.11)

for any solution x of BVP (3.3), (1.2) with m € N.

Proof. Let m € N and z be a solution of BVP (3.3),(1.2). Then inequalities
(2.9) and (2.10) hold with Q defined by (2.8) and where &; € (0,T) is a zero of
@) 0 < j <n—2. Set

T
M]:/ S(T—S)CL)Q](S(T—S>>dS, OSJ Sn_l
0

16



From (2.9), (2.10) and the properties of w; we conclude for 0 < j <mn — 1 that

T T2(n—j)—
/0 (T — 8)wy; (|2 (s)]) ds < / 8)wa; WQS(T — 3)) ds
T2(n—j)=5
< A‘%(WQ)M

and for 0 < 7 < n — 2 that

/T S(T = s)wzjar (| (s)]) ds

0

T T2(n 7=
S/o S(T—s)ngH O” = Q’/ T—u du‘

T2(n 3)—
30n—i— ann_i—2 / w2]+1

/OTS — Swa ‘/ T —u dU'
_/53 _sw2]+1(/8 u(T — u) du )ds

+ S(T — S)wajt1 ( /; w(T — u) du) ds

J

u(T—u) du fT u(T—u) du
_/ wa;j41(8) d3+/0 Y waj+1(s) ds

fO w(T—u) du TTg
S 2/0 W2j+1(8) ds = 2/0 w2j+1(u) du.

Consequently, by (2.4) and (3.2),
|Wn—/|nwmmww¢mwm%@mS
T2(n—j)=3

< 2Aw2j+1

since

6n—j—1
2n—2
+ Z ha 1+|x’ (3)|)}) ds
TZ(n ]) -3 2n—2 '
< g W+ X Hille)
1=0

fort € Jand 0 < j <n—1, where H; is given by (3.8) and

T2(n—i)—5
W = / dS +A Z ||q21||oow2z<WQ>Ml
+2AZ ||qzz+1||oowzz+1( W Q) /0 wairr(u) du + Z% H;
]:
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is independent of m € N. Therefore

6n—i—2

‘x(2j+1)(t)’ = ‘/tx(zﬂz)(s) ds‘ < W(W + QHX_:Q H.Hx(i)m
& - G2 i=0 '
fort € Jand 0 < j <n — 2. Hence
' T2(n—j5)—3 2n—2 . ’
|+ < g (W 2 Hilla), 0<j<n—1,
=0
) T2(n7j72) 2n—2 '
[EaSAR (W+ 3 Hla®]]), 0<j<n-2
=0

Now applying the same procedure as in the proof of Lemma 3.2, we get

) T2(n—j)—3W .

||:L‘(2])|| < m 0<7<n—-1, (3.12)
, T2n—i-2) .

||$(2J+1)|| < m 0<j<n-2 (313)

where S < 1 is given in (Hs). From (3.12) and (3.13) we see that there exists a
positive constant V' independent of m such that (3.11) is true. O

Lemma 3.4. Let assumptions (Hy) and (Hs) be satisfied. Let {x,,} be a sequence
of solutions to BVPs (3.3), (1.2) with m € N and &, ; be a (unique) zero of 221+
in (0,7),0<j<n-—2. Then there exist 0 < a < 3 < T independent of m such
that

a<§,; <pB formeN 0<j<n-2 (3.14)

Proof. If not, there exist a subsequence {m;} of Nand 7 € {0,1,...,n—2} such
that either limy_oc &, r = 0 or limg_oo &y .r = 1. Suppose limy_.oo &my s = 0.
By Lemma 2.4,

2(n—1)—5
(—1)7x(27)(t)>T( ) (T —t), teJ
mp — 30n—-7-1 ’ ’
and so
(27)(¢) T2(n—7)=5 T2(n—7-2)
1y ) — (1) iy e\ g B T I
(FA)70(0) = (1) i =27 > i e QT 1) = gy
Therefore
T2(n—7-—2) o
g S (F172R(0)
= (=1)7(@@(0) — 28T (& ) = (1) 2l (1) s
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where vy, € (0,&,-). Hence limy_.o [22772 (1)| = o0, contrary to ||z < V
for k € N by (3.11). The case where limy_, o &, » = T can be treated analogously.
O

Lemma 3.5. Let assumptions (Hy) and (Hs) be satisfied. Then there exists a
positive constant V, such that

lz®= D) < V. (3.15)

for any solution x of BVP (3.3), (1.2) with m € N.

Proof. Let m € N and z be a solution of BVP (3.3),(1.2). Let £; be a (unique)
zero of x**V in (0,7), 0 < j <n —1 (see Lemma 2.4). By Lemma 3.4, there
exist 0 < a < # < T independent of m such that

a < <p, 0<j<n-—2 (3.16)
By (3.2),
t
2D ()| = ]/ funls,2(s),..., 2 D(s)) ds|
gn—l
T 2n—2 ‘ -2 . (3.17)
< [T 60+ X atu a0 + X k()1 + 2001 dr.
=0 =0
Using the properties od w; given in (Hs), (2.9) and the inequality
Lt for0<t<Z
HT—t) >3 2 .
§<T—t) for 5 <t§T,
we get
T ,
| el @) de
0
(n—i—2) T Tz(”_i_Q)
—/ oo 2 5 g )dH/:g i (5 g AT — 1)) dt
A . i (3.18)
T2(n—i-2) T
for 0 <7 <n — 1. Next we claim that
t T —
’/S(T—s)dslzwﬂ—ﬁﬂ forteJ, 0<j<n-—2 (3.19)
3
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Indeed, since &; satisfies (3.16), we have

/tgj s(I'— s)ds > (T—ﬁ)/fjsds: T;ﬁ(gjz_#)
_Tr-p 5(€]+t)(€ _h> oT-p)

5 (&~ 1)

for t € [0,¢;] and

/gj s(T—s)dsZa/ﬁj(T—s)ds: 5((T_gj)2_(T—t)2)

a(T - )

= ST & -0t —&) 2 =

t—¢&)

for t € (¢, T]. Consequently, using (2.10) and (3.19) we obtain

T (2i4+1)
/0 wai g1 (|20 (1)) dt

T T2n )—7
§/0w2¢+1 0”’29‘/ T —s) ds dt
G s
S /0 u)gi_;,_l( 9. 30n7i72 Q|t — SZD dt (320)

alT — 6 T2(n—i)—7 T
< Awmﬂ( ( 5 33ni2 Q) /0 wair1 ([t — &) dt

alT — T2(n—i)—7 T
< 2Aw22-+1( ( 5. 3/60)71_7:_2 Q) /0 Woit1 (t) dt.

Applying (3.11), (3.17), (3.18) and (3.20) yields

(@n—1) n—1 T2(n—i-2) %
2D (@B)] < gl + ;qu locwss (5 ggis ) | wald)

n—2 Oé(T o 6)T2(nfi)f7

T
+2A Z ||Q2i+1HooW2i+1( 5 30n i 2 Q) /0 woir1(t) dt
i=0

2n—2

H1+V) D il =V

1=0

for t € J. Here V, is a positive constant independent of m. O

Lemma 3.6. Let assumptions (Hy) and (Hy) be satisfied. Let {x,,} be a sequence
of solutions to BVPs (3.3), (1.2), m € N. Then the sequence

{fm<t7 Im(t)7 T 7x£r2zn_2) (t))} - LI(J)
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s uniformly absolutely continuous on J, that is for each € > 0 there exists § > 0
such that

/M Fn(t, (1), .., 22D () dt < €

for any measurable M C J, p(M) < 6.

Proof. With respect to (3.2) and properties of measurable sets, it is sufficient to
verify that to every € > 0 there exists 6 > 0 such that for any at most countable
set {(aj;,b;)} ey of mutually disjoint intervals (a;, b;) C J with 3,c5(b; —a;) <6,
we have for each m € N

}%Z; +—§:ql Yoo (|20 (¢ )D+—§;}u@x1+kﬂ2@ﬂﬂdt<g. (3.21)

By Lemmas 2.4, 3.3 and 3.4, we know that there exist V >0and 0 < a < < T
such that

T2(n=j5)=5
|ﬂ%(”_§@7ﬁ{MT—U,telOSan—lﬂnGN
|x2]+1><)|_30n]291/ T—s)ds|, t€J 0<j<n—2 meN

where &, ; € (0,7) is a (unlque) zero of %Y in J,

and
|29 <V, meN, 0<j<2n—2.

In addition, by (3.19),
¢ T —
’/ s(T—s)ds’ZMH—fm,jL meN, 0<j<n-2.

Hence, for 0 < t; <ty < T, we have

n—1 .t 2) n—1 T2(n7i)f5 to
> [ (e dt < Y sl (G 2) [ wntT ~ D)t
i=0 ‘1 i=0 t1
2n—2 ) n=2 4,
Z/' 1memﬁ§u+m§:/hmMa
i=0 '

and, for 0 <17 <n — 2, we have

to
Qi1 (t)wair1 (|2, (@i+1) (t)]) dt

t1
a(T - 6)T2(n_i)_7

to
< ||QQi+1||oo/t1 w2z‘+1( 9. 30n—i—2

C((T . B)jﬂ(n—z’)—? ts
9. 30n—i—2 Q) /t1 (UQH_1(|t — §m7i|> dt.

Qlt — &) dt

< A”QZi-}—l“ooin-i-l(
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Obviously,

to
/t wait1 ([t — &Emil) dt =

t27£m,i .
/ woip1(t) dt if i <ty
tl*&m,i
Em,i—t1 to—E&m,i .
/ W2i+1 (t) dt + / UJQi+1(t) dt if tl < éum,i < t2 (322)
0 0
gm,i t1 .
/ wait1(t) dt if £y < §mye
m,i 2

Let now {(a;j,b;)};ey be at most countable set of mutually disjoint intervals
(aj,bj) C J. Set

J%n,i ={j:jel & <as}, J,Qm ={j:jel, & >0}
for m € Nand 0 <i <n — 2. Then, by (3.22),

gm i gm i —aj
Z/ waip1 ([t=Emil) dt = / w2z+1 )ydit+ > / ’ woiy1(t) dt+E
“ €T jET '
where
0 ifJ =1, Ul
E - Em,i_aT bf_fm,i
/ w2i+1(t) dt —f-/ Woi41 (t) dt ifa, < §m,i < bT, Tel.
0 0
Set
_N}n’lu U fmza gmz)
jeJ'}n,i
= Ni” U U <£m,z - bj> fm:i - aj)
jeﬂ%m,i
form € Nand 0 <i <n— 2 where
. 0 if J=1,,, Ul
M\ (Ob — ) < Gy < by, TED,
, 0 ifJ =1, Ul
e (Oa gm,i - aT) if ar < gm,i < bT) Tel].

Then M, ; C J are measurable, (M%) < Scy(b; —a;), 1 <k <2, and

bj
Z . WQ1+1<|t — fmJD dt S /Ml . W2i14-1 (t) dt + /M2 , w2i+1<t) dt.

jey v
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Setting
¢ =max{1+V,P,Q}

where
T2(nfi)f5 .
P = Amax{||q2i||oow2i<WQ) 0<i<n-— 1},
a(T o ﬁ)TQW_i)J ' .
Q = AmaX{HqQ,-HHOOw%H( 9. 30n—i—2 Q) :0 S 7 S n — 2}
we get
2n—2 ) 2n—2 )
5[ 00+ X a0 + 3w+ 1 M dt
jel v i=0

2n—2

<Z[/ £ dt + @ Z/ wni(H(T — 1) dt+Z/

jeJ v
+o ; (/Mﬁw w2i+1(t) dt + /anl W41 (t) dt) .
By (H3), ¢, hi, w; € Ly(J) for 0 < i < 2n — 2 and w; are nonincreasing on
R,. Consequently, for each ¢ > 0 there exists § > 0 such that for any at
most countable set {(a;,b;)};ey of mutually disjoint intervals (a;,b;) C J with
>jen(bj —a;) <4, (3.21) holds. This completes the proof. O

3.2 Problem (1.3),(1.4)

We would argue similarly as in Section 3.1 but we would like to show the reader
a different approach to this type of singular BVPs which seems to be more com-
fortable for problem (1.3), (1.4). Therefore, first we prove some a priori estimates
above, then we discuss the uniform absolute continuity of certain function sets
and at the end of this section we prove the existence principle for auxiliary regular
BVPs corresponding to problem (1.3), (1.4).

Lemma3.7. Let K > 0, ¢ € Ly(J) be positive, h*,h; € Li(J), ¢ € Lo(J)
be nonnegative, w; : Ry — R, be nonincreasing, fOT wi(s" ) ds < 00, 0 <0 <
n—2,0<j<n—1. Then there exist constants r* > 0 and o € (0, K] such that
for each function x € AC™Y(J) satisfying (1.4),

V(t) < —x™(t) for ae. teJ provided ||z| < K, (3.23)

and

0 < —a(t) < h*(t) + nf hy(1)|z9(1)]
7=0 (3.24)

+Z% wi(|zD(t)]), for a.e. teJ,
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the estimates
2D <, lz) >« (3.25)

are valid.

Proof. Consider a function x € AC™1(J) satisfying (1.4), (3.23) and (3.24).
Let ||z|] < K. Then, by (3.23) and Lemma 2.11, there is a positive constant
¢ = c() such that ||z|| > ¢. Otherwise ||z|| > K. If we put a = min{c, K}, then
the second inequality in (3.25) is satisfied.

Let us prove the first estimate in (3.25). Put |2 V|| = p. Then —p <
x(™ V() < p on J and if we integrate this inequality from 0 to ¢ € (0, 7] and use
(1.4), we get step by step

tn—i—l

Lemmas 2.9 and 2.10 guarantee the existence of the unique zero &,_; of z(®~1
with &, 1 € (0,T) for 0 <p<n-—2and ¢, ; =T for p=n—1. Integrate (3.24)
from t to &,_1. Then

0 <z V(¢ </ " ds—l—Z/ )(s)|ds

En—1 ’iC l)( )’)ds for t e [O7£n*1)'

+Z/

If p<n—1and thus &, ; < T, we integrate (3.24) from ,,_; to t and get

¢
0< -z D) < s)ds + Z/ )(s)|ds

§n1

+Z/ s)wi(|zP(s)|)ds for t € (£,_1,T).

Hence, the inequality (see (3.26) )
En_1 n—i—l

2D (1)] < ]/f"‘l ds]+pz\/ n_z_l)ds’

En—1
s)wi(|2@ (s)])ds)

+Z\/

is true for t € J. Therefore we have

p (1 . nf (n—zl—l)' /OT hi(s)s"ilds>

=S (327)
< I+ X il [ (12 (5) s
=0
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It remains to estimate the integrals
T )
/ wil|z9(s)|)ds, 0<i<n—2.
0

We will consider three cases.
Case (i). Let p=n — 1. Then, by Lemma 2.8, for 0 <i <n —2

a0 < (i) or se 0.1

Thus
wi(|2D(5)]) < wi((e;8)" 1Y), 0<i<n—2, forse (0,7, (3.28)
where ¢!~ = oT'™. Inequality (3.28) implies
T ) 1 raT .
| @l (s)hds < = [ e hat = B
0 C; JO
and so we have for 0 <1< n —2
T )
/ wil|29(s)|)ds < B,. (3.29)
0

Case (ii). Let p = 0. Then, by Lemma 2.9, for 0 <i <n — 2

wi(cis)" 1) if 0< s <&

(29 - 3.30
w;(|z (s)’)_{wi(k:il&—SD if &1<s<T, (3.30)

where ' '
ATl =aT' " k=T (3.31)

and &, &1 fulfil (2.29). Therefore

T ‘ i+l . &
|l )s < [ il s+ [ wilkilé - 5)ds
0 0

Eit1

ki(§i—&it1) 1 rk(T—&)
+/ wilki(s—&))ds < Bi+— / Z-(t)dt+k—/ wi(t)dt < Bi+C.,
: J0

k; T

Therefore, we have for 0 <7 <n —

with

/ (129 (s))ds < By + Cs. (3.32)
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Case (iii). Let 1 < p < n —2. Then, for 0 < i < p — 1, we have estimate
(3.29) and, for p <7 < mn — 2, estimate (3.32) holds, where {;, p+1<j<n+1
are from Lemma 2.10.

In view of (1.7), (3.27), (3.29) and (3.32) we deduce that in all these three
cases

n—2
p(1—H) < |Ih* ||+ D lgilloo(Bi + Ci) =
i=0
So, if we put r* =1+ D(1 — H)™!, we get the first inequality in (3.25). O

Now we will consider the uniform absolute continuity of the following function
sets. Let us choose a > 0 and define

B={xec AC"(J):||z| > a, z fulfils (1.4) and (2.15)}. (3.33)

Lemma 3.8. Suppose that w; : R, — R, are nonincreasing, fOT w;i(s" ) ds <
o0, 0 <1 <n—2. Let us put

A={w(|29)):2€B, 0<i<n-—2} (3.34)

Then the functions of A are uniformly absolutely continuous on J, that is for
each £ > 0 there exists 6 > 0 such that

/M willz9(s)|)ds < e

for each x € B, 0 <i <n—2 and for any M C J, u(M) < 6.
Proof. It is sufficient to prove that for each € > 0 there is 6 > 0 such that for
any system {(7;,t;)}7° of mutually disjoint intervals (7;,¢;) C J the condition

Zt—Tj <(5:>Z/ wi(|zD(s)|)ds < € (3.35)

is valid for x € B and 0 <17 < n — 2. We will distinguish three cases, which will
be denoted by (i), (ii) and (iii).

Case (i). Let p=n—1. Choose i € {0,1,...,n — 2} and put ¢ = ¢;, where ¢;
is given by (3.31). Then, in view of (3.28), for each 7;,t;, € J, 7, < t;

ctj

[ lla®@ds < [ wnltesy s = ¢ [V

j C Jery

1 ety
_ - / ve(t)dt,

C 5
with ;(t) = wi(t" 1) for t € Ry. Thus

[ e s)hds < - (Tilety) ~ Tilery)), (330
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with [';(t) = J37i(s)ds. According to Remark 1.3 we can see that I'; is absolutely
continuous on [0, A] for an arbitrary A € R,.

Let us choose an € > 0 and put €; = ce. Then there is a 6; > 0 such that for
any system {(a;, b;)}7° of mutually disjoint intervals in [0, ¢T'] the condition

i b —a;) < & = Z —Ti(a))) < & (3.37)

is true. Put § = ‘%1 and suppose >72,(t; — 7;) < . Then 322, (ct; — c7;) < 4y,
(erj, ct;) C [0,¢T, j € N, which implies by (3.37)

i I'i(ery)) < e,

Jj=1

wherefrom, by (3.36), we get

Case (ii). Let p = 0. Then, by Lemma 2.9, for 0 < i < n — 2 the inequalities
(3.30) are satisfied, where ¢; and k; are given by (3.31) and &;, &, fulfil (2.29).
Let us choose an arbitrary i € {0,1,...,n — 2} and put ¢ = ¢; and k = k;. Now,
for a j € N, we will discuss five possible locations of 7;,¢; with respect to &;, &41.

(a) Suppose

0< T < tj <& (338)
Then the estimate (3.36) is true.
(b) Let
gi—&-l S Tj < tj S & (339)

Then, by (3.30), we have

tj . tj 1 (k=)
[ wla®s)ds < [ k(e - s)ds = 1 [ )

which yields the estimate
tj . 1
| enlle(s)ds < 3 (Qulk(s 7)) — k(& ~ 1)), (3:40)

where ;(t) = [J w;(s)ds and, by Remark 1.3, ©; is absolutely continuous on [0, A]
for an arbitrary A € R,.

(c) Let us suppose
fi < T < tj <T. (341)
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(Note that (3.41) can occur only if i > 0, because & = T".) Then, by (3.30), we
get as above

[ willa s < ¢ @kt — 60) ~ Ulkln —€)). (342
(d) Let us suppose
0< Tj < &‘4_1 <t; < &. (343)
Then, by (3.36), (3.38), (3.39) and (3.40),
[l $)ds < - (Cufetian) — Tilery)
g (3.44)

+; (€ (k& — &ir1)) — k(& — 15))) -

(e) Finally, suppose
§ip1 <T; <& <t; <T. (3.45)

(Note that (3.45) can occur if i > 0, only.) Then, by (3.39) - (3.42),
tj 1
[ @l (s))ds < - (ulk(g = 7)) = (0))
1
Ok - €)) - 2(0)).
Choose an € > 0 and put ¢; = ¢ (E + %)_l. Then we can find 6; > 0 such that

for any system of mutually disjoint intervals {(a;,b;)}5° in [0, T max{c, k}], the
condition

(3.46)

~ > (T (a;)) <&
ST(bj—a;) <6 = L (3.47)
i=1 Z (aj)) < &1
is valid. Put 6 = 4 and take a system {(TJ, i)152, C J such that 37°(¢ —75) <
0. Then .
Z ) < 4, and Zkug 7| =& —t]] < 1.
j=1 j=1
So, by (3.36), (3.40), (3.42), (3.44) and (3.46), we compute that
1 oo
> [ e < 2 20ety) ~Tifer)

Jj=
2 X 1 2
Eg (k& —75]) — Qu(k|&G —t4])] < (C + k) g1 =€.

Case (iii). Let 1 < p <n —2. Then for 0 < i < p— 1 we argue as in Case (i)
and for p <i < n — 2 we follow Case (ii). O
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Now we present an existence principle for (n,p) BVPs which are regular.
Particularly, we consider the equations

—x™(t) = h(t,z(t),..., " D(t)) (3.48)

and

—2™(t) = Mt z(t),. .., 2" D(1), A e0,1]. (3.49)

Lemma3.9. Let h € Car(J x R") and let there exist v > 0 such that for any
A € (0,1) and any solution x of problem (3.49), (1.4) the estimate

=™V # 7 (3.50)

is true. Then problem (3.48), (1.4) has a solution.
Proof. Let the operator S : C""1(J) — C""!(J) be defined by the formula

(s2)0) = | LGt (s, 2(s) .. 2D (s))ds

where G is the Green’s function of problem (2.11),(1.4). Then S is a com-
pletely continuous operator and we see that a function x is a solution of problem
(3.49), (1.4) for some A € (0,1) if and only if z is a solution of the operator
equation
r = A\Sz. (3.51)
Set
Q={yecC"(J): |y V| <rT? for 0<i<n—1}.

Then  is an open bounded set in C"~1(J). Let x be a solution of (3.49), (1.
for some A € (0,1). Then x fulfils (3.50). If |z~ Y|| < 7, then from x((0)
0,0 < i <n — 2 (which follows from (1.4)) we deduce

4)

|V < 7T 0<i<n—1

and so z € Q. If ||z > r, then x & cl(£2). So, we have proved that for any
A € (0,1) each solution = of (3.49), (1.4) does not belong to J2. Further, for
A = 0 problem (3.49), (1.4) has only the trivial solution which cannot belong to
0L), as well. For A = 1 we have two possibilities:

(i) The operator S has fixed points on 0.

(ii) The operator S has no fixed points on 02. Then the operator I — AS is a
compact homotopy on c/(2) x [0, 1] and

1 =deg(1,Q) =deg(I — S,), (3.52)

where deg denotes the Leray-Schauder topological degree and I : C"1(J) —
C™1(J) stands for the identity operator Iz = z. By (3.52), S has a fixed point
in Q.

Since fixed points of S are solutions of (3.48),(1.4), Lemma 3.9 is proved. O
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4  Main results

Theorem 4.1. Let assumptions (Hy) and (Hy) be satisfied. Then there exists a
solution of BVP (1.1), (1.2).

Proof. For each m € N, there exists a solution z,, of BVP (3.3),(1.2) by
Lemma 3.2. Consider the sequence {z,,}. Lemmas 3.3 and 3.5 show that {x,,}
is bounded in C*"~1(.J) and, by Lemma 2.4,

(_1)jx(2j) (t) >

m

——— (T —t) forteJ 0<j<n-—1 (4.1)
where € is given by (2.8). The Arzela-Ascoli theorem guarantees the existence
of a subsequence {,, } converging in C*"72(J), limy_c &y, = z. Then z €
) ] T2(n—j)—5

C?"=2(J), (4.1) gives (=1)7z@)(t) > WQL‘(T —t) > 0 for t € (0,7),
0 < j <n—1and z satisfies the boundary conditions (1.2). Then 2+ (¢;) =0
for a (unique) & € (0,7), 0 < j < n—2. Now, fn, € Car(J x R*!), and
from their construction it follows that there exists U C J, () = 0, such that
fi(t, .., ) are continuous on R**~! for each t € J \ U which implies that

0 fo (b, (8), 2D (0) = F(E (D), ., 2 2(1))

for J\ (UU{0,T,&,...,&n—2}). By Lemma 3.6, { fu, (t, 2, (1), ..., 222 (1))}

Y mi
is uniformly absolutely continuous on J. Hence f(t,z(t),...,2?"=2(t)) € L(J)
and

lim /Ot Fong (82 T (5, 2202 (s)) dt = /Ot Ft2(t), ... 2D () dt

k—oo

for t € J by the Vitali’s theorem. Since {z{?"~1(0)} is bounded, we can assume
that it is convergent, say limy_.o 22" (0) = C. Then taking the limit as k — oo
in the equalities

A1) = 2@ IO+ (1) [ [ gy (), 22D w) duds, 1€ T
we get
22D () = Ot + (—1>n/0t /Osf(u,x(m,...,x@”2>(u))duds, ted
Then z € AC*~1(J) and
(=1)"z®(t) = f(t,x(t),..., 2% D(t)) for ae. t € J
Therefore z is a solution of BVP (1.1),(1.2). O

Theorem 4.2. Let assumptions (Hs) and (Hy) be satisfied. Then there ezists a
solution of BVP (1.3), (1.4).
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Proof. Put h* = hyo+¢+3>""2 qw;(1) and, by Lemma 3.7, find positive constants
r*, a satisfying (3.25). Further, put pg = 1 +7*T"! + K, where K is a constant
from (Hs), p; =1+ T 1 1<i<n-—1,

< .

oi(z) = v f0r|x|_pz,0§i§n—1
pisignz  for |z| > p;

and, for 0 < ¢ < py,

c forx <c
oy(c,x) =% x for e <z < pg
po for py < x.
Choose m € N and define an auxiliary function h,, by the following recurrent
formulas for a.e. t € J and for (zo,...,z,-1) € X:

hm,O(ta Zo, .- 7In—1) = f(ta Zoy .- 7mn—1)a

hm’l’<t, o, - .- ,Qj’nfl)
hmﬂ‘_l(t,xo...,xn_l) lf |ZEZ’ Z%
m 1 1
= 7hmi— U, Ty ooy Xi1y — Tigly ooy T i —_
2[ i—1(t; o Tiety s Til x 1)($+m)
i (1 1 i~ )] i || <
— Ny 4— s LYy e e ey Li—1y =3 Ljqly vy Lp— Ty — — I |75 —,
i1 0 L= Tt 1 - ™
and 1 <7< n—2,
hm(tax(]? cee 7xn—1) - hm,n—Q(t7x07 s 7xn—l>‘

Now, for a.e. t € J and for (xg,...,x,-1) € R" put

1
fm(t, oy - - - ,"17,171) = hm(t, U;(E, Io), 0'1(5171), e ,0'”,1(.13”,1)). (42)
Then, by (Hs) and (Hy), fn € Car(J x R™) and for m > mg > —

K
W(t) < fnlt, o, ..., Tpq)

(4.3)
for a.e. t € J, each (zg,...,2,-1) € R", 2y < K,

0< fmlt,zo,...,xp_1) < h*(t —I—Zh \:vA—i—ZqZ wi(|xi]), (4.4)

for a.e. t € J and each (:co, cey 1) € R™

Inequality (4.4) follows from the fact that |o;(z;)| < |z], 1 < i < n —1,
|06 (s w0)| < 1+ Jwol, 05 (5, @0) = 0o(w0), willoi(i)]) < willz]) +wi(1), 0 <
1 <n—2.
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Consider the auxiliary equations

—2™(t) = fu(t,z(t),. .., 2" D(1) (4.5)

and
—x(”)(t) = Am(t,x(t),. .. ,x("_l)(t)), A€ [0,1], (4.6)

and prove that (4.5), (1.4) has a solution for each m € N. Fix m € N and put

gm(t) = sup{|f(t,z0,...,Tpn_1): ; <zl < pi,0<i<n—2,|z,_1| < pn_1}
Then g, € Li(J) and |Af(t,z0,...,2n1)] < gm(t) for a.e. ¢t € J and all
A€ (0,1), (xg,...,x,_1) € R". Therefore, for any A € (0, 1) and any solution z of
(4.6), (1.4), the estimate |2 ~V|| < ||gm ||z holds. Thus, if we choose 7 > ||g, ||z,
we get (3.50). So, Lemma 3.9 guarantees that problem (4.5), (1.4) has a solution
Zm. In such a way we get a sequence {z,,} of solutions of (4.5), (1.4), m € N. In
view of (4.3) and (4.4) and by Lemma 3.7, we get (for m € N;m > my, )

VNl < r* and || > a, (4.7)
where 7* and « are positive constants. Conditions (1.4) and (4.7) yield
|z D) < T 0 < i <n—1. (4.8)

Further, by (4.4), we have for t,7 € J, 7 <t

e 8) — )] < [ ds+2\|q@||oo/ w2 ))ds,  (49)

where

h(t +Zpu , he Li(J).

According to (1.4), (4.4) and (4.7), we can use Lemma 3.8 and obtain that the
sequence {w;(|z{?])}2° is uniformly absolutely continuous on J for 0 < i <
n—2. This, by (4.9), implies that the sequence {$$§’1)}$§0 is equicontinuous on J.
Further, by (4.8), we see that the sequence {x,,}2° is bounded in C"~*(.J). Thus,
by the Arzela-Ascoli theorem, we can choose subsequence, which is denoted {zy}
and which converges in C"1(J) to a function x € C"71(J). Clearly x satisfies
(1.4).
Let p=0and 0 <i <n—2. Then, in view of Lemma 2.9 and by (1.4), (4.4)
and (4.7), we have
z(0)=2(T) =0 (4.10)
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and o '
——t" for 0 <t < &

i T?‘L—l
ORI

W(fzk —1) for &ip <t <&y (4.11)

i «
(1) < W(&,k —t) for & <t<T.
Here &, =T, &, is a (unique) zero of x,(j) in (0,7),1<j<n-1,keNand
0<&np <&nop<...<&p<&r<&rp=T. (4.12)
Letting k£ — oo we can choose subsequences which we denote {;,;}7°, such that

G=lm&, 0<j<n-L

This limitting proces in (4.11) yields

. TS—I tn_i_l for 0 S t S §i+1
Ti+1 <£z - t) for £i+1 <t< £i7 (413)
~ o}
2O < (G —1) for §<t<T.

Now, let us show that estimates (4.13) imply that z > 0 in (0,7") and that 2
has just one zero & in (0,7) for 1 <i <n — 2. It suffices to prove that

0<€n71<§n72<--~<£2<§1<€O:T- (414)

According to (4.12) we get (4.14) with nonstrict inequalities. Let us prove that
these inequalities must be strict. Suppose the contrary. First, let & = &,. Then
(4.13) gives z(T') > a > 0, which contradicts (4.10). Now, let 0 = &,_1. In view
of (4.13) we can see that the inequality &, 1 < &,_» implies

2™=2(0) > Cn2 g (4.15)

which contradicts (1.4), while the equality &, 1 = &,_» leads to

—at

— <0 fort € (0,7]. (4.16)

(n—2)t <
2Bt <

Integrating (4.16) and using (1.4) repeatedly we obtain z(t) < 0 for ¢t € (0,7},
which contradicts (4.10). Finally, let &1 =&, 1 <i <n—3. Then (4.13) yields

«

&l >0 and 29(&) <0,

29(&) >
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a contradiction. Hence (4.14) is proved.

If p > 0 we can use Lemma 2.8 or Lemma 2.10 and by similar arguments get
that () has just one zero & in (0,T) for p+1<i<n-—2and z® > 0in (0,7),
0<:<p.

Finally, let us show that z € AC"'(J) and that z fulfils (1.3) a.e. on J.
Consider the sequence of equalities

(n—1) (n—1) t (n—1)
2@ = 2V (0) + /0 fils,ai(s),. . o V(s))ds forte . (4.17)

Denote the set of all ¢t € J such that f(¢,,...,:) : X — R is not continuous by
U. Then p(U) =0 and

lim filt,ai(0), .o (0) = fta(t), 2" 0(E)

forallt € J\ (UU{0,T,&pt1, ..., &n—2}), 0<p<n-—3andforallte J\ (UU
{0,7}), n —2 <p <n—1. Using (4.4) and the uniform absolute continuity of
{wl(\xl(l)\} on J, 0 <i <mn—2, we can deduce that {f;(¢,x,(t)... ,xl(nfl)(t))}
is also uniformly absolutely continuous on J. Therefore we can use the Vitali’s
theorem by which f(¢,z(t),..., 2" V(t)) € Li(J) and letting | — oo in (4.17)
we have that

t
D) = 2D (0) + s,z(s),...,x" V(s))ds forte J
f ) )7 ) ( )
0
is valid, i.e. z € AC"!(J) and x satisfies (1.3) a.e. on J. O

For the continuous function f in equations (1.1) and (1.3) we get immedi-
ately from Theorems 4.1 and 4.2 and our previous considerations the following
corollaries.

Corollary 4.3. Let f € C°(J x D) satisfy assumptions (Hy) and (Hs). Then
there exists a solution  of BVP (1.1), (1.2) such that x € AC*Y(J)NC*(J \
{0,T,&,...,&—2}) and (1.1) holds for each t € J\ {0,T,&,...,&—2} where
& € (0,T) is a unique zero of 'Y in J, 0 < j<n—2.

Corollary 4.4. Let f € C°(J x X) satisfy assumptions (Hs) and (Hy). Then
BVP (1.3), (1.4) has a solution x such that x € AC" ' (J)NC™(J\ {0,T}) and
(1.3) holds for each t € J\{0,T} providedn—2 <p <n—1andz € AC"'(J)N
C™"(JN{0, T, &ps1s - - -, Ena}) and (1.3) holds for each t € J\{0,T,&p+1,...,En—2}
provided 0 < p < n—3 where &; is a unique zero of 29 in (0,T), p+1 < j <n—2.

Remark 4.5. The assertion of Theorem 4.1 remains also valid if the growth
condition on f in (H3) has the form

2n—2 2n—2
f(t,xo, ..., Ton—2) < P(t) + Z q;(t)w;(|z;1) + Z h(8) ||
7=0
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with a; € (0,1), 0 < j < 2n — 2, and (1.5) is omitted. Similarly, if the growth
conditions on f in (Hy) has the form

n—1
O<f(t,$0,.. , Tp—1 <¢ +Z(b °% |=’sz +Zhj(t)|xj|aj7
=0

with a; € (0,1), 0 < j <n—1, and (1.7) is omitted, the assertion of Theorem
4.2 keeps its validity, as well.

References

1]

2]

R.P. Agarwal, Boundary Value Problems for Higher Order Differential Equations,
World Scientific, Singapore, 1986.

R.P. Agarwal and D. O’Regan, Positive solutions for (p,n-p) conjugate boundary
value problems, J. Differential Equations 150(1998), 462-473.

R.P. Agarwal and D. O’Regan, Right focal singular boundary value problems, Zeit.
Angew. Math. Mech. 79(1999), 363-373.

R.P. Agarwal and D. O’Regan, Twin solutions to singular boundary value prob-
lems, Proc. AMS 128(2000), 2085-2094.

R. P. Agarwal, D. O’Regan, Some new results for singular problems with sign
changing nonlinearities. J. Comput. Appl. Math. 113(2000), 1-15.

R.P. Agarwal, D. O’Regan and V. Lakshmikantham, Singular (p,n-p) focal and
(n,p) higher order boundary value problems, Nonlin. Anal. 42(2000), 215-228.

R.P. Agarwal and P.J.Y. Wong, On Lidstone polynomials and boundary value
problems, Comput. Math. Appl. 17(1989), 1397-1421.

R.G. Bartle, A Modern Theory of Integration, AMS Providence, Rhode Island
2001.

W.P. Eloe and J. Henderson, Singular nonlinear boundary value problems for
higher order ordinary differential equations, Nonlin. Anal. 17(1991), 1-10.

W.P. Eloe and J. Henderson, Ezistence of solutions for some higher order boundary
value problems, Zeit. Angew. Math. Mech. 73(1993), 315-323.

W.P. Eloe and J. Henderson, Positive solutions for higher order ordinary differ-
ential equations, Electronic J. of Differential Equations 3(1995), 1-8.

W.P. Eloe and J. Henderson, Singular nonlinear (n-1,1) conjugate boundary value
problems, Georgian Math. J. 4(1997), 401-412.

35



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[27]

28]

[29]

W.P. Eloe and J. Henderson, Positive solutions for (n-1,1) conjugate boundary
value problems, Nonlin. Anal. 28(1997), 1669-1680.

W.P. Eloe and J. Henderson, Singular nonlinear (k,n-k) conjugate boundary value
problems, J. Differential Equations 133(1997), 136-151.

W.P. Eloe and J. Henderson, Inequalities based on a generalization of concavity,
Proc. AMS 125(1997), 2103-2107.

C.P. Gupta, Ezistence and uniqueness results for the bending of an elastic beam
equation at resonance, J. Math. Anal. Appl. 135 (1988), 208-225.

K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, Heidelberg, 1985.

L.T. Kiguradze, Some Singular Boundary Value Problems for Ordinary Differential
Equations, 1zd. Thilis. Univ., Thilisi 1975. (in Russian)

A. Lomtatidze and P. Torres, On a two-point boundary value problem for second
order singular equations, Czech. Math. J., to appear.

R. Ma and H. Wang, On the existence of positive solutions of fourth-order ordinary
differential equations, Appl. Anal. 59 (1995), 225-231.

L.P. Natanson, Theorie der Funktionen einer reelen Verdnderlichen, Akademie-
Verlag, Berlin 1969.

D. O'Regan, Fourth (and higher) order singular boundary value problems, Nonlin.
Anal. 14 (1990), 1001-1038.

D. O’Regan, Solvability of some fourth (and higher) order singular boundary value
problems, J. Math. Anal. Appl. 161 (1991), 78-116.

D. O’Regan, Solvability of some singular and nonsingular nonlinear third order
boundary value problems, Ann. Pol. Math. LIV (1991), 183-194.

I. Rachunkovéa and S. Stanék, Sign-changing solutions of singular Dirichlet bound-
ary value problems, Journal Inequal. Appl., to appear.

S. D. Taliaferro, A nonlinear singular boundary value problem. Nonlin. Anal.
3(1979), 897-904.

J.Y. Wang, A singular nonlinear boundary value problem for a higher order ordi-
nary differential equation, Nonlin. Anal. 22(1994), 1051-1056.

P.J.Y. Wong and R.P. Agarwal, Error Inequalities in Polynomial Interpolation
and their Applications, Kluwer Academic Publishers, Dordrecht, 1993.

P.J.Y. Wong and R.P. Agarwal, Ezxistence of solutions for singular boundary
value problems for higher order differential equations, Rendiconti Mat. Fis. Milano
55(1995), 249-264.

36



[30] P.J.Y. Wong and R.P. Agarwal, Singular differential equations with (n,p) boundary
conditions, Math. Comput. Modelling 28 (1998), 37—44.

[31] P.J.Y. Wong and R.P. Agarwal, Figenvalues of Lidstone boundary value problems,
Appl. Math. Comput. 104(1999), 15-31.

[32] P.J.Y. Wong and R.P. Agarwal, Results and estimates on multiple solutions of
Lidstone boundary value problem, Acta Math. Hungar. 86 (1-2) (2000), 137-168.

[33] Y.S. Yang, Fourth-order, two-point boundary value problems, Proc. AMS 104
(1988), 175-180.

37



