Singular Dirichlet BVP for second order ODE
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Abstract. This paper investigates the singular Dirichlet problem
—u" = f(t,u,u), uw(0)=0, u(T)=0,

where f satisfies the Carathéodory conditions on the set (0,7) x RZ and Ry =
R\ {0}.

The function f(¢, x,y) can have time singularities at ¢ = 0 and ¢t = T and space
singularities at z = 0 and y = 0. The existence principle for the above problem is
given and its application is presented here. The paper provides conditions which
guarantee the existence of a solution which is positive on (0,7") and which has
the absolutely continuous first derivative on [0, 7).

2000 Mathematics Subject Classification. 34B16, 34B15, 34B18

Keywords: singular Dirichlet problem, existence, smooth positive solution,
time and space singularities

1 Introduction

Let [0,7] € R and Ry = R\ {0}. We will investigate the solvability of the
problem
—u" = f(t,u,u’) , (1.1)

w(0)=0, w(T)=0, (1.2)

where f satisfies the Carathéodory conditions on (0,7) x R2 and f(¢,z,y) can
have time singularities at ¢ = 0, ¢ = T" and space singularities at z = 0 and y = 0.

Definition 1.1 We say that f has a time singularity at t = 0 (t = T') if there
exist z,y € Ry such that

[ iraia=oe ([ iste.amia = oo)

for any sufficiently small € > 0.



Definition 1.2 We say that f has a space singularity at = 0 (y = 0) if there
exists a set J C [0, 7] with a positive Lebesgue measure such that the condition

limsup | f(t, z,y)| = oo (limsup |f(t,z,y)| = OO)
y—0

z—0

holds for a.e. t € J and some y € Ry (z € Ry).

In what follows we will use the notation:

la,b] C R; ¥ C (a,b) - a finite set; M C R

Cla,b] - the Banach space of functions continuous on [a,b] with the norm
||z]le = max{le(t)]; ¢ € [a,0]};

C'[a, b] - the Banach space of functions having continuous first derivatives on
la,b] with the norm ||z||cr = ||z||c + ||2'||¢;

AC'a,b] - the set of functions having absolutely continuous derivatives on
[a, 0];

ACL ((a,b) \ ) - the set of functions z € AC[c,d] for each [c,d] C [a,b] \ %;

Lla,b] - the Banach space of functions Lebesgue integrable on [a, b] with the
norm |||, = [, (t)] dt;

Car([a,b] x M) - the set of functions f : [a,b] x M — R satisfying the
Carathéodory conditions on [a,b] x M, i.e.
f(-,z,y): [a,b] — R is measurable for all (z,y) € M;
f(t,-,-): M — R is continuous for a.e. t € [a, b];
for each compact set I C M there is a function my € La, b] such that

|f(t,z,y)| < mg(t) for ae. t € [a,b] and all (z,y) € K .

Car((a,b)x M) - the set of function f € Car([c,d|x M) for each [c,d] C (a,b);

meas A - the Lebegue measure of A C R.

We say that the sequence {v,} C C[0,T] is equicontinuous on [0, 7] if for each
e > 0 there exists 0 > 0 such that for each ¢y, € [0, 7]

|t1 — t2| <) = |Un(t1> — Un(t2)| <€

for each n € N.

Definition 1.3 By a solution of problem (1.1), (1.2) we understand a function
u € ACY0,T] satisfying equation (1.1) a.e. on [0,7] and fulfilling conditions
(1.2).

In literature we can find an alternative approach to solvability of singular
problems where solutions are defined as continuous functions whose first deriva-
tives can have discontinuities at some points in [0,7]. Here we will call such
functions w-solutions and according to [4] or [11] we will define them as follows:



Definition 1.4 We say that v € C[0,T] is a w-solution of (1.1), (1.2) if there
exists a finite set X C (0,7) such that u € AC. ((0,T) \ ¥) satisfies equation
(1.1) a.e. on [0,7] and satisfies conditions (1.2).

A systematic study of solvability of Dirichlet problems having both time and
space singularities was initiated by Taliaferro [21]. Now, we can find a large
groups of works which focused their attention on the existence of w-solutions,
e.g. [1] = [4], [10] — [15], and a less number of works which provide also conditions
for the existence of solutions, e.g. [5], [7], [8], [16], [17], [22]. All the above
works deal with differential equations where the nonlinearity f (¢, z,y) has a space
singularity at z = 0 and/or time singularities at ¢t = 0,¢ = T'. The first existence
result for the Dirichlet problem where f(¢, x,y) has singularities at both variables
x and y was reached by Stanék [20]. He assumed that f is strictly positive and
its behaviour on a right neighbourhood of the singular point x = 0 is controlled
by a function wy(x) which is integrable. Then we say that f has a weak space
singularity at « = 0. Here, we will extend the existence result of [20] to f with
a strong space singularity at x = 0, i.e. we will admit f which is controlled by a
nonintegrable function wy(z). Our main result is contained in Theorem 2.2.

In our proofs we will need the following Fredholm type existence theorem:

Theorem 1.5 (Fredholm type existece theorem, [23]) Let h € Car([a,b] x
R?) and m € Lla,b] be such that

\h(t,z,y)] < m(t) for a.e. t € |a,b] and all z,y € R .

Then the problem
—u" = h(t,u,u') , u(a)=ub)=0

has a solution u € AC'[a, b].

We will approximate the singular equation (1.1) by a sequence of regular
equations
—u" = fu(t,u,u) (1.3)

where f,, € Car([0,T] x R?), n € N.

Having a sequence {u,} of solutions of problems (1.3), (1.2) we will need to
prove the existence of its converging subsequence. A type of this convergence will
determine properties of its limit u and, at the same time, it will determine if u is a
solution (or a w-solution) of the original problem (1.1), (1.2). The investigations
of convergence will be based on next two theorems:

Theorem 1.6 (Arzelad - Ascoli theorem in C[a,b] and C'[a,b], [9]) A C
Cla,b] is relatively compact if and only if A is bounded in Cla,b] and functions
in A are equicontinuous on [a,bl.

B C C'a,b] is relatively compact if and only if B is bounded in C*[a,b] and
the first derivates of functions in B are equicontinuous on [a,b).
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Theorem 1.7 (Fatou lemma, [19]) Let ¢, € Lia,b] for n € N and
lim @, (t) = ¢(t) a.e. on |a,b]. Assume that there exists ¢ € (0,00) such that

b
/ lon(t)|dt < ¢ for eachn € N .

Then |¢| € Lla,b] and fab lo(t)| dt < c. (Clearly ¢ € Lla,b], as well.)

The paper is organized as follows. In Section 2 we provide the existence
principle (Theorem 2.2) giving the properties of approximating regular functions
fn in order to find a sequence of approximate solutions converging to a solution
(or to a w-solution) of problem (1.1), (1.2). In Section 3 we apply the existence
principle of Section 2 to get conditions which are imposed to f directly and which
yields the solvability of problem (1.1), (1.2).

2 Existence principle for singular Dirichlet
problems

Theorem 2.1 Assume that f € Car ((0,T) x R3), f, € Car([0,T] x R?),

falt,x,y) = f(t,x,y) for a.e. t € A, and each |z| > %, ly| > %, neN,
where A,, = [%,T — }1] N[0,77;

(2.1)
there exists a bounded set Q C C[0,T] such that for each (2.2)
n € N, problem (1.3), (1.2) has a solution u,, € ) . '
Then there ezist u € C[0,T] and a subsequence {uy} C {u,} such that
klim llug — ulle =0 . (2.3)

Assume in addition that there exists a finite set X = {s1,---,s,} C (0,T)
such that

on each interval [a,b] C (0,T)\ X the sequence {uy} is equicontinuous. (2.4)
Then u € C* ((0,T)\ X) and

lim w)(t) = u'(t) locally uniformly on (0,T)\ % . (2.5)

k—o00

Proof. By (2.2) there exist » > 0 and a sequence {u,} of solutions of (1.3),
(1.2) such that
||un|lcr < r for each n € N . (2.6)
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Therefore the sequence {u,} is bounded in C[0, 7] and equicontinuous on [0, 7).
By Theorem 1.6 (Arzela - Ascoli) we can choose a subsequence {u;} such that

llim ||lu —ul|e =0, we C[0,T]. (2.7)

Now assume also (2.4) and choose an interval [a,b] C (0,7") \ ¥ arbitrarily. Then
{u}} is equicontinuous on [a, b]. By (2.6) the sequence {u;} is bounded in C'[a, b].
Theorem 1.6 implies that we can choose a subsequence {u;} C {u;} such that

lim wy(t) = «/(¢) uniformly on [a, b] .

k—o0

By the virtue of (2.7) the sequence {uy} satisfies (2.3). Using the diagonalization
method we can choose such {u;} that (2.5) holds, as well. O

Theorem 2.2 (Existence principle for problem (1.1), (1.2)) Let all as-
sumptions of Theorem 2.1 be fullfiled. Let the finite set ¥ have the form

L ={s€(0,T): u(s) =0 oru(s) =0 oru(s) does not exist. (2.8)

Then u € ACL_((0,T) \ ) is a w-solution of (1.1), (1.2).

Denote so =0 and s,41 =T. If u and {uy} satisfy (2.3), (2.5) and moreover
there exist n e (Oa %)7 )\07/107 )\lnub B )\l/+l7lul/+]. € {_17 1} and ¢ € L[OaT]
such that

Aifi (tug(t), wp (t) > 0(t) for a.e. t € (si—n,s:)N(0,7)
pi fe (b, un(t), up (t) > 0(t)  for a.e. t € (54,5 +n)N(0,T), (2.9)
forallie{0,---v+1}, keN,

then u € AC[0,T] is a solution of (1.1), (1.2).
Proof.
1. Let (2.1), (2.2), (2.4) and (2.8) be true. Then for k € N
—uy(t) = fe(t,ur(t), uy(t)) for ae. t €10,7], (2.10)

Uk(O) =0 s Uk(T) =0 s

and by Theorem 2.1, there exists v € C[0, T such that (2.3) and (2.5) hold.
By (2.3), u satisfies (1.2).

Define sets
Vi={te(0,T): f(t,--) : R2— R is not continuous} ,

Vo ={t € (0,T): the equality in (2.1) is not satisfied}

and let
U=(0,T)\EUuViuWy).
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We see that
meas(X UV, UV,) =0. (2.11)

Choose an arbitrary ¢t € U. Then there exists ky € N, such that for each
kEeN, k> ko:
1 1
te Ay, lu®)l >, lud)] >+
and

ety un(t), up (1) = f(t, un(t), uy (1)) -
Since t is an arbitrary element of U, by (2.3), (2.5) and (2.11) we get

Tim fi (8, w(t), wh (8)) = f(Lu(t), /(1)) ae. on [0,T] (2.12)

Now choose an arbitrary interval [a,b] C (0,7) \ ¥ and integrate equation
(2.10). We get

—uy,(t) + up(a) = / fr(s,ug(s), up(s)) ds for each t € [a,b] . (2.13)

Moreover there exists k* € N such that for each k € N, k > k*
| fi(t g (1), wy ()] < m(t) for ace. t € [a,0]

where

1

1
i) =sup {162 £ <lel <7, <l <) e Lot

Since m € L[a, b] we can apply Lebesgue convergence theorem on [a, b] and
get f(-,u(-),u/(+)) € Lla,b]. Moreover

k—o0

lim /ab Tr(s, up(s), ui(s)) ds = /abf(s,u(s),u'(s)) ds ,

which by (2.13) yields.
—u/(t) +u'(a) = /t f(s,u(s),u'(s))ds for each t € [a,b] . (2.14)

Since [a, b] is an arbitrary interval in (0,77) \ X, we get that u €
ACL ((0,T) \ ) is a w-solution of (1.1), (1.2).

loc

. Now assume also that there exist n € (0, %), A0y [0, A1y 1y s Autls a1 €
{=1,1} and ¢ € L[0,T] such that (2.9) holds. Since u is a w-solution of
(1.1), (1.2), it remains to prove that u € AC'[0,T.



Choose i € {0,---,v 4+ 1} and denote (¢;,d;) = (s; —n,s;) N (0,T). For
k € N and for a.e. t € (¢;,d;) we denote

hie(t) = Aifi(t, un(8), i () + [(O)] 5 h(t) = Xif (¢ u(t), w'(£) + [ (2)] -
Then hy, € L[c;, d;] and according to (2.12) we have
lim hy(t) = h(t) for a.e. t € [¢;,d;] .

k—o0

Integrating (2.10) on [¢;, d;] we get

d;
[ s un(s), ) ds =~ (d) + e

Therefore, by (2.6) and (2.9)

/:i |hr(s)]ds = /cd hi(s)ds = \; /Cd Fuls, wn(s), i (s)) ds

d; d;
= [ as < @]+l + [ es)las <e

where ¢ = 2r + |||
Theorem 1.7 (Fatou) implies that h € L{c;, d;] and f(-,u(-),u'(+)) € L[c;, d;].
If (¢;,d;) = (84,8 + 1) N(0,T) we argue similarly.

Hence f(-,u(-),u/(+)) € L[0,T] and the equality in (2.14) is fulfilled for each
t €10,T] and u € AC'[0,T]. We have proved that u is a solution of (1.1), (1.2).
U

3 Aplication of existence principle

The main result of this section is contained in Theorem 3.1, where we present
conditions sufficient for the existence of a solution of problem (1.1), (1.2) which
is positive on (0,7).

Now, let us state our assumptions on problem (1.1), (1.2). We will be inter-
ested in the existence of a positive solution and hence we will investigate problem
(1.1), (1.2) on the set [0,7] x [0,00) x R. Denote D = (0,00) x Ry. We will
assume that f € Car([0,7] x D) has space singularities at z = 0 and y = 0,
particularly

limsup f(t,z,y) = oo for a.e. t € [0,7] and for some y € Ry ,

z—0+
limsup f(t,z,y) = oo for a.e. t € [0,7] and for some z € (0,00) . (3.1)

y—0



Theorem 3.1 Let (3.1) hold and let ¢,7,6 € (0,00), a, 3 € [0,1]. Assume that
there exist positive and nonincreasing functions wy,w; € C(0,00) and nonnegative
funtions ho, hi, hy € L[0,T] satisfying

T T
/ (" +1°) wo(t) dt < oo , / wi(t)dt < oo . (3.2)
0 0
Tl[m|l +[lholl <1 fora, f=1;
T||hllL <1 fora=1, g <1; (3.3)
|hallr < 1 fora<l, g=1;

¢ < ft,z,y) < O(T = t)°wol@) + wi|yl) + ho(t) + ha(t)2 + ha(t)|y|”
for a.e. t €10, T), and allxz € (0,00), y€Ry.

Then problem (1.1), (1.2) has a solution positive on (0,T).

(3.4)

The proof of Theorem 3.1 is based on the Existence principle (Theorem 2.2),
where the existence of a bounded set {2 is necessary. Therefore we first prove a
priori estimates for a class of functions which will be needed for the construction
of such set €.

Lemma 3.2 Let ¢ > 0. Then there exists n > 0 such that for each u € AC'[0,T)
satisfying (1.2) and
c < —u"(t) for a.e. t €0,T] , (3.5)

the estimate ||ul|c > n is valid.

Proof. Let G(t,s) be the Green function of problem (1.2), —u”(t) = 0.

Then
t(T—s) t<s
G(t,S)Z{ sT—t)
TH s<t.
We define
ot s) = S8 ot 5) e (0.7) x (0.7)
9 — t(T . t) 9 9 ) .

For any s € (0,7") we have

| o -
tlircﬂq)(t’s)_tliﬂt(T—t)T_ T2

. . s(T—t)1 s
Jm olts) = ST T

thus we can extend ®(t, s) continuously to [0, 7] and for every s € (0,7") we have
®(t,s) >0 for ¢t € [0,T].



We can define .
Flt) = / B(t, ) ds for ¢ € [0,T] .
0

For every t € [0,7] there exists dy > 0 such that dy < cF(t). From equation

—u" = —u” we have

u(t) = —/OT G(t,s)u"(s)ds > /OT G(t, s)cds

=t(T — t)c/T(I)(t, s)ds =t(T —t)cF(t) > t(T — t)dy .

O

Lemma 3.3 Let ¢,v,6 > 0, a, 3 € [0,1] functions wy,ws, ho, h1, he satisfy as-
sumptions (3.2) and (3.3). Then there exists r > 1 such that for each u €
AC0,T) satisfying (1.2), (3.5) and

—u(t) < (wo(1) + wo(u(t))) (T — 1)° +w1( )+W1(IU’( N+ (54
+hi(t) (u(t)® + 1) + ha(t) (Ju/(8)]7 + 1) '

the estimate ||u||cr < r is valid.

Proof. Condition (3.5) implies that u is nonnegative, concave and that there
exists to € [0, 7], such that u/(ty) = 0.
By Lemma 3.2 there exists > 0, such that

t

t
N Sy < u(t) for t €10, o] (3.7)
T—t T-—t
< f ] . .
N S S u(t) for t € [to, T] (3.8)

Since wy is a nonincreasing function, we have

/Tﬂ(T—t)%o(u(t))dtg/toﬂ(T £ dt+/Tﬁ wolu(t)) dt

S/OtOtV(T—t)%O (”Tt) dt+/t0 (77 - )
ST‘s/OtOtmo(T) dt+T7/tOT(T 1o (”(T t))



Without loss of generality we can assume that n < 7" and, by (3.2), using
substitution z = Z’% in the first integral and T'— z = @ in the second integral

we get

/T (T — t)°wo(u(t)) dt

ntg )
T (T [(Tz\" T [T T
§T6—/ (—Z) wo(2) dz—{—TV—/ ) (—(T—Z)) wo(T — z)dz
0 n N Jr-2Z—t) \ 1

T (TN [ T+ (TN°
< (—) /T 2Two(z)dz + (—)
n \n/) Jo n \n

Tv+6+1 T
/ (27 + 2°) wo(z)de = A < 00,
0

/T (T — 2)° wo(T — 2) dz

n(T—tg)
- 1Tt)

<

=
where the constant A is independent on the function w.
Integrating ¢ < —u” on [to, t] we get

clto — ) < u'(t) = [u'(t)] for t € [0,%0] . (3.9)

c(t —to) < —u'(t) = [ (1)) for t € [to, T] . (3.10)

Since w; is nonincreasing, we have

| antwona= [Cate@na+ [ aguona

to

to

S /to w1 (C(to — t)) dt+ /Twl (C(t — to)) de .

Without loss of generality we can assume ¢ < 1 and, by (3.2), substitute
z = c(tp — t) in the first integral and z = ¢(t — ty) in second the integral we get

/0 w1(|u'(t)|)dt§/00w1 (c(to — 1)) dt+/ wy (c(t —tg)) dt

to

1 0 1 c(T—to)
:——/ wl(z)dz+—/ wi(z)dz =B < o0,
c 0

C Jety &

where B is independent on u, as well.
We set max{|v'(t)|; ¢t € [0,T]} = max{|u/(0); |«/(T")|} = |u'(19)] = p. Then

—pT < wu(t) < pT fort € [0,7T] .

Let C' = wy(1) fOT t(T —t)° dt + w;(1)T. Integrating (3.6) from 7y to to we get

[t as

70

_|_

/ AT — P wo(u(s)) ds

70

W' (o) =p < C+
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i / hols) + ()] + 1) + ha(s)(u/(5)]7 + 1) ds

70

and

p<A+B+C+ /°ho<s> T ha(s)([us)|” + 1) + has) (Je(s)]° + 1) ds

70

Hence, since |u(s)|* < [pT|%, [u/(s)|? < p” we have

p<A+B+C+ /to ho(s) + hi(s)((pT)* + 1) + ho(s)(p” + 1) ds

70

and consequently
p < A+ B+C+|lholle + ((¢T)* + DAl + (07 + D[ hall1 - (3.11)

By contradiction we show, that there exists constant 7* > 0 (independent on
u), such that p < r* for every u. Assume that there is a sequence {u, } satisfying
(1.2), (3.5) and (3.6) and that the corresponding sequence {p,} is not bounded.

e Let a, 3 < 1, then from (3.11) we get

A+ B+ C Il +IPalle + [1hofle | TNalle (1ol

-« 1—
o PR

1
and for n — oo we get

which is a contradiction.

e Let =1, f <1, then for n — oo from (3.11) we get

A+B+C+|h +||h +||h h
< [hollz + |1l + ] 2||L+T||h1||L+“(12;|’ﬂ§,

pn pn

1

1< T|lh]|L -

By (3.3) we have T||h;]|, < 1 and we have a contradiction.
e Let <1, f =1, then for n — oo from (3.11) we get

- A+ B+ C+|lhol|lr + [|Pa]lz + |h2]|z " e[|l

1
On ngl—oc)

+[[hal|z

1 < ||hel|L -

By (3.3) we have ||hs||r < 1 and we have a contradiction too.
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e Let « =3 =1 then

pn < A+ B+ C+|lholl + [[Palle + [[h2llz + paT ([ Pallz + pallhellL

< AT B+ CH lholle + [[mlle + (||l
< o
By (3.3) we have T'||h||z + ||h2]|r < 1 and thus

1 + T[lhallL + [lhellL -

1< Tl + [lhell < 1.
we have a contradiction again.

Hence there exist r* > 0 such that p < r* for each u satisfying (1.2), (3.5)
and (3.6). Since ||ul|cr < pT + p, we set r =r*T +r* + 1. ]

Proof of Theorem 3.1.

Stepl. Construction of an auziliary singular problem.

Let r € (1,00) be given by Lemma 3.3. For a.e. t € [0, 7] and for all z,y, z € R
define auxiliary functions

o(z) =

2 for [z| <r
rsignz  for |z| > r

and
g(t,z,y) = [t |o(x)],0(y)) -
We will apply Theorems 2.1 and 2.2 to the auxiliary singular problem
—u" =g(t,u,u"), w0)=0, wT)=0 (3.12)
and we will prove that problem (3.12) has a solution u such that

0<u(t)<rforte(0,T)and |[u|lc <. (3.13)

Then u will be also a solution of problem (1.1), (1.2).

Step 2. Construction of approzimate reqular problems.

Since f has not time singularities at ¢ = 0 and ¢t = T', we can put A,, = [0, T
for n € N. Now, choose an arbitrary n € N and for a.e. t € [0,7] and all z,y € R

g(t,|z|,y) if |z| >

3=

gn(t, SU, y) =

3=

g(t.Ly) if |z| <



We see that f,, € Car([0,T] x R? fulfils

falt,z y) = g(t,2,y) for ae. t €[0,7]

and all z € [L,00) , |yl €[L,00) . (3.14)

Further we have
1 1
< ultin) < 0T =0 (+) e () o) + e+ a0 = ()
for a.e. t € [0,T].
Since m,, € L[0,T], Theorem 1.5 yields a solution u,, of problem
—u" = fot,u,u’), w(0)=0, u(T)=0 (3.15)

for each n € N.

Step 3. Convergence of sequence {u,} of approzimate solutions.
By (3.4) and (3.14) we get

¢ < —u(t) < (T = 1) (wolun(t)) +wo(1)) +wi(1) +wi (Juy, (t)])

+ho(t) + hi(t) (ua(t)* + 1) + ha(t) (Jul, (1)]° + 1)

for a.e. t € [0,7] and all n € N.
Therefore, due to Lemma 3.3,

[|un|lcr < r for each n € N . (3.16)

Define the set

Q={zeC'0,T]: ||z|lcx <1} .
By Theorem 2.1 there exists v € C[0,7] and a subsequence {u;} C {u,} such
that (2.3) holds.

Further we have
u,(0) =0, u,(T)=0and u,.(t) <0 for ae. t €[0,T] .

Therefore u,, > 0 on (0,7) and u, has a unique maximum point ¢,, € (0,7"). By
Lemma 3.2, there is n € (O, %) such that
z for ¢t € [0, t,]
n tn Y n t > I — o
tltn) >, U-{ 10 for t € [t,, T]
c(ty—1t)<ul(t) fortel0t,]
c(t—t,) <—ul(t) fortelt,,T], neN

By (3.16) and the Mean Value Theorem for w, on intervals [0,¢,] and [t,,T] we
get

(3.17)

O<Q§tn§T—Q<T, n €N
T T

13



and we can choose the subsequence {u} in such a way that it satisfies (2.3) and
klim tr =1to € (0,7). Then

z for t € [0, to]
u(t) > { I ’ 3.18
@ for t € [to, T . (3.18)

Put ¥ = {to} and choose an arbitrary interval [a,b] C (0,T)\ 2. For example let
la,b] C (0,tp). Then there exists ko € N such that for k > ko we have

1 1
[ty — to] < Q(to -b), la,b] C (Eutk) ,

1
w(t) > ”—Ta =mo . u(t) = clte =) 2 et —b) = S{ts = b) = my

for ¢ € [a,b]. If we choose [a,b] C (ty,T), we argue similarly.
Thus, for a.e. t € [a, D]

| fie(t, ui(t), i (1) < 1(t) € Lla, b]

where
U(t) =sup{|f(t,z,y): mo<az<r, m <y <r}.
We have proved that on each [a,b] C (0,7") \ ¥ there exists ¢ € L[a, b] such that

lug(t)] < (t) for ae. t € [a,b] and all k e N | k> ko .

By virtue of the absolute continuity of the Lebesgue integral we see that the
sequence {u}} satisfies (2.4) and, by Theorem 2.1, v € C* ((0,7) \ ¥) and (2.5)
is valid.

Step 4. The function u is a solution of problem (1.1), (1.2).

Conditions (2.5) and (3.17) imply

c(to—t) <ud(t) forte (0,t)

c(t —to) < —u/(t) forte (t,T) . (3.19)

Since u}, is decreasing on [0,T] for each k > ko, v’ is noincreasing on (0,¢y) and
on (to,T). Therefore there exist the limits

li ! li !

Jim o(t) o lim w'(2)

and

. / > . / < _ _ .
tlir[%u(t)_ct0>0, tlir%l,u(t)— (T —ty) <0

We summarize that «'(t) > 0 on [0,t) and «/(t) < 0 on (to,T]. So, ty is the
unique point where u'(tg) = 0 or /() does not exist. By (3.18), u is positive on
(0,T). Hence ¥ = {to} satisfies (2.8) and, by Theorem 2.2, u € AC}_((0,T)\ X)
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is a w-solution of problem (3.12). Finally by (3.4), we have fi (¢, ug(t),u}(t)) >0
for a.e. t € [0,7] and all & € N. Hence (2.9) holds and, by Theorem 2.2, u is a
solution of problem (3.12). Having in mind that v > 0 on (0,7") and ||Jug||c1 <7
hold, we get by (2.3) and (2.5) that estimate (3.13) is satisfied and consequently
u is a solution of problem (1.1), (1.2). O

Example 3.4. Let hy, hy € L[0,T] be nonnegative. For a.e. ¢t € [0,7] and all
x,y € R define the function

Njw
Njw

t

ftr) =1+ P20 Va0 ()

1
V1Yl
The second term of f has the space singularity at x = 0 and the last one the

singularity at y = 0. We can check that f satisfies the conditions of Theorem 3.1
with ho(t) =c=1,a=0=3,7v=0= 3, w(z) = 5z and wi(y]) = .

Vvl

Example 3.5. Let 7= 1. For a.e. t € [0,1] and all z,y € R define the function

3

The first term has the space singularity at x = 0 and the second one at y = 0.
We see that f satisfies the conditions of Theorem 3.1 if we put a=p0=1v=2,

0 =3 wolz) =3, willy]) = %\/m ho(t) = V1—1, hu(t) = 57, ha(t) = 57, and

Choose ¢ > 0 sufficiently small.

ft,2,y) =m<1+§) b2

Example 3.6. Let T'= 27. We define the function f for a.e. ¢ € [0,27] and all
x,y € R by

5t + 2t
+ 3 /x +

(2m —t)4
2 + |3/| .
T | /|y| 10000

The function f has the space singularities at x = 0 and y = 0. We can check
that f satisfies the assumptions of Theorem 3.1 for @ = %, 6 =1~ = %,

6 = 5 wol(e) = 35 willy) = i holt) = etV/E, hn(t) = 12, ho(t) = S5 and

sufficiently small c.

flt,z,y) =tVt3 <e+10 3
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